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Abstract

Di�usion modelsarising in analysisof large biochemical modelsand other complex
systemsare typically far too complexfor exact solution, or evenmeaningful simulation.
The purpose of this paper is to develop foundations for model reduction, and new
modeling techniques for di�usion models.

Thesefoundations are all basedupon recent spectral theory of Markov processes.
The main assumption imposedis V -uniform ergodicity of the process.This is equiv-
alent to any common formulation of exponential ergodicit y, and is known to be far
weaker than the Donsker-Varadahn conditions in large deviations theory. Under this
assumption it is shown that the associated semigroup admits a spectral gap in a
weighted L 1 -norm, and real eigenfunctionsprovide a decomposition of the state space
into `almost'-absorbing subsets. It is shown that the processmixes rapidly in each of
thesesubsetsprior to exiting, and that the conditional distributions of exit times are
approximately exponential.

These results represent a signi�can t expansion of the classical Wentzell{F reidlin
theory. In particular, the results require no special structure beyond geometricergod-
icit y; reversibilit y is not assumed;and meaningful conclusionscan be drawn even for
models with signi�can t variabilit y.
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1 In tro duction

Markovian models are commonly used to represent the dynamics of a range of physical
systems. In particular, di�usion models are a popular alternative to the classicaldescrip-
tion of molecular processesin terms of Hamiltonian equationsof motion. Although these
models may be faithful to physical realities, in practice a Markovian model is far too
complex for exact solution, or even long-term simulation. This is particularly true for
biochemical systemswith hundredsor thousandsof atoms. How can we devisealternative
models that capture essential features?

Recently there has been renewed interest in model reduction techniques based on
variants of the classical Wentzell{F reidlin theory (see e.g. [3, 6, 32]). The basic idea is
that for certain Markov processeswith small variabilit y one can decomposethe process
into several `almost irreducible' subprocesses.To quantify this principle the recent paper
[3] givesprecisebounds on the distribution of exit times for certain countable state space
chains, and extensionsto di�usions are contained in [6, 5, 3]. A key assumption imposed
in theseworks is reversibilit y of the Markov processconsidered.

A related approach to the analysis of transition times is via the theory of quasi-
stationary distributions of Markov processas introduced in [37, 41] for countable and
generalstate-spaceprocesses,respectively. This theory has seensigni�cant extensionsin
the recent papers [16, 17] through application of shift-coupling techniques [40]. These
results are basedupon the construction of an eigenfunction on a restricted domain of the
state space.A similar approach is pursuedin [13, 11] for di�usions with small noiseto give
boundson exit times from a smooth domain. The papers[34, 36] describe new approaches
to state spacedecomposition basedon an analysisof the Perron cluster of eigenvaluesfor
the full generator of the Markov processes.It is argued that eigenfunctionscorrespond-
ing to dominant eigenvalues may be used to decomposethe state spaceinto metastable
subsets.

The present paper builds upon the results and insights of the papers [3, 7, 11, 16,
34], combined with recent results concerning large deviations and spectral theory for  -
irreducible Markov processes[1, 21, 20]. The main results demonstrate a strong form of
quasi-stationarity for certain subsetsof the state space. This implies precisebounds on
the corresponding exit times, and from these results we infer that the transition events
of the di�usion are approximated by jump times of an associated continuous-time, �nite
state-spaceMarkov chain.

A special caseconsideredin [36] and in Section 5 below is the Smoluchowski equation
on R,

dX = �
1



r U(X ) dt +
�



dW; (1)

for a given potential U : R ! R+ . The di�eren tial generator is de�ned for h 2 C2 by

Dh (x) =
�

1
2

� 2


 2 � �
1



r U(x) � r
�

h: (2)

When � > 0 this is an elliptic di�usion, so that the semigroup has a family of smooth

3



densities, P t (x; dy) = p(x; y; t) dy, x; y 2 Rd [23]. Hence the Markov processX is  -
irreducible, with  equal to Lebesguemeasureon R.

U(x)

x
�

� �

�

Figure 1: The three{w ell potential U(x).

A speci�c exampleis the three{well potential de�ned by the potential function U shown
in Figure 1. The function U is a sixth-degreepolynomial (see(32) below). For small � ,
the processis almost decomposableinto three processes,each attracted to a minimum of
the function U.

In this paper we re�ne and extend theseconceptsfor a generalmultiv ariate di�usion
X by providing answers to the following questions:

(i) What is the appropriate function-analytic setting to investigate a spectral gap
when the processis not reversible? When doesthe associated semigrouphave
a `spectral gap'?

(ii) It is well known that the value of the secondeigenvalue determinesthe rate of
convergenceof the distributions for a Markov process. What is the physical
signi�cance of the associated secondeigenfunction,and higher-order eigenfunc-
tions?

(iii) Can a complicated di�usion processbe approximated by a simpler process,
such as a �nite state-spaceMarkov chain, that preserves essential spectral
structure, and is a useful predictor of essential dynamics?

To address(i) we interpret the semigroupof the processasa semigroupof linear operators
on a weighted L 1 space. We demonstrate in Theorem 3.1 that a spectral gap in this
setting is equivalent to a form of metastability of the state space. A spectral gap is also
equivalent to geometric ergodicity, which is equivalent to the existence of a Lyapunov
function [28, 9].

