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Input/output-to-state stability of switched nonlinear systems

Matthias A. Miiller and Daniel Liberzon

Abstract—1In this paper, we study the property of
input/output-to-state stability (IOSS) for switched nonlinear
systems under average dwell-time switching signals, both when
each of the constituent systems is IOSS as well as when only
some of the constituent systems are IOSS and others are not.
This extends available results on input-to-state stability for
switched nonlinear systems whose constituent systems are all
ISS. We show that if the average dwell-time is big enough and
if the fraction of time where one of the non-IOSS systems is
active is not too big, then I0SS of the switched system can be
established.

I. INTRODUCTION

Switched systems arise in a situation where several dy-
namical subsystems are present together with a switching
signal, i.e. a rule specifying the active subsystem at each
point of time. In recent years, different properties of switched
systems, especially stability issues, were extensively studied
in literature (see e.g. [1] and the references therein). In
general, a switched system does not necessarily inherit the
properties of its subsystems; for example, it is well known
that a switched system consisting of linear exponentially
stable subsystems might become unstable [1]. In [2] it was
shown that such a switched system is exponentially stable if
the switching signal satisfies a certain dwell-time condition.
This approach was generalized to the average dwell-time
concept in [3]. In [4], the authors considered the situation of a
linear switched system consisting of both stable and unstable
subsystems, by imposing a condition on the fraction of time
where those unstable subsystems are active. For nonlinear
randomly switched systems including unstable subsystems,
stochastic stability was established in [5] under the condition
that the probability of activating the unstable modes is not
too high.

When external inputs are present, the concept of input-to-
state stability (ISS), introduced in [6], has proved very useful
when investigating stability properties of continuous-time
nonlinear systems. The dual of this concept, output-to-
state stability (OSS), and the combination of the two,
input/output-to-state stability (IOSS), were established in
[7] and [8]. Loosely speaking, the IOSS property means
that no matter what the initial state is, if the inputs and
the observed outputs are small, then eventually also the
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state of the system will become small. Studied a lot for
continuous-time nonlinear systems, the ISS property has
also been investigated for other classes of systems like
switched systems (see e.g. [9], [10], [11], [12]) and recently
also for impulsive systems [13]. In [9], the authors examine
the ISS property for a deterministic switched system under
a dwell-time switching signal where all of the constituent
subsystems are ISS. This was extended to average dwell
time switching signals in [11]. ISS properties of randomly
switched systems were studied in [12].

In this paper, we give sufficient conditions under which
a deterministic switched nonlinear system with an average
dwell-time switching signal is IOSS, also examining the case
where some of the constituent subsystems are not I0SS. In
fact, the results of the latter case are also new for systems
with no outputs, i.e. if we consider ISS of switched nonlinear
systems where not all of the constituent subsystems are
ISS, which is an extension of the results in [11]. Even for
systems with no inputs we give some novel results, namely
on asymptotic stability for switched nonlinear systems where
not all of the constituent subsystems are asymptotically
stable; this is an extension of the results in [4], where these
issues were considered for switched linear systems.

The paper is structured as follows. In section II, the
notation and definitions we use are introduced. In section
III the main results are stated and proven. Section IV gives
a short summary and an outlook on future work.

II. PRELIMINARIES

Consider a family of systems

&= fp(z,u)

Yy= hp(x)
where the state z € R”, the input u € R™, the output y € R
and P is an index set. For every p € P, f,(-,-) and h,(-)

are locally Lipschitz and f,(0,0) = h,(0) = 0. A switched
system

peP (D

= fo(z,u)

y = ho(z)

is generated by the family of systems (1) and a switching
signal o(-), where o : [0,00) — P is a piecewise constant,
right continuous function which specifies at each time ¢ the
index of the active system.

)

According to [3] we say that a switching signal has
average dwell-time T, if there exist numbers Ny, 7, > 0
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such that

T-—1

Ta

VI >t>0: N (T,t) < No+ (3)

where N, (T,t) is the number of switches occurring in the
interval (¢, 7).

