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Abstract

Di usion modelsarising in analysisof large biochemical models and other complex
systemsare typically far too complexfor exactsolution, or even meaningful simulation.
The purpose of this paper is to dewelop foundations for model reduction, and new
modeling techniquesfor di usion models.

These foundations are all basedupon recert spectral theory of Markov processes.
The main assumptionimposedis V -uniform ergadicity of the process. This is equiv-
alent to any common formulation of exponertial ergodicity, and is known to be far
wealker than the Donsker-Varadahn conditions in large deviations theory. Under this
assumption it is shown that the assaiated semigroup admits a spectral gap in a
weighted L; -norm, and real eigenfunctionsprovide a decomposition of the state space
into “almost'-absorbing subsets. It is shown that the processmixes rapidly in ead of
these subsetsprior to exiting, and that the conditional distributions of exit times are
approximately exponertial.

These results represen a signi cant expansion of the classical Wentzell{F reidlin
theory. In particular, the results require no special structure beyond geometric ergod-
icity; reversibility is not assumed;and meaningful conclusionscan be drawn even for
models with signi cant variabilit y.
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1 Intro duction

Markovian models are commonly usedto represen the dynamics of a range of physical
systems. In particular, diusion models are a popular alternative to the classicaldescrip-
tion of molecular processesn terms of Hamiltonian equations of motion. Although these
models may be faithful to physical realities, in practice a Markovian model is far too
complex for exact solution, or even long-term simulation. This is particularly true for
biochemical systemswith hundreds or thousandsof atoms. How can we devisealternative
modelsthat capture essetial features?

Recerly there has been renewed interest in model reduction techniques based on
variants of the classical Wentizel{Freidlin theory (seee.g.[3, 6, 32]). The basicidea is
that for certain Markov processeswith small variability one can decomposethe process
into seweral "almost irreducible' subprocesses.To quartify this principle the recen paper
[3] gives precisebounds on the distribution of exit times for certain countable state space
chains, and extensionsto di usions are contained in [6, 5, 3]. A key assumptionimposed
in theseworks is reversibility of the Markov processconsidered.

A related approadh to the analysis of transition times is via the theory of quasi-
stationary distributions of Markov processas introduced in [37, 41] for courtable and
general state-spaceprocessesrespectively. This theory has seensigni cant extensionsin
the recent papers [16, 17] through application of shift-coupling techniques [40]. These
results are basedupon the construction of an eigenfunction on a restricted domain of the
state space.A similar approad is pursuedin [13, 11] for di usions with small noiseto give
boundson exit times from a smooth domain. The papers[34, 36] describe new approades
to state spacedecomposition basedon an analysisof the Perron cluster of eigenvaluesfor
the full generator of the Markov processes.It is argued that eigenfunctions correspond-
ing to dominant eigervalues may be usedto decomposethe state spaceinto metastable
subsets.

The presert paper builds upon the results and insights of the papers [3, 7, 11, 16,
34)], combined with recert results concerninglarge deviations and spectral theory for -
irreducible Markov processedl, 21, 20]. The main results demonstrate a strong form of
quasi-stationarity for certain subsetsof the state space. This implies precise bounds on
the corresponding exit times, and from these results we infer that the transition ewerts
of the di usion are approximated by jump times of an assaiated cortinuous-time, nite
state-spaceMarkov chain.

A special caseconsideredin [36] and in Section5 below is the Smolucowski equation
on R,

ax = Er U(XxX)dt+ —dw; Q)

for a given potential U : R! R, . The dierential generatoris de ned for h 2 C2 by
2
2

Dh(x)= 3 Er Ux) r h: 2

When > 0 this is an elliptic diusion, sothat the semigroup has a family of smooth
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densities, Pt(x; dy) = p(x;y:;t)dy, x;y 2 RY [23]. Hencethe Markov processX is -
irreducible, with  equalto Lebesguemeasureon R.

U(x)

Figure 1: The three{well potential U(x).

A speci c exampleis the three{well potential de ned by the potential function U shavn
in Figure 1. The function U is a sixth-degree polynomial (see(32) below). For small
the processis almost decomposableinto three processesead attracted to a minimum of
the function U.

In this paper we re ne and extend these conceptsfor a general multiv ariate di usion
X by providing answersto the following questions:

() What is the appropriate function-analytic setting to investigate a spectral gap
when the processis not reversible? When doesthe assaiated semigroup have
a ‘spectral gap'?

(i) 1t is well known that the value of the secondeigervalue determinesthe rate of
convergenceof the distributions for a Markov process. What is the physical
signi cance of the assaiated secondeigenfunction, and higher-order eigenfunc-
tions?

(iii) Can a complicated di usion processbe approximated by a simpler process,
such as a nite state-spaceMarkov chain, that presenes essetial spectral
structure, and is a useful predictor of essetial dynamics?

To address(i) we interpret the semigroupof the processasa semigroupof linear operators
on a weighted L1 space. We demonstrate in Theorem 3.1 that a spectral gap in this
setting is equivalert to a form of metastability of the state space. A spectral gap is also
equivalent to geometric ergadicity, which is equivalent to the existenceof a Lyapunov
function [28, 9].

Under geometric ergadicity alone we demonstrate that real eigenfunctions provide a
decomposition of the state spaceinto metastable subsets. For any metastable set M we
construct a di usion on M, the “twisted process',through a change of measure. We show
that this restricted processis also geometrically ergadic, which implies that the original
processmixes rapidly in ead of thesesubsetsprior to exiting.

To addressapproximations asin (iii) we considerthe statistics of the exit time from a
given metastable set M. As a direct consequencef geometric ergadicity of the assaiated
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twisted processwe nd that the distribution of the exit time is approximately exponertial.
The magnitude of the error is related to the spectral gap for this twisted process.

The remainder of the paper is organizedas follows. In the following sectionwe review
someergadic theory from [9, 21], and give a formal de nition of spectrum for an ergadic
di usion. Wealsodewelop somestructural theory for non-probabilistic positive semigroups
assciated with the di usion.

Section3intro ducesmetastability and related concepts,and dewvelopsstructural results
for the assa@iated twisted process. Metastability is shovn to be equivalert to geometric
ergadicity of the twisted process,which gives a simple proof of the desired bounds on
exit times. This section also contains a comparison of the results obtained here with
conclusionsfrom the large deviations theory of Wentzell & Freidlin.

The impact of a cluster of eigervaluesis investigatedin Section4, and in this section
we describe a nite state-spaceapproximating Markov chain. Section5 corntains a detailed
numerical study of the Smoluchowski equation on R for the three{well potential.

2 Spectral Theory

Here we review somegeneral theory for -irreducible Markov processesjncluding some
recert spectral theory for the assaiated semigroup. The state spaceX is assumedio be an
open, connectedsubsetof RY. and we assumethat time is cortinuous, T:= R, . Eventually
we will specializeto hypoelliptic di usions on X.

2.1 Irreducible Mark ov pro cesses

Let denotea nite, positive measureon the Borel sigmaReId B = B(X), and let B*
denote the set of functions s: X ! [0;1 ] satisfying (s) = s(x) (dx) > 0. The set of
nite, non-negative measures satisfying (X) > 0is denotedM ™.
For eadr > O the resolent kernelis given asthe Laplace transform,
1
R := e 'Pldt (3)

0
where Pt is the transition function corresponding to the di usion de ned in (1). We note
that U := R s the transition kernel of the Markov chain on X obtained by sampling
X at the jump times of a Poissonprocess.Wewrite R:= U =R when = 1.

Set characterizations

(i) A setC 2 B is calledfull if (C°® = 0;
(i) The setC 2 B is absorbingif R(x; C®) = 0for x 2 C. A non-empty
absorbing set is always full [28, Proposition 4.2.3].
(iii) A function s and a measure are called small if, for some > 0,

R (x;A) s(xX) (A); x 2 X;A 2 B(X): (4)

If C 2 B and for some" > 0 the function s:= "1¢ is small, then we
say that C is small.



In Proposition 5.5.50f [2§] it is shown that for a -irreducible processin discretetime,
one can nd a pair (s; ) satisfying a bound analogousto (4) with s(x) > 0 for all x,
and with  equivalert to the maximal irreducibility measure in the sensethat they
have the samenull sets. This carriesover to continuoustime processedy consideringthe
discrete-time Markov chain with transition kernel R (seee.g.[27]).