Under geometric ergodicity alone we demonstrate that real eigenfunctionsprovide a
decomposition of the state spaceinto metastable subsets. For any metastable set M we
construct a di�usion on M, the `twisted process',through a changeof measure.We show
that this restricted processis also geometrically ergodic, which implies that the original
processmixes rapidly in each of thesesubsetsprior to exiting.

To addressapproximations as in (iii) we considerthe statistics of the exit time from a
given metastable set M. As a direct consequenceof geometric ergodicity of the associated
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twisted processwe �nd that the distribution of the exit time is approximately exponential.
The magnitude of the error is related to the spectral gap for this twisted process.

The remainder of the paper is organizedas follows. In the following section we review
someergodic theory from [9, 21], and give a formal de�nition of spectrum for an ergodic
di�usion. Wealsodevelopsomestructural theory for non-probabilistic positive semigroups
associated with the di�usion.

Section3 introducesmetastability and related concepts,and developsstructural results
for the associated twisted process. Metastabilit y is shown to be equivalent to geometric
ergodicity of the twisted process,which gives a simple proof of the desired bounds on
exit times. This section also contains a comparison of the results obtained here with
conclusionsfrom the large deviations theory of Wentzell & Freidlin.

The impact of a cluster of eigenvalues is investigated in Section 4, and in this section
we describe a �nite state-spaceapproximating Markov chain. Section5 contains a detailed
numerical study of the Smoluchowski equation on R for the three{well potential.

2 Spectral Theory

Here we review somegeneral theory for  -irreducible Markov processes,including some
recent spectral theory for the associated semigroup. The state spaceX is assumedto bean
open, connectedsubsetof Rd, and we assumethat time is continuous, T := R+ . Eventually
we will specializeto hypoelliptic di�usions on X.

2.1 Irreducible Mark ov pro cesses

Let  denote a �nite, positive measureon the Borel sigma-�eld B = B(X), and let B+

denote the set of functions s : X ! [0; 1 ] satisfying  (s) =
R

s(x)  (dx) > 0. The set of
�nite, non-negative measures� satisfying � (X) > 0 is denoted M + .

For each � > 0 the resolvent kernel is given as the Laplace transform,

R� :=
Z 1

0
e� � t P t dt; (3)

where P t is the transition function corresponding to the di�usion de�ned in (1). We note
that U� := � R� is the transition kernel of the Markov chain on X obtained by sampling
X at the jump times of a Poissonprocess.We write R := U� = R� when � = 1.

Set characterizations

(i) A set C 2 B is called ful l if  (Cc) = 0;
(ii) The set C 2 B is absorbing if R(x; Cc) = 0 for x 2 C. A non-empty

absorbing set is always full [28, Proposition 4.2.3].
(iii) A function s and a measure� are called small if, for some� > 0,

R� (x; A) � s(x)� (A); x 2 X; A 2 B(X) : (4)

If C 2 B and for some" > 0 the function s := "1C is small, then we
say that C is small.
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In Proposition 5.5.5of [28] it is shown that for a  -irreducible processin discretetime,
one can �nd a pair (s; � ) satisfying a bound analogousto (4) with s(x) > 0 for all x,
and with � equivalent to the maximal irreducibilit y measure  in the sensethat they
have the samenull sets. This carriesover to continuous time processesby consideringthe
discrete-time Markov chain with transition kernel R (seee.g. [27]).

Irreducibilit y and Recurrence

(i) The Markov processX is called  -irr educible if

R(x; s) :=
Z

X
R(x; dy)s(y) > 0; x 2 X; s 2 B+ :

We assumethat  is maximal in the sensethat  0 �  for any other
irreducibilit y measure 0 [28].

(ii) X is called aperiodic if for any s 2 B+ , and any initial condition x,

P t (x; s) > 0 for all t su�cien tly large.

(iii) A  -irreducible Markov processis recurrent if

Ex

hZ 1

0
s(X (t)) dt

i
= 1 ;

for all s 2 B+ , x 2 X.
(iv) A  -irreducible Markov processis Harris recurrent if

Z 1

0
s(X (t)) dt = 1 ; a:s: [Px ] ;

for all s 2 B+ , x 2 X.

For a given set A 2 B we de�ne the stopping times,

� A := inf
n

t > 0 : X (t) 2 A
o

%A := inf
n

t > 0 :
Z t

0
1(X (s) 2 A) ds > 0

o

The stopping time � A is the usual �rst-hitting time, and %A is the �rst time to enter the
set A for somenon-null time interval. The use of the latter stopping time is to improve
solidarity between the continuous time process,and the Markov chain with transition
kernel R. For example,we have

Px (%A < 1 ) = 0 ( ) R(x; A) = 0; x 2 X; A 2 B :

Consequently, many of the characterizations given above may be conveniently expressed
in terms of this stopping time, e.g., a set C 2 B(X) is absorbing if Px (%Cc < 1 ) = 0 for
all x 2 C; and the processis Harris recurrent if Px (%A < 1 ) = 1 for any A 2 B+ , and all
x 2 X [29].
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We henceforth restrict to a di�usion X = f X (t) : t 2 Tg evolving on X, with di�eren-
tial generator given by

Dh =
X

i

ui (x)
d

dx i
h (x) + 1

2

X

ij

� ij (x)
d2

dx i dx j
h (x) (5)

or, in more compact notation,

D = u � r + 1
2 trace(��)

We assumethat the Markov processhas continuous samplepaths de�ned for all t � 0 for
any initial condition - that is, the probabilit y of �nite-escape is zero.