Denote the switching times in the interval (0,t¢] by
T1, T2, TN, (¢,0) (Dy convention, 79 := 0) and the index
of the system that is active in the interval [7;, 7;11) by p;.

The switched system (2) is input/output-to-state stable
(I0SS) [7] if there exist functions 1,72 € Koo I and
B € KL ? such that for all o € R™ and each input u(-), the
corresponding solution satisfies

lz(t)] < B(xol, ) + v1llullp,g) +r2llyllo,g) @

for all t > 0, where || - ||; denotes the supremum norm on
an interval J.

III. INPUT/OUTPUT-TO-STATE PROPERTIES OF SWITCHED
SYSTEMS

In this section, input/output-to-state stability of switched
nonlinear systems will be examined more closely, both for
the case where all of the constituent subsystems are I0SS
and where only some are IOSS and some are not. In the
following, a Lyapunov-like characterization of the IOSS
property will be given.

A. All subsystems 10SS

Theorem 1: Consider the family of systems (1). Suppose
there exist functions ag, sz, 1,92 € Ko, continuously
differentiable functions V,, : R™ — R and constants A\, > 0,
1 > 1 such that for all x € R™ and all p,q € P we have

o (J2]) < Vi(a) < as(la)) )
2] > o1 ((ul) + p2(h(z)])

= T ) € ATyla) ©
V() < Vi (@), )

If o is a switching signal with average dwell-time
In i

As

then the switched system (2) is IOSS.

Tg >

®)

In the following, the assumptions of Theorem 1 will be
discussed shortly. Conditions (5) and (6) imply that all
subsystems are I0SS [8]. The function V},, which is positive
definite (ensured by (5)), is called an exponential decay
IOSS-Lyapunov function for the p-th subsystem [8]. The set
of possible IOSS-Lyapunov functions for the subsystems is
constrained by (7). For example, this condition doesn’t hold

A function a: [0, 00) — [0, 00) is of class KC if c is continuous, strictly
increasing, and «(0) = 0. If « is also unbounded, it is of class Koo.

2A function 3: [0,00) x [0,00) — [0, 00) is of class KL if B(-,t) is
of class K for each fixed ¢ > 0, and 3(r,t) decreases to 0 as t — oo for
each fixed r > 0.

if V,, is quadratic and Vj, is quartic for some p,q € P.

Proof of Theorem 1: Let v(t) := pi(|lulljoyg) +
er(llyllp) and £(t) = oy (1 0as(w(t). where Ny
comes from (3). Furthermore, define the balls around the
origin B, (t) := {z | |z| < v(t)} as well as Be(t) =
{z | |z| < £(¢)}. Note that v, and thus also £, are non-
decreasing functions of time, and therefore the balls B, and
B¢ are dynamic sets with non-decreasing volume.

It [z(t)] = v(t) = e1(Ju(®)]) + @2(|y(#)]) during some
time interval ¢ € [t,t”], we have according to (6) that

v,

Lo p (1), (1) < -AVylalh) ©

for all p € P. Thus, for all ¢t € [¢/,t"], |z(¢)| is bounded
above [3] by

e < apt (e ag(|x(t)]))
= B(lxt)],t—1") (10)
for some A € (0,);). To see why this is true, consider
the function W(t) := e*'V,)(x(t)). On any interval

[Ti, Ti+1) C [t', "], we have according to (9) W (t) < 0. Us-
ing (7), we arrive at W(r;11) < pW(7 ;) < pW(7;) and
thus, for any ¢ € [t/, "], we obtain W (t) < pu™No G W (¢)
and therefore

Vo (2(t))

IN

NV N =)y )
Inp

< eNolnpe(% 7’\5)(t7t/)va(t’)(x(t/))(l1)

If 7, satisfies the condition (8), then V. (x(t)) decays
exponentially in the time interval [¢t',¢”], namely for every
t € [¢/,t"], it is upper bounded by

Voo (@(1)) < eNolnre A=y (2(t'))

for some A € (0, \;). Using (5), we arrive at (10).