Irreducibilit y and Recurrence

(i) The Markov processX is called -irr educible if
z

R(x;s) := v R(x;dy)s(y) > 0; x2X;s2B":

We assumethat  is maximal in the sensethat © for any other
irreducibilit y measure °[28].
(i) X is called aperiodic if for any s2 B*, and any initial condition x,

PY(x;s) > 0 for all t sucien tly large.

(iii) A -irreducible Markov processis recurrent if

hZ 1 i
Ex s(X(t) dt =1;
0

for all s2 B*, x 2 X.
(iv) A -irreducible Markov processis Harris recurrent if
Z,
s(X(t)) dt=1; as: [K];

for all s2 B*, x 2 X.

For a given set A 2 B we de ne the stopping times,

n 0 n Z, 0
aA=inf t>0:X(t)2A % :=inf t> 0: 1(X(s)2A)ds>0
0

The stopping time A is the usual rst-hitting time, and %, is the rst time to enter the
set A for somenon-null time interval. The use of the latter stopping time is to improve
solidarity between the cortinuous time process,and the Markov chain with transition
kernel R. For example, we have

Py(%A <1)=0() R(x;A)=0; x2X; A2B:

Consequetly, many of the characterizations given above may be corveniertly expressed
in terms of this stopping time, e.g.,a set C 2 B(X) is absorbingif Pyx(%: < 1 ) = 0 for
all x 2 C; and the processis Harris recurrent if Py(% < 1 )= 1for any A 2 B*, and all
x 2 X [29].



We henceforthrestrict to a diusion X = fX (t) :t 2 Tg ewlving on X, with di eren-
tial generator given by

X d
Dh= Ui(X)—Xh(X)+ z
i

i ij

X d?
ij (X) Wh (x) )

or, in more compact notation,
D=u r + }trace()

We assumethat the Markov processhas cortinuous sample paths de ned for all t 0 for
any initial condition - that is, the probability of nite-escape is zero.

Theorem 2.1 Supmsethat R is the resolventkernel for the di usion with geneator given
in (5), and supmsethat the genentor is hypoelliptic. Then R is strong-Feller, and has a
smaooth density

R(x; dy) = r(x;y) dy; X;y 2 X:

Suppmse moreover that there is a state xg 2 X that is ‘reachable'in the following sense:
For any x 2 X, and any open set O whoseclosure contains xg,

PY(x;0)> 0 forallt2 T suciently large.

Then, the Markov processis -irr educible and aperiodic with () := R(Xq; ).

Pro of. This result together with a de nition of hypoellipticity is given as [29, Theo-
rem 3.3]. The proof is basedupon results from [22, 23], and related results are obtained
in [25, 38, 39]. t

2.2 Generators and spectra for Mark ov pro cesses

The ergadic theory and spectral theory described here is based upon the vector space
setting dewelopedin [28, Chapter 16]. Let V : X! [1;1 ) bea given function, and denote
by LY the vector spaceof measurablefunctions h: X | C satisfying

jh(x)j
khk, = su <
T X V&)

1:

The vector spaceM Y is the set of complex-valued measures on B sud that
Z
kK ky := XV(x)j (dx)j< 1:

For any kernel ® on X B the induced operator norm is de ned by

_____ ___kbhk,
iBj, = sup k.



wherethe supremum is overh 2 LY , khky 6 0. If B isa positive kernel (i.e. Ib(x; A) 0O,
for x 2 X, A 2 B) and if for somec< 1 ,wehave BV ¢V, then®: LY I LY isa
bounded linear operator on LY , and jiilbjiv C.

Several positive operators play a role in ergadic theory and spectral theory. The most
important exampleis perhapsthe bound (4), which meansthat the positive operator R
dominates the rank-one, positive operator s (\ " denotesthe tensor product). The
linear operator [s  ]: LY ! LY is necessarilypoundedprovided R is bounded. In this
casewe have s 2 LY and 2 M Y. Moreover, when the resohert kernel is a bounded

linear operator we always have R: LY ! CV, where
cV=1fg2LY :kP'g gky! O t#0g:

Formulations and characterizations of the spectral gap are facilitated by three di erent
generators:

Generators

(i) The extendel geneator A: Wewrite g = Af if the adapted stochas-
tic process(M¢ (t); Fy) is alocal martingale, whereF; = (X (s); 0
s t), and
z t
My (t) == £ (X (1)) (X (0)) . 9(X(s)) ds: (6)

(i) The dier ential geneator D: De ned on C?(X) via
Df =u rf + itrace( f); f2C?:

(i) The strong genemtor Dy : ForagivenV: X! [1;1 ], nite a.e.,we
write g = Dyf if f;g2 CV, and
PY f
t

k gky ! O t#0:

The extendedgenerator A is a true extensionof D in the sensethat Af = Df a.e.[ ]
when f 2 C2(X). Provided R is a bounded linear operator on LY , one can ched that
the domain of the strong generatoris simply fRh : h 2 CVg and that DyRh = Rh h
for any h 2 CV. The extended generator and di erential generator are usedin criteria
for stability and to obtain boundson the “essetial spectrum' of the assa&iated semigroup.
The strong generatoris usedto de ne a spectral gap:

Spectra and Spectral Gap
For agivenV: X! [1;1], nite a.e.,

(i) The spectrum S(Dy) is the setof 2 C sud that the inversel]l
Dy] ! doesnot exist as a bounded linear operator on CV;

(i) The generator admits a spectral gap if the set Dy)\ fz 2 C:
Re(2) "gis nite for suciently small" > 0O;
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(iii) The Markov processis called V -uniformly ergdic if there is a spec-
tral gap; fOg = S(Dy)\ fz 2 C : Re(z) = Og; and the eigervalue
= 0 is simple.

Theorem 5.2 of [9] provides the following consequencesf V -uniform ergadicity:
Theorem 2.2 If X is V-uniformly ergaic then,

(i) There is an invariant prokability measure , and the semigmoup convemesin
norm:

jiPt 1 Iy! O exmnentially fastast! 1 ;

(i) For any B 2 B*, there exists g > 0 and b< 1 suchthat
Pf% tg bV(x)e et x2X:t2T: (7)

t

The following “drift condition' characterizesV -uniform ergadicity and is certral to this
paper. It is usefulthat we may usethe extendedgenerator, and not the strong generator
in (V4).

IV ©

For constarts b< 1 and > 0, a small function s: X! [0;1 ), and a
function V : X! [1;1), (V4)
AV "V + bs

Assumptions similar to (V4) are usedin Donsker and Varadhan's classicpapers (see[42,
8]). It is shown in [20] that these assumptionsactually imply that the diusion hasa
discrete spectrum in the V-norm for someV (seealso[33]). Condition (V4) is equivalert
only to a spectral gap, and consequetly it is a signi cantly weaker assumption.

Theorem 2.3 (i) Supmse that X is -irr educible and aperiodic, and supmse
that (V4) holdsfor someV: X! [1;1). Then X is V-uniformly ergdic.

(i) Conversely,if the Markov process X is Vp-uniformly ergalic then there exists
a solution to (V4) with V 2 LY.

(iii) Supmsethat the conditions of (i) hold, but the function V: X! (0;1 ) is not
known apriori to be bounded from below by 1. If X is also recurrent then

"o:= inf V(xX)> 0
x2 X

sothat X is Vp-uniformly ergadic with Vg := "01V.



Pro of. Theorem 2.3 (i) and (ii) follow from Theorem 7.1 of [9].
To prove (iii) considerU = log(V), and apply the resolent to obtain a bound of the
form,
RU log(RV) U o+ bplc

where g > 0; C = fx : s(x) 19 2 B* for suitably small ; > 0;andby < 1 isa
constart. We then have, via the comparisontheorem of [2§],

oEx[Tc]  U(X) + plc(x);

where T¢c denotesthe rst entrance-time to C for the discrete-time Markov chain with
transition law R. Here we have usedrecurrenceof this Markov chain, which follows from
the assumedrecurrenceof X [29). We concludethat inf ,y U(x) > by > 1 , which

establishes(iii) with "¢:= e ™, t
2.3 Generators and spectra for non{probabilistic = semigroups

For a given function F: X! R][ flg we considerthe following positive semigioup,

h Z i
PL(x;A) = Ex 1(X(t) 2 A)exp F(X(s)ds : A2B;x2X:;t2T:
0

For any given x; t the total mass (x;t; )= P! F I-(QX; X), 2 R, isequalto the momert

generating functions for the random variable S; = g F (X (s)) ds. This is a starting point
for many many papersconcerninglarge deviations theory and risk-sensitive optimal cortrol
(seee.q.[19 2, 14, 12, 13)).

