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Abstract

In this paper we present a deterministic worst-
case framework for accurate reconstruction of dis-
crete (source) data as an alternative to the tradi-
tional probabilistic approaches in the communica-
tions area. This framework can be explored based
on robust control ideas and formulations. Some
of the particular problems touched upon are: (i)
necessary and sufficient conditions for causal (no
delay) and noncausal (with delay) reconstruction
under deterministic magnitude bounded noise for
SISO and MIMO channels, (ii) reconstruction
based on linear estimation, (iii) performance op-
timization under channel fading and (iv) com-
bined precoding and estimation optimization un-
der power constraints. The ¢! control theory
is proposed as a natural key player in this ap-
proach. Keywords: communications, equaliza-
tion, ¢! optimal

1 Introduction

In the communications area, the topic of data
transmission and reconstruction is based almost
entirely on a stochastic formulation of the vari-
ous problems involved (e.g., [1]). In this paper
we present a deterministic worst-case framework
for accurate reconstruction of discrete (source)
data as an alternative that can be explored based
on robust control ideas and formulations. Some
of the particular problems touched upon are: (i)
necessary and sufficient conditions for causal (no
delay) and noncausal (with delay) reconstruction
under deterministic magnitude bounded noise

for single-input single-output (SISO) and multi-
input multi-output (MIMO) channels, (ii) recon-
struction based on linear estimation, (iii) per-
formance optimization under channel uncertainty
and (iv) combined precoding and estimation op-
timization under power constraints. All these
topics are relevant to standard themes in com-
munications such as receiver design and equal-
ization, multiple antenna systems and code divi-
sion multiple access (e.g., ch. 10, 11, 14, 15 in
[1]) which are traditionally dealt from a stochas-
tic point of view. The proposed framework in the
paper mainly addresses the question of when per-
fect reconstruction of a sequence of source sym-
bols (e.g., +1 or -1) is possible if the magnitude
of the noise is allowed to be anything as long as it
is bounded by an apriori known bound. In other
words it is a worst case, deterministic approach
that provides conditions that, if violated, an error
will occur. Certain constructions of optimal algo-
rithms are provided some of which tie to ¢! opti-
mal control problems. The notation is as follows:
||| := supy |x(k)| is the £*° norm of a sequence
{x(k)}20, 1T, == 52 |t(K)| is the ¢* norm of
the linear time invariant (LTI) system 7" having
a pulse response {t(k)}22,, T(A) := 202, t(k)A\F
is the A transform of T', ||S|| . := sup, HHI;Q‘”'H is
the ¢*-induced norm of a possibly time varying
and/or nonlinear system S (note [|S|| .. = |IS]l,
if S'is LTT.)
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Figure 1: Basic set-up

2 Problem Definition

The setup of the main problem we are concerned
with is depicted in Figure 1 where s is a binary
signal to be transmitted with for all £ =0,1,...
s(k) € {—1,1} for all k = 0,1, ...; n is noise with
In(k)] < b where b is known; H = {hg, hq,...}
represents the channel dynamics which are as-
sumed known apriori. We want to accurately re-
construct s via R, i.e., s = s causally in time.
Thus we are after the necessary and sufficient con-
ditions for this to happen.

3 Problem Solution

Definition 3.1 The sequences sy, Sy are indis-
tinguishable at t if si(m) # so(m) for some
0 <m <t and there exists ny, ny with ||ny|| <b,
In2l] < b such that ri(k) = ro(k) all B =
0,1,...,t where ry = Hsy +ny, 19 = Hsy + no.

Clearly, the problem has a solution if and only if
there are no si, so which are indistinguishable at
some t = 0,1,.... The following can be proved
[6]

Proposition 3.1 There exists s1, So indistin-
gquishable at some t if and only if

lhol < 0.