Denote the first time when x(t) € B, (t) by {1, i.e. {; =
min{t > 0: |o(6)] < v(t)}. As v(t) > v(0) = 1 (Ju(0)]) +
w2(]y(0)]) for all t > 0, we get according to (10) that

a1 (p1(Ju(0)]) + %02(\yo|)))}
pNoaa (|zol) '

. 1
0 <y < max {0, =5 In

Thus, for 0 < t < {; we get

lz(t)| < B(lzol, 1).

For t > #1, |x(t)| can be bounded above in terms of v/(t).
Namely, let #; := inf{t > #; : |z(t)| > v(¢)}. If this is an
empty set, let ; := oco. Clearly, for all ¢ € [f1,#;), it holds
that |z(t)| < v(t). Furthermore, according to (10),

(12)

@) < Bllh)t—H)
= o l(pMe MWy (u(ty)  (13)
< art(as(v(hh))
= &(h) (14)

for all t € [f1,1s), where f5 := min{t > #; : [z(t)| < v(t)}.
Note that 5 < oo either due to the decrease of z(t) according
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to (13) or due to the increase of v(t).
Continuing in this way, we define

f; = min{t >4 :|zt)| <v()},
t; = inf{t >4 |z(t)] > v(t)},
and we obtain the result that for any i, |z(¢t)| < v(t) < &(t)
if t € [tvz,l?z) and |£L’(t)‘ S 5(1?1) if t € [7?@@.._1). Note that
this sequence of intervals is either infinite and all subintervals

are finite, or the sequence is finite and the last subinterval is
infinite.

i=2,3,..
i=2,3,..

Thus, as &£(¢) is non-decreasing, |z(t)| cannot leave the
ball Be(t) anymore for all ¢ > {1, i.e. it can be bounded
above by

2] < &)
= a7 (Was(er(lullo.n) + ¢2(lylon)) )
< art (n%as (201 (lullo.n)) +

o (1 s (2¢2(ylo.)))
= n(llulljo,g) +2lyllo,0)- (15)
Combining (12) and (15) we arrive at

lz(t)] < B(|zol, t) + ’Yl(||u||[o,t]) + 72(||?JH[0¢])

for all ¢ > 0, which means according to (4) that the switched
system (2) is 10SS. O

Remark 1: If (7) holds for = 1, then V,(z) = V,(z) =:
V(zx) for all p,q € P. In this case, the function V(z) is a
common IOSS-Lyapunov function for the switched system
(2), and thus the system is IOSS for arbitrary switching (see
also [10]). This can also be seen by noting that in the case of
p = 1, the condition (8) which the average dwell-time has
to satisfy in order that the system is IOSS reduces to 7, > 0,
which means that the system is IOSS for arbitrary switching.

Remark 2: If no outputs are present in the system,
Theorem 1 includes as a special case the first statement
of Theorem 3.1 in [11], where ISS of switched nonlinear
systems with an average dwell-time switching signal (all
subsystems ISS) is considered. However, the proof of
Theorem 1 is quite different than the proof of Theorem 3.1
in [11].

Remark 3: In the proof of Theorem 1, one major
difference compared to the non-switched case is the
proceeding after the time ti. Namely, if we denote the
index of the subsystem active at this time by p] and if we
define the level set Q,(t) := {z | V,(z) < aa(v(t))}, then
the solution x(t) couldn’t leave the level set €, () again
if no switching occurred for ¢ > t1, because Vm is negative
on its boundary. Thus in this case, we could conclude the
proof by simply noting that |z(t)| < a;*(az(v(t))) for all
t > t;. Due to switching, however, x(¢) can leave the level
set (= ,(t) again and thus we have to proceed with the

proof as shown above.

B. Some subsystems not 10SS

In the following, the result of Theorem 1 will be extended
to the case where not all systems of the family (1) are IOSS,
i.e. (6) doesn’t hold for all p € P, but only for a subset Py
of P.