A strong generatorcan be de ned in analogy with the probabilistic semigroup,and we
de ne the potential kernel assaiated with fP{g via

Z,
Re(x; A) = PL(x; A)dt; x2X: A2B: (8)
0

For example, when F takes on the constart value for some positive 2 R: then
Rr = R . The following generalizationof the resolvernt equationsare developedin [27, 30].

Theorem 2.4 For agivenF;G: X! RJ[ flg wehave
@) If g: X! Rsatises Rejgi(x) < 1, x2 X, then
[l AJRFQg=0; 9)
(i) If G F then the correspnding potential kernels are related by
RF = Rec + Rglc FRF; (10)

wher | g ¢ denotesthe multiplication operator. u
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For an arbitrary positive semigroupf Ibtg the de nitions of irreducibilit y, small setsand
measures,and other set classi cations remain the samein this non-probabilistic setting.
For a given function V: X! [1;1 ], nite a.e.,the spectral radius of f Ibtg is given by

ty e iy TR ST
sty (FBtg) = Jim iPT i,

Closely related is the Perron-Frolenius eigenvalue de ned for any small pair (s; ) with
s2B*, 2M*,via

1=T
pfe(f Plg) = Jim PTs (11)
The semigroupis called recurrent if
z 1
( Bls)etdt=1 ;
0
where = log(pfe(f Ibtg)); otherwise, it is calledtransient. A straightforward generaliza-

tion of [31, Proposition 3.4] shaws that thesede nition are independert of the particular
small pair chosenwhen the processis -irreducible (note that [31] considersthe con-
vergen@ parameter, which is simply the reciprocal of the Perron-Frobenius eigervalue.)
When Bt = P! for somefunction F on X we let sty (F); pfe(F) denotethe corresponding
spectral radius and Perron-Frobenius eigervalue.

Proposition 2.5 (i) is a consequenceof Proposition 3 of [20], and (ii) follows from
Theorem 2.4 (i) with F .= G

Prop osition 2.5 Supmsethat X is a -irr educible, hypoelliptic di usion. Then,

(i) The functionals v (F):= log(srv(F)), and ( F):= log(pfe(F)) are each
concaveon thedomainfF: X! RJ[ flg :infF(x) > 1g

(i) For a givenfunction G on X, if 0< < ( G) then,

t

In analogy with V -uniform ergadicity, the semigroupf bt 2 Ng with generator N
is called V -uniform if the following conditions are satis ed:

(i) The constart =  y(F) isasimple eigenvalue That is, is an eigervalue,
and the assaiated eigenspaces a one-dimensionalsubspaceof LY .

(i) The generatoradmits spectral gap: for su cien tly small " > 0,

= g(By)\ fz2 C:Re(2) "g:
We have the following analog of Theorem 2.3:
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Theorem 2.6 Supmsethat X is a -irr educible, aperiodic, hypoelliptic di usion. Let F
ke a given function on X satisfying pfe(F) < 1, inf_,x F(x) > 1 , and suppwse that
the resolventsatis es

ReV V + bs; R s :

whee V: X! [1;1]is nite ae;0< < (F) L s: X! [0;1]; b< 1;and is a
probability measure on X. Then, the semigoup f Pt g is Vo-uniform for someVg 2 LY.

Pro of. From Proposition 2.5 (ii) we haveforall 2 R,andall B 2B, x2 X,

hZ 1 Z, i
K IRK(x;B) = Ey exp F(X(s)ds e'1fX (t) 2 Bgdt :
k=1 0 0

The right hand sideis nite whenewr < ( F), and the setB is small. It follows that
( F) 1isthe Perron-Frobenius eigervalue for the discrete-time semigroupfRE :n  Og.
Let hg denote the Perron-Frobenius eigenfunction for Rg given by

3
ho := (FT(Rg s )Ks: (12)
k=0

We then have Rehg = ( F) thg "s where" = 1 (hg) 0O,and" = 0if and only if
the semigroupf R'; : k 2 Ngis recurrent (see[31, Proposition 4.7]).
De ne the twisted kernel via

Re = (F)L'Re+ "0 lny:

where"g:="(1 ") ! O0Oischosensothat R isa (probabilistic) transition kernel. Setting
s= (F)hy lsand = Inh, we nd that this is a small pair. In faclg Re @+ "o)s
under our condition that Re s . Moreover, onecan chek that  ;_,( REs)= 1, so
that the semigroupf R'; : k 2 Ng is recurrent (see[31, Theorem 3.2]). Setting V = h, v
we then have,

REV= (F)h Y[Re+"9s [V h i (F)V+bg V+bs

whereb< 1 and := (F) < 1. Sincethe twisted kernel is recurrent it then follows
from Theorem 2.3 (jii) that fRgg is V-uniform, and that V is uniformly bounded from
belov. This meansthat the inverse[lz (Rg  (1+ "g)s )] ! existsin V-norm for all
z in a neighborhood of z = 1. It immediately followsthat [z (Re s )] ! existsin
V-norm for all z in a neighborhood of z= ( F) 1, and that fREQ is V-uniform (similar
argumerts are usedin [21, Proposition 4.9]). As in [9, Theorem 5.1] it then follows that
the semigroupf Pt : t 2 Tgis Vo-uniform with Vo = Rg V. u
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3 Metastabilit y and exit rates

Much of the analysis here is basedon the semigroupsf P} g consideredin Section 2.3 in
the special casewhereF = 1 1ac for someA 2 B. When F takesthis form we denote the
semigroupby f P4 g, which can be equivalertly expressed,

PAO(X) = Ex[g(X (1)1(%c t)]; g2Li;x2X;t2T:

The assaiated potential kernel (8) is denoted Ry when F takesthis form.
Let C denote the collection of all connected,open subsetsof X. For any A; B 2 Cwe
de ne
A B=fA[ Bg:

This is an open set, and if A B 2 C we say that A and B are neighlors. The follow-
ing assumptionswill be imposedthroughout this section. Theorem 2.1 provides readily
veri able conditions under which these assumptionsare valid.

() The Markov processis an aperiodic, hypoelliptic di usion, with
continuous samplepaths. The state space X is an open,

connected subsetof RY. 13)
(i) For each A 2 Cthe semigioup fP.gis a-irr educible, where A

is Lelesguemeasure restricted to A, and every compact subsetof
A is a small setfor fP}g.

Eventually we will restrict to processesatisfying (V4).

3.1 Exit rates

Our goalin this sectionis to quartify the rate at which the processnovesbetweenelemeris
of C. The motivation for the consideration of transition rates rather than momerts, is to
set the stagefor Markov chain approximations (seee.g. Theorem 3.8).
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Exit rates and metastable sets

(i) The exit rate of A 2 Cis dened as ( A) := log(pfe(A)), where
pfe(A) denotesthe Perron-Frobenius eigervalue for the semigroup
fPS :t2 Tgasdened in eq. (11).

(i) Given a pair of neighbors A; B 2 C, the exit rate from A givenB is

(AjB):=(A) (A B):
(iii) A setM 2 Cis called metastablewith exit rate ( M) if (AjM)> 0
foralA M,A6 M,A2C
(iv) The V-exit rate of A 2 Bisgivenby (A):= log(sry(A)), where
sty (A) denotesthe V -spectral radius of f P g.
(v) For M 2 B we sa that M is V-metastableif (M) < 1, and

v(A)> v(M)
forany A M satisfying A 2 Band (M=A) > 0.
Metastability is closelyrelated to V-uniform ergadicity. Here is one example:

Theorem 3.1 If X is V-uniformly ergdadic then the state space X is V-metastablewith
exit rate equal to ze.