Theorem 2.1 Supposethat R is the resolventkernel for the di�usion with generator given
in (5), and suppose that the generator is hypoelliptic. Then R is strong-Feller, and has a
smooth density

R(x; dy) = r (x; y) dy; x; y 2 X:

Suppose moreover that there is a state x0 2 X that is `reachable' in the following sense:
For any x 2 X, and any open set O whoseclosure contains x0,

P t (x; O) > 0 for all t 2 T su�ciently large.

Then, the Markov processis  -irr educible and aperiodic with  ( � ) := R(x 0; � ).

Pro of. This result together with a de�nition of hypoellipticit y is given as [29, Theo-
rem 3.3]. The proof is basedupon results from [22, 23], and related results are obtained
in [25, 38, 39]. ut

2.2 Generators and spectra for Mark ov pro cesses

The ergodic theory and spectral theory described here is based upon the vector space
setting developed in [28, Chapter 16]. Let V : X ! [1; 1 ) be a given function, and denote
by L V

1 the vector spaceof measurablefunctions h : X ! C satisfying

khkV := sup
x2X

jh(x)j
V (x)

< 1 :

The vector spaceM V
1 is the set of complex-valued measures� on B such that

k� kV :=
Z

X
V(x)j� (dx)j < 1 :

For any kernel bP on X � B the induced operator norm is de�ned by

jjj bPjjjV := sup
k bPhkV

khkV

;
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where the supremum is over h 2 L V
1 , khkV 6= 0. If bP is a positive kernel (i.e. bP(x; A) � 0,

for x 2 X, A 2 B) and if for somec < 1 , we have bPV � cV, then bP : L V
1 ! L V

1 is a
bounded linear operator on L V

1 , and jjj bPjjjV � c.
Several positive operators play a role in ergodic theory and spectral theory. The most

important example is perhapsthe bound (4), which meansthat the positive operator R �

dominates the rank-one, positive operator s 
 � (\ 
 " denotesthe tensor product). The
linear operator [s 
 � ] : L V

1 ! L V
1 is necessarilyboundedprovided R � is bounded. In this

casewe have s 2 L V
1 and � 2 M V

1 . Moreover, when the resolvent kernel is a bounded
linear operator we always have R : L V

1 ! CV , where

CV = f g 2 L V
1 : kP t g � gkV ! 0; t # 0g:

Formulations and characterizations of the spectral gap are facilitated by three di�eren t
generators:

Generators

(i) The extended generator A : We write g = A f if the adapted stochas-
tic process(M f (t); F t ) is a local martingale, whereF t = � (X (s); 0 �
s � t), and

M f (t) := f (X (t)) � f (X (0)) �
Z t

0
g(X (s)) ds : (6)

(ii) The di�er ential generator D: De�ned on C2(X) via

Df = u � r f + 1
2 trace(�� f ); f 2 C2 :

(iii) The strong generator DV : For a given V : X ! [1; 1 ], �nite a.e., we
write g = DV f if f ; g 2 CV , and

k
P t f � f

t
� gkV ! 0; t # 0:

The extendedgenerator A is a true extensionof D in the sensethat A f = Df a.e. [ ]
when f 2 C2(X). Provided R is a bounded linear operator on L V

1 , one can check that
the domain of the strong generator is simply f Rh : h 2 CV g and that DV Rh = Rh � h
for any h 2 CV . The extended generator and di�eren tial generator are used in criteria
for stabilit y and to obtain boundson the `essential spectrum' of the associated semigroup.
The strong generator is usedto de�ne a spectral gap:

Spectra and Spectral Gap
For a given V : X ! [1; 1 ], �nite a.e.,

(i) The spectrum s(DV ) is the set of � 2 C such that the inverse[I � �
DV ]� 1 doesnot exist as a bounded linear operator on CV ;

(ii) The generator admits a spectral gap if the set s(DV ) \ f z 2 C :
Re(z) � � "g is �nite for su�cien tly small " > 0;
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(iii) The Markov processis called V-uniformly ergodic if there is a spec-
tral gap; f 0g = s(DV ) \ f z 2 C : Re(z) = 0g; and the eigenvalue
� = 0 is simple.

Theorem 5.2 of [9] provides the following consequencesof V -uniform ergodicity:

Theorem 2.2 If X is V -uniformly ergodic then,

(i) There is an invariant probability measure � , and the semigroup converges in
norm:

jjjP t � 1 
 � jjjV ! 0; exponentially fast as t ! 1 ;

(ii) For any B 2 B+ , there exists � B > 0 and b < 1 such that

Px f %B � tg � bV(x)e� � B t ; x 2 X ; t 2 T : (7)

ut

The following `drift condition' characterizesV-uniform ergodicity and is central to this
paper. It is useful that we may usethe extendedgenerator, and not the strong generator
in (V4).