3.1 How to construct optimal R

By the previous analysis it follows that we should
have |hg| > b. In this case the construction
is as follows: From 7(0) = hos(0) + n(0)
5(0) = sgn[r(0)] where sgn[z] = 1if x > 0
and sgn [z] = —1 otherwise. Then as |h(0)| > b
5(0) = s(0). Moving to r(1) = hys(0) + hes(1) +
n(1) obtain 7(1) := r(1) — hys(0) = hos(1) +n(1)
but 7(1) is known as s(0) is accurately estimated
from previous step. Since |hg| > b then s(1) can

be estimated accurately as §(1) = sgn [7(1)] and
the procedure can be similarly extended to any
k =20,1,2,.... A block diagram interpretation
of optimal R is given below in Figure 2 where
H := H — hy. Note that this is a structure of a
Decision Feedback Equalizer (DFE) (e.g., ch. 10
in [1].) Generalizations of the above setup can be
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Figure 2: DEF structure

considered where s(k) belongs to a set of equally
spaced numbers in [—1, 1]. For instance, if s(k) €
{j/N, j==N,-N+1,...,0,...,N—1 N} ie.
there are 2N 4 1 numbers spaced by 2N intervals
of size 1/N, the condition for accurate estimation
becomes |hg| > 2Nb. The algorithm to obtain ac-
curate estimates is an obvious extension. That is,
from 7(0) = hos(0) +n(0), s(0) can be accurately
estimated as §(0) = W where [e] stands for
the closest integer part. Then the procedure can
be repeated for 7(k) = r(k) — S5 hy—js(j) =
hos(k) + n(k) to obtain accurate estimates for
all k£ as §(k) = MN)/}LO] Also, the case of
s(k) € {—N,—-N+1,...,N —1,N} is a scaled

version of the instance above.

3.2 Non-causal reconstruction

The case of non-causal reconstruction (smooth-
ing) can also be considered in the same frame-
work. In this case we are allowed to estimate
s(k) by incorporating K future receptions r(k +
1),...,r(k + K). The necessary and sufficient
condition for accurate reconstruction is that there
are no sequences s; and sy such that if they are
indistinguishable at any time ¢ they remain so for
the next K time steps. Following the same line
of argument as in Proposition 3.1 we obtain that



the necessary and sufficient condition is

i max{|a(0)|, |a(1)|,...,|a(K)|} > b

min
v(0)#£0,v(:)e{-1,0,1}

a(0)
where a(:l) =
a(K)
ho v(0)
hy ho v(1)
: hy ho :
hi ' . kg v(K)

3.3 MIMO channels

Generalizations are also possible in the case of
MIMO channels. In the case of m transmitters
and p receivers the (equivalent) channel dynam-
ics can be represented by a p x m transfer H with
pulse response H = {Hy, Hy, ...} where each H;
is a p x m matrix. The motivation for problems
of this sort comes from multiple antenna systems
designed to combat fading channels and/or in the
detection of multiuser code division multiple ac-
cess (CDMA) signals The following can be ob-
tained along the lines of Proposition 3.1: Let

Hy = (hoo  hot hom )

where hg;s are p X 1 column vectors and let
v(i) € {—-1,0,1}, @ = 1,...,m. Then for per-
fect reconstruction it is necessary and sufficient
that

max{|a(0)[, a(1)],.... |a(p)[} > b

a(0)
a(2)

min
v(4) not all equal 0

where a = > v(i)hoi, a = . Similarly

a(p)
to the SISO case one can look at noncausal re-
construction for MIMO channels.

3.4 Some remarks

In the case of noncausal reconstruction and/or
MIMO channels the test for perfect recon-
structability requires solving a mixed integer lin-
ear program. This instance is polynomial in the
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Figure 3: Linear Equalization

number of variables and hence easy to solve. The
construction however of the optimal R is more
complex. The algorithms presented appear to
have a strong dependence on the accurate recon-
struction in previous steps. Hence, it could be
that there may be sensitivity to wrong previous
estimates due to noise that is above the allow-
able bound for perfect reconstruction. This is
not dealt in this paper. For some recent work
on this subject we refer to [2]. Finally we men-
tion that the case where the noise n enters thru
a “filter” (sometimes called whitening filter) F,
i.e., r = Hs + F'n, can be dealt analogously and
the results are similar in flavor.

4 Reconstruction Based on Linear
Estimation

In this case we restrict the structure of R to be of
the form in Figure 3 where () is the linear filter
Q ={q,4qi,- ..} and © is a thresholding operator
that produces -1 or 1 depending on which one
has the closest distance to 5. In this particular
case (O5)(k) = sgn [S(k)]. This is the structure
of what is called a linear equalizer (e.g., ch.10 in
[1]). Given this specific form for R we would like
to assure that

|s(k) = s(k)[ <1

for all k& so that perfect reconstruction is possible.