Pro of. The V-norm ergadic theorem assertsthat Pt ! 1 innorm ast! 1 . This
implies that v (X) = ( X) = 0. For any A 2 B(X) with B := A® 2 B", the bound (7)
can be equivalently expressed,
iPLi, be %  t2T:

From this we may concludethat (A) g > O. t

Since metastability is closely related to V-uniform ergadicity it is natural that Lya-
punov functions and eigenfunctions should play an important role in our analysis. To
investigate the impact of Lyapunov functions we require the following restriction of the

extended generator: For a set A 2 Cand functions f;g: A! R we write 'g= Af on A’
if fM;(t”™ %) :t2 Tgis alocal martingale, where M; is givenin (6).

Theorem 3.2 Supmsethat X is a diusion satisfying (13). Then,

(i) For anysetA 2 C, if thereexistsO< < 1 ,andh: A! (0;1 ], nite almost

everywhee, satisfying
Ah h on A;

then ( A) ;

(i) If A2 Cwith 0< (A) <1 thenthere existsh: X! (0;1], nite almost
everywhee, satisfying

Ah (A)h onA,;

(i) Supmsethat M 2 C is V-metastable, and its exit rate satises (M) =

( M) < 1. Then there existsh: M! (0;1 ) satisfying

Ah= ( M)h on M: (14)
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Pro of. If the conditions of (i) hold then the stochastic processbelow is a local super-
martingale,
mh(t) := h(x) *h(X (t))e '1(%: t); t2T: (15)

From Fatou's lemma we then have,
Eln(X (1) 1(%: )] e 'h(x); x2A:
Let (s; ) beany small pair satisfyings2 B*, 2 M ™*, and
s h, (h<1; (A%=0:

It immediately follows from the previous bound that for any < ,

‘1 e he) .
E[s(X(t))1(%c t)e'dt ——; X2A;
from which we concludethat .
' ( Pis)e 'dt _ .
From the de nitions it then follows that ( A) , and this proves (i) since < s

arbitrary .
To see(ii) we rst obsene that the Perron-Frobenius eigervalue for the discrete-time
semigroupf RR g is given by ( A) 1 and a Perron-Frobenius eigervector is then given by,

3
ho(x) = (A)**'(Ra s )s(x);
k=0
where s; is a small pair satisfying Rpa S (seethe proof of Theorem 2.6). The
function hg satises (hp) 1, and consequetly, for some" O,

Raho= (A) *hy "s (A) thy:
Letting h = Rahg it then follows from Theorem 2.4 that

Ah= ARaho= ho= (A)h+"s] (A)h; onA. (16)

To see(iii) we construct a Lyapunov function V,, satisfying the conditions of The-
orem 2.6. It then follows that the semigroup generated by the kernel Ry, is recurrent,
and that the constart " in (16) is zero. Consequetly, this function h solvesthe desired
eigenfunction equation.

Fix B 2 Cwith the following properties: B M; K := M\ B® M compact;K 2 B*;
and sup,k V(x) < 1. Fix a pair (s; ) satisfyings2 B*, 2M*,andRg s
Then, for any ( B) we have the bound,

1 IRg s J¢s 1:
k=0
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Fix any suth satisfying ( M) < < ( B). Wethen have, with F := +1 1gc,

3
KiIRg s ¢V K IRKV = Rg V;
k=1 k=1

and the right hand sideis in LY since < ( B) v(B).
The measure g given by

B = “1'Rg s [
k=0

thus satises g(V) < 1. Chooseg,: M! R4 cortinuous, satisfying g(gy) < 1, and
sothat
Kh=fx2M:gu(x) nV(x)g iscompact, n 1

We then de ne,

.
Vy i= K1Rg s Ifgu; (17)
k=0

sothat b:= (Vy) = B(Ow) < 1,and
ReVu=[Rge s [Vu+[s [Vu v, + bs:
The following is a generalization of the resohert equation given in (10):

Ru = R + Qplm BeRuy;

where Qg (X; dy) := Py (X (%) 2 dy). SinceV,, is boundedon M\ B¢ we then arrive at a
bound of the form,
RuVi  "Vu+ by

whereb, < 1 is constart.
Finally, for any o satisfying (M) 1> o> lwecan nd bh < 1,np < 1
satisfying,
RMVM OVM + tblK no :

The set K, is a compact subset of M, and hence also small for Ry under (13). An
application of Theorem 2.6 then shows that the semigroupfR;}, : n  0g is Vy-uniform,
and that a solution to (14) exists with h 2 LY. t
3.2 The twisted pro cess

In this section we investigate the consequence®f the following “eigenfunction equation'.
Theorem 3.2 (iii) provides evidencethat (18) will typically hold when M is metastable,
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and in this casewe may take o= ( M). Recallthat D is the di erential generatorgiven
in (5).

For somesetM 2 C afunction h: X! R that isC?2in a neighborhood
of the setM; and some o< 1,
(18)
h(x) >0 and Dh(x) = oh(x) for x 2 M.

Under (18), for any x 2 X the stochastic process
mp(t) := h(x) *h(X (t))e °'; t2T;

is a positive martingale up to the stopping time T := %.. Henceit may sere in a change
of measurein the following construction:

The twisted pro cess is the Markov processX with state spaceM whose
semigroupis de ned for any g2 L1 (M), and any x 2 M via,

Ex[o(X ()] := Ex[ma(H)g(X () 1(T > t)]: (19)

The Markov processX is a diusion, ewlving on X := M. The assaiated “twisted gen-
erator' is given in Proposition 3.4 belowv. Similar constructions are usedin many recert
referenceg(seee.g.[10, 21]). What is unusual hereis that the likelihood function de ned
using h restricts the processto a proper subsetof X (seealso[16]).

Proposition 3.4 expresseghe di erential generatorfor the twisted processin terms of
D. This represenation is a consequenc®f the following lemma, whoseproof is immediate
from Ito's rule.

Lemma 3.3 Supmwsethat g;h: O! R are C? on the open setO  X. The following
identities hold on the set O:

Dgh gDh+ hDg+ h r h;r gi
Dh = [DH + 3r HT r H]h;
whetre in the second identity we assumethat h > 0 on O and let H denoteits logarithm.

Prop osition 3.4 Supmsethat (13) and (18) hold. Then,

(i) The expectation operator E de nes a diusion on M, up to the exit time T .
The di er ential geneator is given by,
D = I, :Dlp+ ol

D+ h(r H)ri; (20)

wheee |, is the multiplication operator: I,g= h g, and H(x) = log(h(x)) for
X 2 M.
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(i) The dier ential geneator D hasthe samedi usion coe cients as the original
process, and the geneator D is self adjoint wheneverD is (with a new inner
product weightel by h).

(iii) If X is a Smoluchowskiequation on X with potential U, and if = 2
is independent of x, then D is the di er ential geneator for a Smoluchowski
equation with potential Uy = U 2H.

Pro of. It is enoughto establish (20), which is immediate from Lemma 3.3 and the
eigervector equation Dh = h:

Dgh=h g+ Dg+h(h rh);rgi

Multiplying both sidesby h ! and adding g givesthe required identit . u
The following two results characterize metastability in terms of geometric ergadicity
of the twisted process.

Theorem 3.5 Assumethat (13) and (18) hold. Supmsemoreover that M is V -metastable;
its exit rate satises o= v(M) = ( M); and that the es@pe-time T for the twisted pro-
cessis in nite a.s.. Then the twisted processis V-uniformly ergadic for someV satisfying
ht2LY.

Pro of. The proof of Theorem 3.2 (iii) is basedon V,, uniformity of the discrete-time
semigroupgeneratedby R,, (seede nition (17)). It follows that the discretetime Markov
chain with transition kernel

Ru:= 1, Ruln+ (M) *

is V -uniformly ergodic with V = h 1V,,. This transition kernelis in fact a resolvernt kernel

for the twisted processde ned (19). The result is then immediate from [9, Theorem 5.1]

and our assumptionthat the escape-time for the twisted processis in nite a.s.. u
Theorem 3.6 provides a partial corverse.

Theorem 3.6 Assumethat (13) and (18) hold. Suppmse moreover that the es@pe-time
for the twisted processis in nite a.s., and that the twisted processis V-uniformly ergadic
for someV:M ! [L;1), with h 1 2 LY. Then, the setM is both metastableand Vo-
metastable,with common exit rate ( M) = ,(M) = ¢ givenin (18), and with Vo = Vh.