For constants b < 1 and � > 0, a small function s : X ! [0; 1 ), and a
function V : X ! [1; 1 ),

AV � � � V + bs

9
>=

>;
(V4)

Assumptions similar to (V4) are used in Donsker and Varadhan's classicpapers (see[42,
8]). It is shown in [20] that these assumptions actually imply that the di�usion has a
discrete spectrum in the V -norm for someV (seealso [33]). Condition (V4) is equivalent
only to a spectral gap, and consequently it is a signi�cantly weaker assumption.

Theorem 2.3 (i) Suppose that X is  -irr educible and aperiodic, and suppose
that (V4) holds for someV : X ! [1; 1 ). Then X is V -uniformly ergodic.

(ii) Conversely, if the Markov processX is V0-uniformly ergodic then there exists
a solution to (V4) with V 2 L V0

1 .

(iii) Suppose that the conditions of (i) hold, but the function V : X ! (0; 1 ) is not
known apriori to be bounded from below by 1. If X is also recurrent then

"0 := inf
x2X

V(x) > 0;

so that X is V0-uniformly ergodic with V0 := " � 1
0 V.
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Pro of. Theorem 2.3 (i) and (ii) follow from Theorem 7.1 of [9].
To prove (iii) consider U = log(V ), and apply the resolvent to obtain a bound of the

form,
RU � log(RV) � U � � 0 + b01C

where � 0 > 0; C = f x : s(x) � � 1g 2 B+ for suitably small � 1 > 0; and b0 < 1 is a
constant. We then have, via the comparisontheorem of [28],

� 0Ex [TC ] � U(x) + b01C (x) ;

where TC denotes the �rst entrance-time to C for the discrete-time Markov chain with
transition law R. Here we have usedrecurrenceof this Markov chain, which follows from
the assumedrecurrenceof X [29]. We conclude that inf x2X U(x) > � b0 > �1 , which
establishes(iii) with " 0 := e� b0 . ut

2.3 Generators and spectra for non{probabilistic semigroups

For a given function F : X ! R [ f1g we consider the following positive semigroup,

P t
F (x; A) = Ex

h
1(X (t) 2 A) exp

�
�

Z t

0
F (X (s)) ds

�i
; A 2 B; x 2 X; t 2 T :

For any given x; t the total mass� (x; t; � ) = P t
� �F (x; X), � 2 R, is equal to the moment

generating functions for the random variable St =
Rt

0 F (X (s)) ds. This is a starting point
for many many papersconcerninglargedeviations theory and risk-sensitiveoptimal control
(seee.g. [19, 2, 14, 12, 13]).

A strong generatorcan be de�ned in analogy with the probabilistic semigroup,and we
de�ne the potential kernel associated with f P t

F g via

RF (x; A) =
Z 1

0
P t

F (x; A) dt; x 2 X; A 2 B : (8)

For example, when F takes on the constant value � for some positive � 2 R+ then
RF = R� . The following generalizationof the resolvent equationsare developed in [27, 30].

Theorem 2.4 For a given F; G: X ! R [ f1g we have

(i) If g: X ! R satis�es RF jgj (x) < 1 , x 2 X, then

[I F � A ]RF g = g; (9)

(ii) If G � F then the corresponding potential kernels are related by

RF = RG + RG I G� F RF ; (10)

where I G� F denotesthe multiplication operator. ut
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For an arbitrary positive semigroupf bP t g the de�nitions of irreducibilit y, small setsand
measures,and other set classi�cations remain the samein this non-probabilistic setting.
For a given function V : X ! [1; 1 ], �nite a.e., the spectral radius of f bP t g is given by

srV (f bP t g) := lim
T !1

�
jjj bPT jjjV

� 1=T
:

Closely related is the Perron-Frobenius eigenvalue, de�ned for any small pair (s; � ) with
s 2 B+ , � 2 M + , via

pfe(f bP t g) := lim
T !1

�
� bPT s

� 1=T
(11)

The semigroupis called recurrent if
Z 1

0
(� bP t s)e� t dt = 1 ;

where� = � log(pfe(f bP t g)); otherwise, it is called transient. A straightforward generaliza-
tion of [31, Proposition 3.4] shows that thesede�nition are independent of the particular
small pair chosen when the processis  -irreducible (note that [31] considers the con-
vergence parameter, which is simply the reciprocal of the Perron-Frobenius eigenvalue.)
When bP t = P t

F for somefunction F on X we let srV (F ); pfe(F ) denote the corresponding
spectral radius and Perron-Frobenius eigenvalue.

Proposition 2.5 (i) is a consequenceof Proposition 3 of [20], and (ii) follows from
Theorem 2.4 (ii) with F := G � 
 .

Prop osition 2.5 Suppose that X is a  -irr educible, hypoelliptic di�usion. Then,

(i) The functionals � V (F ) := � log(srV (F )) , and �( F ) := � log(pfe(F )) are each
concave on the domain f F : X ! R [ f1g : inf F (x) > �1g .

(ii) For a given function G on X, if 0 < 
 < �( G) then,

1X

k=1


 k� 1Rk
G = RG� 
 :

ut

In analogy with V -uniform ergodicity, the semigroupf bP t : t 2 Ng with generator bDV

is called V-uniform if the following conditions are satis�ed:

(i) The constant � := � � V (F ) is a simple eigenvalue. That is, � is an eigenvalue,
and the associated eigenspaceis a one-dimensionalsubspaceof L V

1 .