As
s
n
it is necessary and sufficient to have a () such that
s
ro-aur ()

where s(k) € {—1,1}, |n(k)| < b. Define the

relevant ¢;-optimization

inf (I —0)—Q(H bl)|;

s = [(10)—Q(HI)]<

J

<1

sup

s,n

!



then since the “worst” s is such that s(k) €
{=1,1} all k£ it follows that the problem has a
solution if and only if © < 1. Finding p and its
associated optimizer () is a standard ¢, problem
[3].  The solution procedure involves solving a
set of finite dimensional linear programs that al-
low for approximation of the optimal performance
to any apriori specified degree. In general, this
type of problems do not admit closed from solu-
tions. However, for the case of first order FIR
channel dynamics we provide such a solution in
the following subsection. We should also men-
tion that the same holds for MINO channels: to
check whether |s;(k) — $;(k)] < 1 for all of the
1 source data s; transmitted, leads to a MIMO
(' problem [3]. Finally, we should further point
out that restricting () to be FIR of some desired
order, poses no serious difficulty to the solution
of the ¢! problem. Moreover, in MIMO chan-
nels one can solve without significant difficulty
decentralized reconstruction problems by impos-
ing structural constraints on (). For example, the
1th receiver-decision maker can be restricted to
obtain information only from its neighboring sites
in a multiple antenna system.

4.1 /(;-optimization for first order FIR
channels

We consider first order FIR channel as H =
{ho, h1,0,...}.  This could be representative
of channel dynamics in wireless-communications.

Let

O = (I 0)—Q(H bI)

then we have the following [6]

Proposition 4.1 Let H be a first order channel
H(A) = ho + hiA and let w = %, a = ﬁ,
then the optimal estimator Q° and its associated

optimal cost i s

Q" =H", =1

1—w
Q°=0 p=1

<1 whenever w+a<1

whenever w4+ o >1

Hence from this scheme we get that the noise level
b should be b < |hg| — |hy| for perfect reconstruc-
tion as opposed to b < |hg| obtained from the

non-restricted nonlinear R. The conservatism is
expected due to the restricted structure consid-
ered. Also another cause of conservatism can
be possibly attributed to the fact that requiring
|s(k) — 5(k)| < 11is not an exact necessary condi-
tion for the scheme to reproduce perfectly s. The
exact condition is

s(k) — 5(k) < 1
5(k) — s(k) < 1

whenever s(k) =1

whenever s(k) = —1

i.e, no undershoot larger than 1 when s(k) is pos-
itive and no overshoot larger than 1 when s(k)
is negative. However, the contribution to conser-
vatism of this last factor has not been assessed.
In the case where s(k) belongs to a set of equally
spaced numbers in [—1, 1], for instance, if s(k) €
{j/N, j = =N,-N +1,...,0,...,N — 1,N}
the same approach (assuming that the threshold-
ing now changes to produce the closest j/N to
5(k)) leads to the condition b < % provided
w+a < 1. This is again more conservative than
the condition b < % in the unrestricted case,
but the degree of conservatism is decreasing as N

grows.

4.2 Noncausal reconstruction

Results for smoothing can also be obtained. For
K steps noncausal reconstruction the relevant
problem is

T ingAK(I 0)— Q(H bI)|,

where AX is the K-step delay operator.! This
is again a standard ¢! problem. In the case of
first order FIR channel and 1-step noncausal re-
construction i.e., K = 1 we obtain the following
[6]

Proposition 4.2 Let H be a first order channel
H(\) = ho + X with w = 4, a = & Then
the optimal QQ° and its associated optimal cost
is Q° = AH ™' = 2= < 1 whenever w+ o <
1, Q° = h—ll,,u = HTO‘ < 1 whenever w + a >
land 0 >w—a>1; Q°=0,u=1 otherwise.

ITf Q° is optimal for the above problem then the opti-
mal non-causal estimator is A~5Q°.