Pro of. This is a consequencef the following represertation: For any stopping time
satisfying T,
% i e i
E« e'h Y(X()dt =h '(x)E, el * ot
0 0
Let A M satisfy (A€ > 0,andlet = %c. From V-uniformity of the twisted process,
and the assumptionthat h 12 LY , there exists = (A) > Oand by < 1 suc that the
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left hand side is bounded by kpV (x) (cf. (7)). It follows that the Vp-exit rate from A is
boundedfrom below by o+ (A).

It remainsto show that the exit rate from M is equalto . This follows from the
previous reasoning: Setting = T gives,

hr i
Ex o h (X)) dt

1 =
= E ROT h (X (t)) dtl_
= h Y(xE ROT e ot dtI:

Hence ( M) 0, but Theorem 3.2 (i) already implies the reverseinequality. t

We now provide more readily veri able su cient conditions under which the conclu-
sionsof Theorem 3.6 will hold.

Theorem 3.7 Assumethat (13) and (18) hold, and that (V4) is also satis ed for a con-
tinuous function V: X ! [1;1). Suppse moreover that the Lyapunov function V and
the eigenfunction h satisfy the following conditions:

(a) The constant ¢ in (18) satises 0< o< .

(b) h(x) > Ofor all x 2 M, andh(x) = Ofor x 2 @1 := M nM.

() (r h(x))™ ( x)(r h(x)) > 0 for all x 2 @M.

(d) Kh:=fx2 X:V(x) nh(x)gisacompact subsetof X for all n 1.

Then,

(i) The es@pe-time from M for the twisted processis in nite a.s. for X (0) = x 2
M;
(i) The twisted processis Vi-uniformly ergadic with V; = V=h,

(i) The setM is both metastableand V -metastable,with exitrate ( M) = (M) =
0, Wher ¢ is givenin (18).

Pro of. We considerthe Markov processwith twisted generator D givenin (20). For a
given0< < 1 write

Vii=h V; Vb:=h *h; andV:= Vi + Vs:
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Then from Lemma 3.3, (V4), and the eigervector equation (18),

DVi = [I,,'DIn+ ollh IV
= hlD+ qV

(_ 0)V1+ bh 1S

DV, = [I,,'DIn+ ol **

h 1Dh + oh ]

h Y DH+%12rHT rH+ g

h Y (hIDh LrH” rH)+% 2rHT rH+ (]
1 Hh o LrHT rH]

wherethe third andfourth identities follow from Lemma 3.3. Combining thesebounds/equalities
gives
DV 2( 0V

+h 1@ )o+3( o)t+tbh s
;C oVh i
th2 @ H)h rh;

wherein the last line we have usedthe identity r H = h 1r h.
Consequetly, under assumption (a) we have the following version of (V4) for the
twisted process:for su cien tly large ng,

DV & o)V + bolk,, ; (21)

wherelpy < 1, and Ky, given in (d) is compact. The drift condition (21) implies that
T = 1 a.s.sinceV hascompact sublewel setsin M (see[29]). This proves (i), and (ii)
is a consequenceof the drift inequality (21), a form of (V4), which implies that X is
V-uniformly ergadic. It is also Vi-uniformly ergodic with V; = V=h sinceh 2 LY by
assumption.

Part (iii) then follows from the foregoing conclusionsand Theorem 3.6. u

3.3 Consequences for exit times

We shaw herethat V -uniform ergadicity of the twisted processmplies strong distributional

boundson the exit time from a metastablesetM. The exit time T := % is approximately
exponertially distributed, with rate ( M), provided there is a sucient spectral gap.
Related approximations in a generalsetting were obtained recertly in [17]. Thesebounds
provide a bridge between the results established here and the large deviation theory of
Wernizell & Freidlin. To make this precisewe rst review the standard characterizations
of exponertial random variables.
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If the random variable %is exponertially distributed with rate then the conditional
distribution function and the conditional momernt generating function for the residual life
are given by

F(s)
M()

These quartities are independert of T only for exponertial random variables. Howewer,
we shawv in Theorem 3.8 that these identities almost hold for the exit time T from a
metastable set.

For the random variable T we again de ne the conditional distribution function, and
the conditional moment generating function for the residual life at time T by

Pl(% T) sj% T]l=e S; s 0T O
Elexp( (% T)ji% T]= —;

Fx(s;T) = Py[(T T) sjT TI; s O T O

(22)
My(;T) = BEdexp( (T T)JT TL ; T O

Theorem 3.8 states that the rate of decay of the exit time is basically independert of
the starting point. We note that the constart ¢ > 0 describesthe rate of corvergenceof
the distributions of the twisted process(c.f. (24)), and this is precisely the spectral gap
for the twisted process.

Theorem 3.8 Suppmsethat the conditions of Theorem 3.7 hold, so that the setM is V-
metastablewith exit-rate > 0. Then there exists g > 0 suchthat for all s;T > 0 and all
< 1

1+0 e 0SV(x)h 1(x)
1+0 e (T*+s) oV (x)h 1(x)

—+0e °TV(x)h Y(x)

S

Fx(s;T)

My( ;T)

Pro of. From the de nition of the twisted processwe have for alls 0andall x 2 M,

Psh 1(x)

Exlh (X (s)1(s T)I
h 1) E[h(X(s)h (X (s))e S1(s T)] (23)
h 1(x)esP(s T)

An application of Theorem 3.7 implies that the twisted processis V -uniformly ergadic for
someV satisfyingh 12 LY . It follows that we also have the following bound, for some
0> 0,

PSh '(x)= (h H+0(e °sVv(x)h }(x)) s 0O x2X: (24)

This conmbined with (23) givesthe bound,
eSP,fs Tg= (h Hh(x)+ O(e °°V(X)) ;

and this easily provesthe result. t
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3.4 Implications from large deviations theory

We concludethis section with a comparison of our conclusionswith those of Wentzell &
Freidlin [15].
Consider somestable equilibrium point xq of the unperturb ed ODE,

dx = }r U(x)dt; (25)

and let O be aregion of attraction. We assumethat O is a (possibly semi-in nite) interval
O = (Xa;Xp) R containing xgo and satisfying the following assumptions:

All trajectories of the deterministic ODE (25) starting at somepoint x 2 O
corvergeto xg ast! 1 . Hence,there are neither other extrema nor limit
cyclesin O.

Let oc( ) denote the exit time of O for the Smoluchowski processX de ned by (1).
Futhermore, denote Ug := U(Xp), Ua := U(Xa), Up:= U(Xp), and let

Upar := minfU,;  Ug; Uy Ugg

denote the minimal potential barrier the processmust crossto leave O when starting at
Xo 2 O.

The following result follows from [15, 35]. It gives a simple bound on the exit rate
from O in terms of the smallest potential barrier one hasto crosswhen leaving O.

Theorem 3.9 Under the alove assumptionon O we havethe following bound on the exit
time from O, for any initial condition xg 2 O,

im 2109 Exq[ o¢( )] = 2 Upar

u

To illustrate Theorem 3.9 we examine the double-well potential shavn in Figure 2.
Denote the left local minimum of U by U(x;) = U, the right minimum by U(x,;) = U,
and the local maximum by U(Xmy) = Up. In this examplewe have U, = 0:50, U, = 1:31
and U, = 0:10.

We wish to obtain bounds on the exit rates for the two open connectedcomponens
Okt = fXx < Xxmg and Oyight = fXx > Xm0, corresponding to the left and the right well,
respectively. To fulll the assumption that saddle-points are excluded we reduce these
setsslightly and instead take Ot = fX < Xy "g and Oyight = fX > Xy + "g for some
arbitrary small " > 0. An application of Theorem 3.9 yields the following conclusions,

(i) for Opft we have Upy = Uy U = 0:81+ O("?), and hence

lim 2logEx[ o ( )] 2 0:81;

22



Figure 2: The two-well potential U(x). The barrier on the left Uysr = 0:81 de nes a decomposition of the
state spaceinto two metastable subsetsX = (1 ;0:41) (0:41;1 ) with equal potential barrier Upy = 0:81.

ha(x) for various - ha(x) for various - (detailed view)

Figure 3: At left is shown the secondeigenfunction h;, for the di usion de ned by the two-well potential
for a range of values of the inversetemperature, = 2 = 2, from = 1.5 (solid line) to = 6:5, (dashed
line). The right hand side shows a close-up for x near the respective zeros. The zero moves towards the
value 0:41as " 1 . The step function shown at left with discontinuity at x = 0:41 is a candidate limit of

h,.
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(i) for Oygnt we have Upgr = Uy Uy = 121+ 0O("?), and hence

lim 210gE[ 040, ( )] 2 1:2L:

We now compare these conclusionswith the results of the presert paper. Applying
Theorem 3.7to the double-well potential we nd that the secondeigenfunctiondecomposes
the state spaceinto the two open componerts fa;bg C separatedby the zero z of hy.
What can we say alout the asymptotics of z for vanishing ?