(ii) The generator admits spectral gap: for su�cien tly small " > 0,

� = s( bDV ) \ f z 2 C : Re(z) � � � "g:

We have the following analog of Theorem 2.3:

11



Theorem 2.6 Suppose that X is a  -irr educible, aperiodic, hypoelliptic di�usion. Let F
be a given function on X satisfying pfe(F ) < 1 , inf x2X F (x) > �1 , and suppose that
the resolventsatis�es

RF V � � V + bs; RF � s 
 � ;

where V : X ! [1; 1 ] is �nite a.e.; 0 < � < �( F ) � 1; s: X ! [0; 1]; b < 1 ; and � is a
probability measure on X. Then, the semigroup f P t

F g is V0-uniform for someV0 2 L V
1 .

Pro of. From Proposition 2.5 (ii) we have for all 
 2 R, and all B 2 B, x 2 X,

1X

k=1


 k� 1Rk
F (x; B ) = Ex

hZ 1

0
exp

�
�

Z t

0
F (X (s)) ds

�
e
 t1f X (t) 2 B g dt

i
:

The right hand side is �nite whenever 
 < �( F ), and the set B is small. It follows that
�( F ) � 1 is the Perron-Frobenius eigenvalue for the discrete-time semigroupf Rn

F : n � 0g.
Let h0 denote the Perron-Frobenius eigenfunction for RF given by

h0 :=
1X

k=0

�( F )k+1 (RF � s 
 � )ks : (12)

We then have RF h0 = �( F ) � 1h0 � "s where " = 1 � � (h0) � 0, and " = 0 if and only if
the semigroupf Rk

F : k 2 Ng is recurrent (see[31, Proposition 4.7]).
De�ne the twisted kernel via

�RF = �( F )I � 1
h0

[RF + "0s 
 � ]I h0 ;

where"0 := "(1� " ) � 1 � 0 is chosensothat �RF is a (probabilistic) transition kernel. Setting
�s = �( F )h� 1

0 s and �� = � I h0 we �nd that this is a small pair. In fact, �RF � (1 + "0) �s 
 ��
under our condition that RF � s
 � . Moreover, onecan check that

P 1
k=0 ( �� �Rk

F �s) = 1 , so
that the semigroupf �Rk

F : k 2 Ng is recurrent (see[31, Theorem 3.2]). Setting �V = h� 1
0 V

we then have,

�RF �V = �( F )h� 1[RF + "0s 
 � ]V � h� 1[� �( F )V + bs] � �� �V + �b�s;

where �b < 1 and �� := � �( F ) < 1. Since the twisted kernel is recurrent it then follows
from Theorem 2.3 (iii) that f �Rn

F g is �V -uniform, and that �V is uniformly bounded from
below. This meansthat the inverse[I z � ( �RF � (1 + "0) �s 
 �� )] � 1 exists in �V -norm for all
z in a neighborhood of z = 1. It immediately follows that [I z � (RF � s 
 � )]� 1 exists in
V -norm for all z in a neighborhood of z = �( F ) � 1, and that f Rn

F g is V -uniform (similar
arguments are used in [21, Proposition 4.9]). As in [9, Theorem 5.1] it then follows that
the semigroupf P t

F : t 2 Tg is V0-uniform with V0 = RF V. ut
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3 Metastabilit y and exit rates

Much of the analysis here is basedon the semigroupsf P t
F g consideredin Section 2.3 in

the special casewhereF = 1 1A c for someA 2 B. When F takesthis form we denote the
semigroupby f P t

A g, which can be equivalently expressed,

P t
A g(x) = Ex [g(X (t))1(%A c � t)]; g 2 L 1 ; x 2 X; t 2 T :

The associated potential kernel (8) is denoted RA when F takes this form.
Let C denote the collection of all connected,open subsetsof X. For any A; B 2 C we

de�ne
A � B = f A [ Bg� :

This is an open set, and if A � B 2 C we say that A and B are neighbors. The follow-
ing assumptionswill be imposedthroughout this section. Theorem 2.1 provides readily
veri�able conditions under which theseassumptionsare valid.

(i) The Markov processis an aperiodic, hypoelliptic di�usion, with
continuous samplepaths. The state space X is an open,
connected subsetof Rd.

(ii) For each A 2 C the semigroup f P t
A g is  A -irr educible, where  A

is Lebesguemeasure restricted to A, and every compact subsetof
A is a small set for f P t

A g.

(13)

Eventually we will restrict to processessatisfying (V4).

3.1 Exit rates

Our goal in this sectionis to quantify the rate at which the processmovesbetweenelements
of C. The motivation for the consideration of transition rates, rather than moments, is to
set the stagefor Markov chain approximations (seee.g. Theorem 3.8).

13



Exit rates and metastable sets

(i) The exit rate of A 2 C is de�ned as �( A) := � log(pfe(A)), where
pfe(A) denotes the Perron-Frobenius eigenvalue for the semigroup
f P t

A : t 2 Tg as de�ned in eq. (11).
(ii) Given a pair of neighbors A; B 2 C, the exit rate from A given B is

�( A j B ) := �( A) � �( A � B ):

(iii) A set M 2 C is called metastablewith exit rate �( M) if �( A j M) > 0
for all A � M, A 6= M, A 2 C.