Let P = P, U P, such that P, N P, = (. Denote by
T(t, ) the total activation time of the systems in P, and
by T%(t,7) the total activation time of the systems in Pj
during the time interval [r,t), where 0 < 7 < t. Clearly,
T5(t,7) =t —7—T"“(t, 7).

For the later examinations of the IOSS property for these
kind of systems, the following lemma, where we consider
asymptotic stability of a switched system without inputs
(i.e. a switched system (2) with u = 0), will be helpful.

Lemma 1: Suppose there exist functions ay,as € Koo,
continuously differentiable functions V,, : R" — R and
constants Ag, A, > 0, p > 1 such that (5) and (7) hold for
all z € R™ and all p,q € P and furthermore the following
holds for all x € R™:

av,

T;fp(x,()) < =AVp(x) VpePs (16)

oVp
Efp(wam < )\qu(x) Vp € Py (17)

If there exist constants 7y, p > 0 such that
As

18
p< S (18)
Vt>0: T"(t,0) <79+ pt (19)

and if o(-) is a switching signal with average dwell-time
Inp
As(L=p) = Aup’

then the switched system (2) is globally asymptotically
stable.

Ta > (20)

Remark 4: The constant 7g in (19) can be interpreted as
an initial offset on the activation time 7™ of the systems in
‘P, which allows us to start with a system in P, (if 79 = 0,
we have to start with a system in P, in order to be able to
satisfy (19) because p < 1).

Remark 5: The idea to restrict the fraction of time
during which the unstable systems are active was also
used in [4], where asymptotic stability for switched linear
systems, including some unstable systems, was considered.
In [4], an upper bound for this fraction of time is gained
in terms of the maximum eigenvalues of the unstable and
the stable system matrices. In Lemma 1, where switched
nonlinear systems are considered, the maximal instability
margin and minimal stability margin are characterized by
the constants A\, and Ay, respectively, which give a bound
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for the (exponential) growth and decay, respectively, of the
Lyapunov functions V,,. The upper bound for the fraction
of time during which the unstable systems are active (18) -
(19) is given in terms of these constants.

Proof of Lemma 1: Consider the function W (t) :=
eV, 4 (x(t)). On any interval [r;, 7;41) we have according
to (16) and (17)

W (t)
W(t)

if Di S Ps

0
Ms + X)W () if p; € P

<
<
Using (7), we thus arrive at
W(Ti1) < pW(riyy) < pW(mi)

if p; € Py and

W(Ti1) < pW (7535) < pW (ry)e A (=)
if p; € P,. Thus, for any £ > 0 we obtain

W(t) < MNw(t,O)W(O)e(ksHu)T“(t70)

and therefore, using (19),

Vo(t) ((ﬂ(t)) 6N° (£,0) In pu+(As+A)T™(¢,0) = Ast VO'(O) (

Cﬂo)

IN N

BNO In p+(As+Au)To X

o e(lj‘—a“Jr(Aer)\u)P*)‘s)th(o) (o). @D

We conclude that if p and 7, satisfy the conditions (18)
and (20) respectively, then V,, ;) (z(t)) decays exponentially,
namely it is upper bounded by

Vo) (z(t) < elNoln “+(/\‘“+)‘“)T°€_MV0(0) (o)

for some A € (0, As — (As + Au)p).
Finally, using (5), we obtain

()] < ap H(pMoe AT e N g (| |)) (22)

which proves global asymptotic stability. (]

Combining Theorem 1 and Lemma 1, we obtain the
following result concerning input/output-to-state stability
for switched systems including unstable systems:

Theorem 2: Consider the switched system (2). Suppose
there exist functions a1, as, @1, w2 € Ko, positive definite
functions V}, : R™ — R and constants s, A, > 0, p > 1
such that (5) and (7) hold for all x € R™ and all p,q € P
and furthermore, the following holds:

lz| = pi(lul) + p2(|h(z)])
o ¢ (z,u
N { ﬁfp( 0

S —)\S‘/;)(I) vp € Ps(23)
T;fp(mau) < A Vp(

z) Vpée P,

If there exist constants p > 0 satisfying (18) and 79 > 0
such that

Vt>72>20: TY(t,7)<70+plt—1) (24)

and if o is a switching signal with average dwell-time 7,
satisfying (20), then the switched system (2) is IOSS.