() A natural rst guessis that z approximates the saddlepoint of the potential.
Howewer, asdiscussedabove, Wenizell{F reidlin theory predicts that the distri-
bution of exit times is a function of the minimal potential barrier the process
has to crossin order to leave a given subset. Consequetly, these rates are
dierent for the two subsetsa and b when is small, which corntradicts the
factthat (a)= (b)= ».

We conclude that z cannot approximate the sadde point of the potential as
I 0.

(i) An alternative is the point z on the the right hand side of the saddle point
de ned by the condition that the minimal potential barrier Uy, to exit from
either of the two subsetsis the same (see Figure 2). An extension of the
Werntzel{F reidlin theory (seee.qg. [3, 4]) states that the asymptotic rates of
both exit times are the same, which is in agreemem with Theorem 3.7 and
Theorem 3.8.

In view of (ii) we modify the subsetsslightly so that @right = fx < 0:41g and ®|eft =
fx > 0:41g. We thus obtain identical asymptotes for Ex[ @ngm( )] and E«] @ngm( )] as

I 0. Figure 3 shows that the zero of h, does indeed approad the value 0:41 for
vanishing . 1!

4 State space decomp ositions

In the previous section we consideredin somedetail the structure of a di usion restricted
to a single metastable set. In particular, Theorems3.2, 3.6, and 3.7 provide characteriza-
tions of metastability in terms of an eigenfunction de ned on the set M. Here we obtain
decompositions of the entire state spaceinto metastable setshy consideringeigenfunctions
h 2 LY for the generator D de ned on all of X. Under appropriate conditions, includ-
ing V-uniform ergadicity, this provides a natural decomposition of the state spaceinto
metastable subsets.

!Note in revision: discussionin the recert paper [5] suggeststhat there is a strong relationship between
saddle points of the potential function and structure of the eigenfunction for small
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4.1 Decomp ositions using a single eigenfunction

Let h be a C? eigenfunction satisfying Dh = h, and let fvjg  C denote the open,
connectedcomponerts of fx : h(x) 6 Og. Fix any i, and assumewithout lossof generality
that h > 0 on M; (otherwise, replaceh by h). It follows that the desired eigenfunction
equation holds,

Dh= h; h>0 on M,

where = j j> 0. Underthe conditions of Theorem 3.7 we can concludethat ( M;) ,
and that M; is V-metastable.

To illustrate this decomposition consider consider the simplest di usion: the one-
dimensional Gauss-Markov processwith di erential generator,

d d?
= —~ +12 - .
D ax T ax
This is of the form (1) with potential function U(x) = iax?. We assumethat a > 0, so
that the processis V -uniformly ergadic with V (x) = coshi), x 2 R.
It iseasilyseenthat f = (k 1)a:k = 1;2;:::9g belongsto the spectrum of Dy
(seee.qg.[24]) with assaiated eigenfunctions,

hy 1 ho(x) X

— 2 1 2
ha(x) = X% 4 ha(x) X3 =X

The secondeigenfunction h, decomposesthe state spaceinto the two sets X = M,
My:= (1 ;0) (0;1). The conditions of Theorem 3.7 are satis ed, and consequetly
ead of the twisted processe®n M; or My is V -uniformly ergadic with V = V=h, = ‘5|,
X 2 Mi, i = 1;2. Moreover, eah of these setsis V-metastable with exit rate ( M;j) = a.
The twisted di erential generatorfor the processon M, is given by,

D,=D+ 2HJdx=( ax+ 2=x)dx+ } 2dxZ
This is the generator for the Smoluchowski equation with potential iax?  2log(x),
X 2 M. One can ched directly that this di usion on M, is V -uniformly ergadic.
Not all “twistings' give rise to an ergadic di usion: applying the di erential generator
to the function f (x) := exp(} x?) with = 2a= 2 gives,
Df qa X))+ 2+ A (X)
= 12+ 122 3 x?f(x)=af(x):

That is, the constart a > 0 is a (generalized) eigervalue for the di erential generatorD,
and f is the corresponding (generalized) eigenfunction. Although X is a V-uniformly
ergadic Markov processwe seehere that the (generalized) eigervalue is equal to a >
( X) = 0. Nevertheless,one can perform a transformation usingf to form a new di usion
on R via (20). The twisted processis a driftless Brownian motion on R.

This shows that care must be taken in interpreting (generalized) eigenfunction equa-
tions for D: in general,the inequality ( M)  in Theorem 3.2 (i) may be strict, and the
twisted processmay not be ergadic.
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Q4 0,=0 Gp:=104j B3

Figure 4: At left is shown the spectrum of the generator Dy, and at right is showvn the spectrum of D,
viewed as a di eren tial operator, where the third eigenfunction and eigervalue are used to construct the
twisted generator. The spectra shown in the right half plane doesnot correspond to eigenfunctionsin LY .

4.2 The shattered state space

If the connectedcomponerts fuig  C of fhy(x) 6 Og are eadh metastable then Theo-
rem 3.8 suggeststhat the “indicator process'giving the current metastable set that the
procesgesidesshould approximate a nite state spaceMarkov chain. Howewver, the conclu-
sionsof Theorem 3.8 are not very meaningful unlessthe twisted processadmits a signi cant
spectral gap. Consequetly, if the semigroup has a cluster of eigervalues near zero, then
an approximation by a nite state-spacechain is not possiblewithout performing are ned
decomposition that takesinto accourt the interaction of a cluster of eigervalues.

Supposethat (V4) holds, x n  2,and supposethat f ;:1 i n+1g ( ;0)
arethe n+ 1 rst eigervaluessatisfying

S(Dy)\ fz2C:Re(z)> g=f ;:1 i n+1g:
We assumethe eigervalues are distinct, real, and ordered,
> ope > o> >j4=0

and that —= 1.

For simplicity we take n = 3, and we assumethat ead of the rst four eigervaluesare
simple. Hence,for eadh i = 1, 2; 3; 4 there exists a one-dimensionaleigenspacespannedby
an eigenfunction h; 2 LY . An illustration of the assumedeigervalue structure is shavn
in Figure 4. We assumemoreover that the conditions of Theorem 3.7 hold, so that in
particular,

r hi(x) 6 0 whenewr hj(x) = 0,i = 2;3;4.

For m = 2;3;4 let fMjm S Nmg denote the open connected componerts of
fx 2 R :hm(x) 6 0g, and let T™ := min(t > 0: hyn (X (t)) = 0). The twisted generator
D; is de ned as beforeby a similarity transformation, and a translation:

Di=1,'Dlp + il ;

where :=j jjfori 2.
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For i = 2;3;4 we may concludefrom Theorem 3.7 that the assaiated twisted process
on any M! is Vi-uniformly ergadic with h 1 2 LY. Consequetly, eah of these setsis
metastable, with exit rate equalto ;, i = 2;3, and moreover, from the de nition of the
twisted process,

Edexp( iT)=1; x2M;1 | nj:
This is a dramatic statemert since j:=j jj Ofori 3. Similarly, for all < 4,
Edexp( TH<1; x2M% 1 j ng

sothat the processexits these setsrelatively quickly.

It appearsthen that one should focuson the processwith generator D3. If Figure 4 is
acceptedas an illustration of the spectrum of this generator (ignoring those eigervalues
in the right-half plane), it would then follow that the assiated twisted processhas a
relatively large spectral gap. It is in this situation that the conclusionsof Theorem 3.8
have the greatestimpact.