(iv) The V-exit rate of A 2 B is given by � V (A) := � log(srV (A)), where
srV (A) denotesthe V -spectral radius of f P t

A g.
(v) For M 2 B we say that M is V -metastableif � V (M) < 1 , and

� V (A) > � V (M)

for any A � M satisfying A 2 B and  (M=A) > 0.

Metastabilit y is closely related to V-uniform ergodicity. Here is one example:

Theorem 3.1 If X is V -uniformly ergodic then the state space X is V -metastablewith
exit rate equal to zero.

Pro of. The V-norm ergodic theorem assertsthat P t ! 1 
 � in norm as t ! 1 . This
implies that � V (X) = �( X) = 0. For any A 2 B(X) with B := A c 2 B+ , the bound (7)
can be equivalently expressed,

jjjP t
A jjjV � be� � B t ; t 2 T :

From this we may concludethat � V (A) � � B > 0. ut
Since metastability is closely related to V-uniform ergodicity it is natural that Lya-

punov functions and eigenfunctions should play an important role in our analysis. To
investigate the impact of Lyapunov functions we require the following restriction of the
extended generator: For a set A 2 C and functions f ; g: A ! R we write `g = A f on A'
if f M f (t ^ %A c ) : t 2 Tg is a local martingale, where M f is given in (6).

Theorem 3.2 Suppose that X is a di�usion satisfying (13). Then,

(i) For any set A 2 C, if there exists0 < �� < 1 , and h : A ! (0; 1 ], �nite almost
everywhere, satisfying

Ah � � �� h on A;

then �( A) � �� ;
(ii) If A 2 C with 0 < �( A) < 1 then there exists h : X ! (0; 1 ], �nite almost

everywhere, satisfying
Ah � � �( A)h on A;

(iii) Suppose that M 2 C is V-metastable, and its exit rate satis�es � V (M) =
�( M) < 1 . Then there exists h : M ! (0; 1 ) satisfying

Ah = � �( M)h on M: (14)
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Pro of. If the conditions of (i) hold then the stochastic processbelow is a local super-
martingale,

mh(t) := h(x) � 1h(X (t))e� t 1(%A c � t); t 2 T : (15)

From Fatou's lemma we then have,

E[h(X (t))1(%A c � t)] � e� � t h(x); x 2 A :

Let (s; � ) be any small pair satisfying s 2 B+ , � 2 M + , and

s � h; � (h) < 1 ; � (Ac) = 0:

It immediately follows from the previous bound that for any � < �,
Z 1

0
E[s(X (t))1(%A c � t)]e� t dt �

h(x)
� � �

; x 2 A ;

from which we concludethat
Z 1

0
(� P t

A s)e� t dt �
� (h)

� � �
:

From the de�nitions it then follows that �( A) � �, and this proves (i) since � < � is
arbitrary .

To see(ii) we �rst observe that the Perron-Frobenius eigenvalue for the discrete-time
semigroupf Rn

A g is given by �( A) � 1, and a Perron-Frobenius eigenvector is then given by,

h0(x) =
1X

k=0

�( A)k+1 (RA � s 
 � )ks (x);

where s; � is a small pair satisfying RA � s 
 � (see the proof of Theorem 2.6). The
function h0 satis�es � (h0) � 1, and consequently, for some" � 0,

RA h0 = �( A) � 1h0 � "s � �( A) � 1h0 :

Letting h = RA h0 it then follows from Theorem 2.4 that

Ah = ARA h0 = � h0 = � �( A)[h + "s] � � �( A)h ; on A. (16)

To see(iii) we construct a Lyapunov function VM satisfying the conditions of The-
orem 2.6. It then follows that the semigroup generated by the kernel RM is recurrent,
and that the constant " in (16) is zero. Consequently, this function h solves the desired
eigenfunction equation.

Fix B 2 C with the following properties: B � M; K := M \ B c � M compact; K 2 B+ ;
and supx2 K V (x) < 1 . Fix a pair (s; � ) satisfying s 2 B+ , � 2 M + , and RB � s 
 � .
Then, for any 
 � �( B ) we have the bound,

1X

k=0


 k+1 � [RB � s 
 � ]ks � 1:
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Fix any such 
 satisfying �( M) < 
 < �( B ). We then have, with F 
 := � 
 + 1 1B c ,

1X

k=1


 k� 1[RB � s 
 � ]kV �
1X

k=1


 k� 1Rk
B V = RF 
 V;

and the right hand side is in L V
1 since
 < �( B ) � � V (B ).

The measure� B given by

� B :=
1X

k=0


 k+1 � [RB � s 
 � ]k

thus satis�es � B (V ) < 1 . ChoosegM : M ! R+ continuous, satisfying � B (gM ) < 1 , and
so that

K n = f x 2 M : gM (x) � nV (x)g is compact, n � 1.