4.3 Robustness to channel uncertainty

We now consider the case of uncertain channel
dynamics. A model of such a channel can be
described as H + WA. The uncertainty here is
given in terms of an additive weighted block AW
where A is assumed to be an unknown pertur-
bation, possibly time varying and even nonlinear,
that has a bounded £* to £* norm ||A||c—ce < 1.
The weight W is a known stable L'TT system that
may reflect magnitude normalizations and par-
tial information on the magnitude of the uncer-
tainty over the frequencies, i.e., it shapes the un-
certainty block. For example, if there are uncer-
tain higher order dynamics in a nominally first
order FIR channel, then a representation of the
uncertainty can be given as AW with TW(\) = e\?
where ¢ is a scaling and A(\) = Y2, 6\ with
Y201l < 1; if the uncertainty is time vary-
ing then §; can also be time varying ¢;(k) with
supy, S8 [0:(k)] < 1 where the operator A is
defined by (Ax)(k) = SF,&i(k)x(k — ). We
note that this uncertainty formulation is different
in nature than what is typically assumed in the
stochastic framework (e.g., ch. 14 in [1].) How-
ever, we believe that it captures a number of rel-
evant fading phenomena due to time variations
and can be used to design reliable reconstruction
algorithms. We assume that when no uncertainty
is present A = 0, J = ‘(Z) —>8—§H1 < 1 and
hence perfect reconstruction is possible with Q.
What we want is robust performance (RP) in the
presence of all ||Alle—co < 1, i€,

()=

A more general situation is depicted in Figure
4 where H = g; g;z> where Hyy = H
and H,; can be general (stable) dynamics that
connect the nominal channel with the sources
of dynamical uncertainty lumped in A. For ex-
ample, consider a channel H = NyD3' where
NH = No + ANWN and DH = D(] + ADWD
where Dy, Ny are the nominal “numerator” and
“denominator” respectively,and, Ay and Ap are
normalized perturbations with Wy, Wp shaping

<1 all [|Alle_se < 1.
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Figure 4: A more general fading model

known weights. Then the system can be brought
into the form of Figure 4. Applying the criterion
for R.P. (see [6] for details) we have that it is
necessary and sufficient that ||Hy1]|; < 1 and

| Hiall1

——— __H.
1 — [|Hullx z)

H(I 00)—Q(H bl <1

1

Hence the optimization for R.P. amounts to solve
an appropriately modified /;- problem as above.

4.4 Optimal Precoding-Reconstruction
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Figure 5: Precoder and estimator structure

In this section we are looking at performance im-
provements by introducing a precoding block M
before data enters the channel H as in Figure 5.
The error dynamics therefore become

S_gz[(IO)—Q(HMI)]<7Sz>

Based on our previous analysis the higher the
“gain” of the channel the more tolerance to noise
and unmodelled dynamics. Here the role of chan-
nel is played by HM. So in principle, one can
choose a “large” M and make perfect reconstruc-
tion possible for any given level of noise and fad-
ing. In reality however there is a limit in the avail-
able power to be transmitted. Hence we need to
consider a “power” constraint on the size of M
by requiring that

| M|, := sup | M (exp?)| < v
0<0<2m



where v > 0 is a specified power level. The prob-
lem of interest then is a cost minimization as fol-
lows

inf
Q7M7IIM||HOO Sfy

I(7°0) = QHM )], .

The above problem is convex in each of the vari-
ables () and M but fails in general to be jointly
convex. A “Q-M” procedure can be applied to
lead to a (possibly local) minimum. That is, fix
M first and design for optimal ()—this is a stan-
dard ¢! problem—then, fix @ at what was found
and minimize over M—this is a mixed ¢! /H> op-
timization that can be solved via convex program-
ming [4]—once M is found, optimize over () and
so on. The procedure generates a sequence of im-
proved costs (decreasing) and hence it converges
to a minimum. Alternative relaxation methods
can also be considered to obtain a global mini-
mum [5]

5 Concluding Remarks

We presented a purely deterministic formulation
of various communications-relevant problems and
provided some solutions based on developments
in ¢! optimal and robust control. The approach
leads to exact magnitude bounds on the noise
level for which perfect reconstruction of the trans-
mitted symbols is possible. It also allows for anal-
ysis and synthesis for perfect reconstruction when
uncertainty, possibly time varying, is present in
the channel. Another interesting feature is the
possibility of a combined precoding-estimation
optimization in the presence of a power constraint
that leads to mixed ' /H> optimization type of
problems. Obviously, a lot remains to be done
to validate our approach. At first, a full scale
comparison with the current probabilistic meth-
ods in communications is in order. This however,
along with other developments, will be the sub-
ject of future work and publications on the topic.
Finally, we should mention that the optimal (lin-
ear) solution given for first order FIR channels
is, by itself, a contribution to ¢! model-matching
theory as it is a closed form solution to a so-called
two-block problem for which, to the best of our
knowledge, no closed form solutions are available.
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