Here we investigate a re nement of this decomposition using two eigenfunctions as
follows:

State space decomp ositions

(i) The shattered state sppce S Cis given by

S connectedcomponerts of the open set o6
. fx 2 X : ha(x)h3(x) 6 Og - @9

We denoteby a; b; c;::: genericelemeris of S, and we denotethe exit
time from any s2 S by

T = min(T?T3)

(i) Supposethat a2 S with hy(x) 6 O for all x 2 a. Then the seta s
called a transition set

We do not know if any of the setsin S are metastable, although there are numerous
combinations M = a3 a a, that are metastablefor X . When a subsetfa; : 1 i

kg Shasthis property it may be viewed as a metastable subchain of a nite state space
chain with alphabet S. Lower bounds on exit rates, and in particular the behavior of the
processon a transition setis addressedin the following proposition.

Prop osition 4.1 For any a 2 S we have ( a) 3. If ais a transition set we have

(9 4.
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Pro of. The bound ( a) 3 is obtained as follows: every a2 S is contained in one of
the sets Mj3, sowe may assumethat hs is strictly positive on a. Theorem 3.2 (i) implies

that ( a) 3 sincewe also have Dhs = shsz on a
If ais a transition set then a Mj4 for somej. Identical reasoningimplies that
(a) 4. u

Our goalis to build a nite state spaceMarkov chain onthe nite alphabet S, and view
major transitions of the di usion as simple jumps of this Markov chain. We introduce
some suggestie directions for future researt here, but fall short of proving an exact
correspondencebetweenthis chain and the di usion. A preciseapproximation is possible
by consideringa sequencef processesvhosespectral gap approadiesin nit y. Weillustrate
this in Section 5 through results from numerical experiments.

Given any decomposition of the state spaceS= fa;;:::ang Cwe considerthe follow-
ing guidelinesin the construction of a rate matrix Q = (¢j; ) to represern an approximating
Markov chain. Properties (R2) and (R3) ensurethat Q generatesstochastic matrices e'Q
forallt O.

Conditions on rate matrix Q

(R1) Diagonal elemerts givenby g; = ( &).

(R2) i Gi = Ofor all j.

(R3) gj Oforiéj.

(R4) Q generatesa unique invariant measure,i.e., the eigenspaceof its largest
eigernvalue 0 is one-dimensional.

For any nite decomposition a rate matrix satisfying these conditions may be de ned as
follows: The diagonal elemerts are given by (R1), and for any two neighbors aj;a 2 Swe
de ne

Gi =p(aja g); (27)
where p; is the normalizing constart,
hx i
pi = (&) (& ja a):a isaneighbor of a;

This is the appropriate represemation in the (unrealistic) casewhere
R(t) = (Lay(X(©);::: Lag (X(V); 12T

is a Markov chain. We next investigate how far the indicator processX deviatesfrom a
Markov chain.

4.3 Error bounds for Mark ov chain appro ximations

Supposewe are given m disjoint setsfay : k = 1;:::;mg C, and assumethat these
shatter the state spacein the sensethat a; am = X. To construct an approximating
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state probabilities,
Wi =P [X¢2ajXo2al: (28)

We assumethat the semigroup is self-adjoint and compact so that there exists an or-
thonormal basis of eigenfunctionsfhyg in L2, where the dual product is given by
Z

Higi = Xf(x)g(x) (dx)

and is the invariant measureof X . This additional structure is corveniert in obtaining
simple bounds.
The normalized indicator functions of setsin S are given by

p
k = 1la= (&); k=1:::;m: (29)
This allow us to rewrite the matrix fW!g in the form

The f g may beexpressedn terms of the eigenfunctionsthrough the following expansion,
b3
Kk = Cahi;  with g =hhi ;
j=1
which is corvergert in L?( ). If we truncate this sum to | m we then obtain the

projection of  onto the subspacespannedby the rst m eigenfunctions. The mean-
squareerror is given by,

2 X . %
k= Kok G hik® = S
j=1 j=m+1

For any t; k;| we have the represenation,

b3 b3
WPl i = cie o hji = e o
j=1 j=1
b
= (GO
with matrices € = (gq) 2 R™* and P = diag( ) 2 R** . A truncation of this
identity leadsto a nite matrix with bounded error: Setting sx = jmzl cq h and g =
k Sk gives,
PL s i = WPisgsi + Ple; i + WPisgai;
with

iPlac: i j kPlek Kk k emat,
thtSk;ai j the|k ks k e m+1t| (1+ k)
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and hencethe bound,
Pty i hPlsy; s e "+ 1+ )

Using theseboundswe may comparethe coupling matrix fW g givenin (28) with the
semigroupfor a nite state-spaceMarkov chain. First obsene that with

Setting
Wy = (M 1ZCDICTM ) (30)
we henceforth get
kwt Wik k(hPY ;i hPtsy; i Jkil=1;::m K2
m+1t
me m+ rr;{:llX(k+ 1+ k1) (31)
I {z }

error indicator

In general the semigroup fW!g is not positive, though positivity is guararteed if the
approximation above is su cien tly tight.

5 Numerical example: the three{w ell potential

We concludewith somenumerical results to better understand the “shattered state space’,
the nite state spaceMarkov chain and the exponertial approximation of the exit times.
We considerthe Smoludowski equation

ax = }r U(xX)dt+ —dw;

where the potential U : R! Ry is smooth. The restriction to one-dimensionis simply
for easeof exposition, and to avoid subtleties surrounding exotic stationary points for the
potential U.

We have already remarkedthat this is an elliptic di usion when > 0. The diusion X
is ergadic provided the function po(x):= exp( U (x)) isintegrableon R, where = 2 = ?
is the inversetemperature. In this casethe invariant density for the stationary distribution
is given by p(x) = Z po(x), where Z is a normalizing constart. Under mild additional
assumptionson the potential function U one can verify that this Markov processis V-
uniformly ergadic, with V = eV for some" > 0 [18, 26).

For our numerical analysiswe considerin greater detail the three{well potential intro-
ducedin the introduction with

1
Ux) = 36 0:5x%  15x* + 119x2 + 28x + 50 : (32)
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...... The potential function U(X)

—  Thetwisted potential function:

Uy(x) = U(x) i #2log(lhs(x)])

I
M M

— — X
M M M

Figure 5: On the left is shown the metastable sets and the shattered state space corresponding to the
three{well potential for = 2:25and = 1:5. At right is the potential Us(x) = U log(jhsj) for the
transformed generator (solid line).

The required eigervalues and eigervectors of the generator were computed numerically
by meansof nite elemen discretization with uniform grid in the interval [ 6; 6], with
piecewiselinear ansatz functions and zero Dirichlet boundary conditions at x =  6:0.
Convergenceand corvergencerates of this procedure are known since the generator is
self-adjoirt in the Hilb ert spacelL?. The accuracy of the numerical approximations have
beentested basedon this supporting theory using grid re nement.

5.1 Exit rates and the shattered state space

Discretizing the generator corresponding to the three{well potential with parameters =

2:25, = 1:5yields an inversetemperature = 2, and the following spectrum:
1 2 3 4 5 6 (33)
0:0000| 0:0216| 0:0381| 0:4183| 0:6509| 0:9240]...

The rst four eigenfunctionsare shavn in Figure 5 for this value of

For decreasingtemperature, Figure 6 shavs that the secondand third eigervalues
corvergeto 0, while the fourth and higher-order eigervalues remain bounded from below
with increasing . Here we considerdecompositions of the state spacewhen = 2, andin
Section 5.2 we considerin somedetail the asymptotics of the eigensystemas ! 1 .

We may usethe third eigenfunction hz to obtain the twisted processde ned in Sec-
tion 3.2. According to Proposition 3.4 (iii), the twisted processis again a Smolucowski
equation corresponding to the potential function Uz(x) = U(x)  ?log(jhs(x)j), asshown
in Figure 5, and with the samevaluesof and asfor the original Smoluchowski equa-
tion. Obsene that the potential function Us is similar to the original potential function
U (dashedline), but the zerosof hz correspond to polesof Us. This createsbarriers in
the state spacefor the twisted process,forming the decomposition X = M3 M3 M3.

The shattered state spaceobtained using both eigenfunctionsh, and hs consistsof the
four componerts S= fa;b;c;dg of the open setfx : ha(x)hsz(x) 6 Og, as shavn at left in
Figure 5. We have the following characterizations:
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Figure 6: Eigenvalues for the three{well potential as a function of . The secondand third eigervalue
convergeto zero (left), while (the magnitude of) the fourth eigervalue is bounded away from zero (right).