We then de�ne,

VM :=
1X

k=0


 k+1 [RB � s 
 � ]kgM ; (17)

so that b:= � (VM) = � B (gM ) < 1 , and

RB VM = [RB � s 
 � ]VM + [s 
 � ]VM � 
 � 1VM + bs:

The following is a generalization of the resolvent equation given in (10):

RM = RB + QB I M\ B c RM ;

where QB (x; dy) := Px (X (%B c ) 2 dy). SinceVM is boundedon M \ B c we then arrive at a
bound of the form,

RMVM � 
 � 1VM + bM ;

where bM < 1 is constant.
Finally, for any � 0 satisfying �( M) � 1 > � 0 > 
 � 1 we can �nd b0 < 1 , n0 < 1

satisfying,
RMVM � � 0VM + b01K n 0

:

The set K n0 is a compact subset of M, and hence also small for RM under (13). An
application of Theorem 2.6 then shows that the semigroup f Rn

M : n � 0g is VM-uniform,
and that a solution to (14) exists with h 2 L VM

1 . ut

3.2 The twisted pro cess

In this section we investigate the consequencesof the following `eigenfunction equation'.
Theorem 3.2 (iii) provides evidencethat (18) will typically hold when M is metastable,
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and in this casewe may take � 0 = �( M). Recall that D is the di�eren tial generator given
in (5).

For someset M 2 C; a function h : X ! R that is C2 in a neighborhood
of the set �M; and some� 0 < 1 ,

h(x) > 0 and Dh (x) = � � 0h(x) for x 2 M.
(18)

Under (18), for any x 2 X the stochastic process

mh(t) := h(x) � 1h(X (t))e� 0 t ; t 2 T ;

is a positive martingale up to the stopping time T� := %Mc . Henceit may serve in a change
of measurein the following construction:

The t wisted pro cess is the Markov process �X with state spaceM whose
semigroupis de�ned for any g 2 L 1 (M), and any x 2 M via,

�Ex [g( �X (t))] := Ex [mh(t)g(X (t))1(T� > t)] : (19)

The Markov process �X is a di�usion, evolving on �X := M. The associated `twisted gen-
erator' is given in Proposition 3.4 below. Similar constructions are used in many recent
references(seee.g. [10, 21]). What is unusual here is that the likelihood function de�ned
using h restricts the processto a proper subsetof X (seealso [16]).

Proposition 3.4 expressesthe di�eren tial generator for the twisted processin terms of
D. This representation is a consequenceof the following lemma, whoseproof is immediate
from Ito's rule.

Lemma 3.3 Suppose that g; h : O ! R are C2 on the open set O � X. The following
identities hold on the set O:

Dgh = gDh + hDg + h� r h; r gi

Dh = [DH + 1
2 r H T � r H ]h ;

where in the second identity we assumethat h > 0 on O and let H denote its logarithm.

Prop osition 3.4 Suppose that (13) and (18) hold. Then,

(i) The expectation operator �E de�nes a di�usion on M, up to the exit time T� .
The di�er ential generator is given by,

�D = I h � 1 DI h + � 0I

= D + h�( r H ); ri ;
(20)

where I h is the multiplication operator: I hg = h � g, and H (x) = log(h(x)) for
x 2 M.
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(ii) The di�er ential generator �D has the samedi�usion coe�cients as the original
process, and the generator �D is self adjoint wheneverD is (with a new inner
product weighted by h).

(iii) If X is a Smoluchowskiequation on X with potential U, and if � = � 2I
is independent of x, then �D is the di�er ential generator for a Smoluchowski
equation with potential U+ = U � � 2H .

Pro of. It is enough to establish (20), which is immediate from Lemma 3.3 and the
eigenvector equation Dh = � � h:

Dgh = h
�

� � g + Dg + h�( h� 1r h); r gi
�

:

Multiplying both sidesby h� 1 and adding � g gives the required identit y. ut
The following two results characterize metastability in terms of geometric ergodicity

of the twisted process.

Theorem 3.5 Assumethat (13) and (18) hold. Supposemoreover that M is V -metastable;
its exit rate satis�es � 0 = � V (M) = �( M); and that the escape-time T� for the twisted pro-
cessis in�nite a.s.. Then the twisted processis �V -uniformly ergodic for some �V satisfying
h� 1 2 L �V

1 .

Pro of. The proof of Theorem 3.2 (iii) is based on VM uniformit y of the discrete-time
semigroupgeneratedby RM (seede�nition (17)). It follows that the discrete time Markov
chain with transition kernel

�RM := I � 1
h RM I h + �( M) � 1

is �V -uniformly ergodic with �V = h� 1VM . This transition kernel is in fact a resolvent kernel
for the twisted processde�ned (19). The result is then immediate from [9, Theorem 5.1]
and our assumption that the escape-time for the twisted processis in�nite a.s.. ut

Theorem 3.6 provides a partial converse.

Theorem 3.6 Assume that (13) and (18) hold. Suppose moreover that the escape-time
for the twisted process is in�nite a.s., and that the twisted process is �V -uniformly ergodic
for some �V : M ! [1; 1 ), with h� 1 2 L �V

1 . Then, the set M is both metastableand V0-
metastable,with common exit rate �( M) = � V0 (M) = � 0 given in (18), and with V0 = �Vh.