Proof: The proof of Theorem 2 follows the lines of the
proof of Theorem 1. Define v(t), B,(t) and the points ;
and #; where the solution enters (respectively, leaves) the
ball B, (t) as in the proof of Theorem 1. Furthermore, define
E(t) = ag t (phoeP A may (u(t))).

According to Lemma 1, for 0 <t < t, we get
()] < ap H(phoeP I e N ay (|2o))) = S|, 1) (25)
for some A € (0, A — (A5 + Au)p).

Similarly to Theorem 1, we obtain that for any 7 > 1,
lz(t)| < v(t) < &(t) if t € [{;,t;) and |z(t)] < &(4) if
t €[t tiv1).

Thus, as &(t) is non-decreasing, we conclude that for all
t>0

[z(@)] < Bllzol,t) +&(2)
< Bllzol ) + mllullo,g) +v2(lyllo.9);
where
n(r) = ap (et I ay(20(r)))
() = ar (e PRy (26 (1)),
which means according to (4) that the switched system (2)
is IOSS. |

Remark 6: Condition (24) is stricter than condition (19),
i.e. we have to impose a stricter condition on the activation
time for the unstable systems in the case where I0SS is
considered than if we just consider asymptotic stability.
Namely, in (19), we just require that for any ¢ > 0 the
amount of time during the interval [0, ¢) where systems in P,
are active doesn’t exceed a certain fraction of this interval
(plus an offset 1), whereas in (24) we require this upper
bound to hold uniformly over any interval [7,¢) with arbitrary
starting point 7 < t. This means that in contrast to (19), we
cannot “save up” activation time for systems in P, for a
later point in time. This is the case because in the proof of
Theorem 2, in order to be able to apply Lemma 1 in each
time interval ¢ € [f;,t7,), i.e. to ensure the decaying of
|x(t)| outside the ball B, (), we need that in each of these
intervals, T%(t,t;) < 79 + p(t — ;). As the points #; may be
different for each u(-) and o(-), this results in the condition
(24).

In the case where we consider asymptotic stability, ’saving
up” activation time for systems in P, is no problem as this
means that systems in Ps; have been active for a longer
time before and thus |z| is already small during the longer
activation time of systems in P,. Hence also the growth
of |x| during this period of time is small and the switched
system is still asymptotically stable. However, if inputs and
outputs are present in the switched system, they might
increase |z| again before respectively while the systems in
P, are active, and thus the growth of |z| might be large
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and |z(t)| cannot be bounded in terms of supg<, < |[y(7)]
anymore.

Similar considerations apply to the average dwell-time
property. Namely, if we consider systems with no inputs, it
is enough to require that the average dwell time property (3)
is satisfied for an interval starting at the initial time, whereas
in the case where inputs are present the average dwell-time
property (3) has to hold uniformly over any interval [r,t)
with arbitrary starting point 7 < t (see e.g. [1] p.61).

IV. CONCLUSIONS AND FUTURE RESEARCH

In this paper, we studied the IOSS property of switched
nonlinear systems. We showed that if the average dwell time
and the activation time of the non-IOSS subsystems satisfy
appropriate sufficient conditions, IOSS can be established for
the switched system.

An interesting topic in the context of IOSS is the existence
of a state-norm estimator, introduced in [7]. For continuous-
time nonlinear systems, and even more for switched non-
linear systems, reconstructing the state of the system from
the observations of the input and the output is a challenging
task far from being solved completely. For control purposes,
it is often sufficient to gain an estimate of the magnitude,
i.e. the norm, of the state ([7], [8]). It was shown in [8],
that for continuous-time nonlinear systems, the existence of a
state-norm estimator is equivalent to the system being I0SS.
Introducing the concept of state-norm estimators to switched
systems and examining its relation to the IOSS property is
a topic of our current research.
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