() a and d are two componerts of fh(x) 6 Og = fud;M3;M3g. Due to Theo-
1 3
rem 3.7 they are metastablewith (a)= (d)= 3.

(i) The setb is a transition set since hy doesnot vanish on b. Due to Proposi-
tion 4.1we have ( b) > 4.

(iii) The setcis a proper subsetof the metastablesetM3 and hence ( ¢) > ( M3) =
3 due to Theorem 3.7 and the de nition of a metastable set on page 14.

Numerical estimates of exit rates for the setsfa; b;c; dg and their conmbinations are
shown in Figure 7 when = 2. These values were obtained by estimating the decay
of the distribution of exit times for ead set as follows: Given the initial state xg in
the corresponding set, N = 120 000 independen realizations of the diusion process
were simulated. Estimates of the exit time distribution for ead set s were obtained via
detection of the exit time for ead realization, from which the rate ( s) is approximated by
estimating the deca rate of the exponertial tail through linear regression.The following
table summarizesthe results:

Sets (9 (theor.) (9 (exp.)
a 3 = 0:038 0.036
b (b)y> 4 6.166
C (o> 3 0.049
d 3= 0:038 0.037
MZ=a b 2= 0:022 0.021
M3=rc d 2= 0:022 0.021
Mi=b c 3= 0:038 0.035

A more detailed investigation of the simulation data shows exactly how the exit time
deviates from an exponertial random variable. Recall that the conditional distribution
function for the residual life at time T 0 is given by

Fe(s;T)=P[(T T) sjT TI:
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The plots shown in Figure 8 illustrate estimates of the residual life distribution function
basedon data obtained in the simulations described above.

The exit-time distribution shaws two time-scale behavior when the initial condition
Xo 2 sis located nearthe boundary of the setsunder consideration. As shavn in Figure 9,
the residuallife distribution possessea high rate of decg initially , and decays more slowly
for higher valuesof the time T.
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Figure 7: Exit time distribution for the sets S = fa; b;c;dg and their combinations. Each gure shows a
logarithmic plot of relative frequenciesof hits between equally spacedbins based on samplings of length
N = 120,000. The vertical axis showvs the number of hits, and the horizontal axis shows the corresponding
time at which exit occurred. The decay rates of the distribution have beenestimated via linear regression
of the logarithmic data; only data with su cien t 8dmpling information included (indicated with small
circles).



Figure 8: Residual exit time distribution Fx(;T) for the setsS and seweral combinations. The small circles
indicate the estimates for the exponertial decay rates of Fx( ;T) versusT basedon a sampling of length
N = 120, 000. The solid and dotted lines indicate the averageand variance of exit rates for 60 independert
samplesof length N = 2000 each. The dashedline Sws the theoretically expected value.
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Figure 9: Exit time distribution for the setM?. Logarithmic plot of relativ e frequenciesbasedon samplings
of length N = 300,000. The logarithmic plot after detailed regressionexhibits two di erent decay rates.
The tail of the distribution decays approximately due to  (right), while initially (small exit times) the
decay is substantially faster (left).
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5.2 Asymptotic behavior of eigensystem
& Mark ov chain appro ximations

We have already noted that the data shown in of Figure 6 shaws that the secondand
third eigervaluescornvergeto 0 exponertially fastas ! 1 , while the fourth eigervalue,
and therefore all remaining eigervalues, do not vanish with increasing . If we consider
decompositions of X = R using h, or hz then we can predict the asymptotic values of
their zerosby applying the implications from large deviations theory and Theorem 3.8 as
stated at the end of Section 3.4. The results are illustrated in Figures 10 and 11.

We noted in Section4.3that an optimal represeration basedon an L 2 projection will
give rise to an exact Markov chain model for vanishing temperature if there is a non-
vanishing spectral gap beyond the rst three eigervalues. As the temperature decreases,
the three{set represernation f W g of the di usion processobtained in Section4.3, eq. (27)
tends to a semigroupf W'g given by a rate matrix de ned through (30). Figure 12 shows
that the upper bound of the error indicator (31) tendsto zerofor vanishing temperature
exponertially fast.

This is alsoillustrated in Figure 13. Recallthat the normalizedindicator functionsf g
givenin (29) may be approximated by alinear combination of the rst three eigenfunctions.
As predicted in the discussionof Section 4.3, this approximation is increasingly accurate
for increasing .

For large sampling times t there is good agreemen betweenf W g and the semigroup
f Wlg, evenwhenthe error indicator is large, sincethe pre-factor e m+t t of the upper bound
(31) is small when there is a signi cant spectral gap. Figure 6 exhibits that n+1 = 4 is
clearly bounded away from O for all valuesof > 0.

In conclusion,we nd that a four-state Markov chain doesindeed accurately approxi-
mate the transition behavior of this di usion, even for only moderately low temperature.
In particular, for = 2 the rate matrix Q = (g;j) with ¢;; = pi( & ja &) dened in
(27) is given by

(a (a 0 0
0 = %pb(bja b) (b Po(bjc b) 0 §
0 Pc(cjb ¢ (o pc(cjd o
0 0 (d (d
0 1
0:036 0:036 0 0
% 3083 6166 3083 0
0 0016 0049 0:033
0 0 0036 0036

The eigervaluesof Q are given by

1(Q) | 2Q) | 3(Q) | Q) |
0:000 | 0:021] 0:074| 6:192]

sothat the secondeigervalue is nearly in agreemen with , = 0:022 of the di usion (cf.
table 33). The secondeigervector of Q isv, = ( 0:870 0:3730:127 0:297)", which also
mimics the structure of the secondeigenfunction h, (cf. Figure 5).
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hy(x) for various -

(detailed view)

Figure 10: The second eigenfunction for the three{well potential.

potential, there exists a value x»;

Exactly as seenfor the double{well
2:42 that breaksthe state spaceinto two regionswith approximately

equal exit rates. This point is asymptotically equal to the zero of the second eigenfunction. The right
hand side shows a close-up of the eigenfunctions shown at left

hz(x) for various -

Figure 11: The third eigenfunction, for various values of
near its two zeros. We obsene good convergencetowards the predicted valuesx sz
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Error indicator

Figure 12: Dependenceof error indicator on for the three{well potential.

A~ ~ ~

Al and s, A, and s, A, and s, >

Figure 13: Approximation of the normalized indicator functions i by s; = optimal linear combinations
of the rst three eigenfunctions for the three{well potential. The three sets used to construct f ;g are
designed based on the asymptotic location of the zeros according to Section 3.4. The top gure shows

plots when = 1.5, and in the lower gure = 6:5. The approximation is far more accurate for larger
values of , which is consistert with the data shown in Figure 12.
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6 Outlo ok

In this paper we have deweloped somenew tools for addressingthe behavior of Markov
processegestricted to a given domain, and we have applied these methods to provide
new bounds on the distribution of exit times. The numerical results suggestthat these
approximations are far more accurate than any computable bounds might reveal.

We are currently consideringvarious extensionsand re nements of these methods. In
particular,

() 1t may make no senseto seard for eigenfunctionsfor high-dimensionalmodels.
In complex models we will require softer formulations of the eigenfunction
equation (18) where ¢ is replaced by a function on M. A twisted process
can still be constructed, and analysedaccordingto the preser paper, and this
again givesbounds and statistical properties of exit times.

(i) The approadcesof [3] and [13] are basedupon a variational represemnation of
certain expectations, reminiscert of the variational represenation of the rate
function in large deviations theory (see[42]). We have recertly shown that the
large deviations rate function admits a variational represenation as erntropy
for V-uniformly ergadic di usions [20], and hope that someanalogswill prove
useful in providing a bridge betweenour methods and those in the references.

(i) We have said nothing about the impact of a cluster of complex eigervalues.
It appearsthat a similar story may be told, but the constructed twisted pro-
cesswill be periodic in this casesince metastable setswill exhibit a form of
periodicity.

(iv) It is a simple matter to show that the optimal represenation obtained in
Section4.3 will approximate the di usion by a nite state spaceMarkov chain
under natural assumptions. What is lessobvious is the accuracy of ad-hoc
constructions such as (27). This is a topic of current researd.

Acknowledgmen t. We are grateful to A. Bovier and I. Kontoyiannis for insightful
discussionsabout exit times and large deviation theory, and seweral suggestionsfor im-
provemerts in the preseration.
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