Pro of. This is a consequenceof the following representation: For any stopping time �
satisfying � � T� ,

�Ex

hZ �

0
e� t h� 1( �X (t)) dt

i
= h� 1(x)Ex

hZ �

0
e(� +� 0 )t dt

i

Let A � M satisfy  (Ac) > 0, and let � = %A c . From �V -uniformit y of the twisted process,
and the assumption that h� 1 2 L �V

1 , there exists � = � (A) > 0 and b0 < 1 such that the
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left hand side is bounded by b0 �V (x) (cf. (7)). It follows that the V0-exit rate from A is
bounded from below by � 0 + � (A).

It remains to show that the exit rate from M is equal to � 0. This follows from the
previous reasoning: Setting � = T� gives,

1 = �Ex

hR1
0 h� 1( �X (t)) dt

i

= �Ex

hRT�
0 h� 1( �X (t)) dt

i

= h� 1(x)Ex

hRT�
0 e� 0 t dt

i
:

Hence�( M ) � � 0, but Theorem 3.2 (i) already implies the reverseinequality. ut
We now provide more readily veri�able su�cien t conditions under which the conclu-

sionsof Theorem 3.6 will hold.

Theorem 3.7 Assumethat (13) and (18) hold, and that (V4) is also satis�ed for a con-
tinuous function V : X ! [1; 1 ). Suppose moreover that the Lyapunov function V and
the eigenfunction h satisfy the following conditions:

(a) The constant � 0 in (18) satis�es 0 < � 0 < � .

(b) h(x) > 0 for all x 2 M, and h(x) = 0 for x 2 @M := �M n M.

(c) (r h(x)) T �( x)(r h(x)) > 0 for all x 2 @M.

(d) K n := f x 2 X : V (x) � nh(x)g is a compact subsetof X for all n � 1.

Then,

(i) The escape-time from M for the twisted processis in�nite a.s. for �X (0) = x 2
M;

(ii) The twisted processis �V1-uniformly ergodic with �V1 = V=h.

(iii) The setM is both metastableand V-metastable,with exit rate �( M) = � V (M) =
� 0, where � 0 is given in (18).

Pro of. We consider the Markov processwith twisted generator �D given in (20). For a
given 0 < � < 1 write

�V1 := h� 1V; �V2 := h� 1h� ; and �V := �V1 + �V2 :
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Then from Lemma 3.3, (V4), and the eigenvector equation (18),

�D �V1 = [I � 1
h DI h + � 0I ]h� 1V

= h� 1[D + � 0]V

� � (� � � 0) �V1 + bh� 1s

�D �V2 = [I � 1
h DI h + � 0I ]h� 1+ �

= h� 1[Dh� + � 0h� ]

= h� � 1[� DH + 1
2 � 2r H T � r H + � 0]

= h� � 1[� (h� 1Dh � 1
2 r H T � r H ) + 1

2 � 2r H T � r H + � 0]

= (1 � � )h� � 1[� 0 � 1
2 � r H T � r H ]

wherethe third and fourth identities follow from Lemma3.3. Combining thesebounds/equalities
gives

�D �V � � 1
2 (� � � 0) �V

+ h� � 1
h
(1 � � )� 0 + 1

2 (� � � 0) + bh� � s

� 1
2 (� � � 0)Vh� �

� 1
2 h� 2� (1 � � )r hT � r h

i
;

where in the last line we have usedthe identit y r H = h � 1r h.
Consequently, under assumption (a) we have the following version of (V4) for the

twisted process:for su�cien tly large n0,

�D �V � � 1
2 (� � � 0) �V + b01K n 0

; (21)

where b0 < 1 , and K n0 given in (d) is compact. The drift condition (21) implies that
T� = 1 a.s. since �V has compact sublevel sets in M (see[29]). This proves (i), and (ii)
is a consequenceof the drift inequality (21), a form of (V4), which implies that �X is
�V -uniformly ergodic. It is also �V1-uniformly ergodic with �V1 = V=h since h 2 L V

1 by
assumption.

Part (iii) then follows from the foregoingconclusionsand Theorem 3.6. ut

3.3 Consequences for exit times

Weshow herethat �V -uniform ergodicity of the twisted processimplies strong distributional
boundson the exit time from a metastableset M. The exit time T� := %Mc is approximately
exponentially distributed, with rate �( M), provided there is a su�cien t spectral gap.
Related approximations in a generalsetting were obtained recently in [17]. Thesebounds
provide a bridge between the results establishedhere and the large deviation theory of
Wentzell & Freidlin. To make this precisewe �rst review the standard characterizations
of exponential random variables.
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If the random variable %is exponentially distributed with rate � then the conditional
distribution function and the conditional moment generating function for the residual life
are given by

F (s) = P[(%� T) � s j %� T] = e� � s; s � 0; T � 0;

M (� ) = E[exp(� (%� T)) j %� T] = �
� � � ; � � � :

These quantities are independent of T only for exponential random variables. However,
we show in Theorem 3.8 that these identities almost hold for the exit time T� from a
metastable set.

For the random variable T� we again de�ne the conditional distribution function, and
the conditional moment generating function for the residual life at time T by

Fx (s;T) = Px [(T� � T) � s j T� � T ]; s � 0; T � 0;

M x (� ; T) = Ex [exp(� (T� � T)) j T� � T ]; � � � ; T � 0:
(22)

Theorem 3.8 states that the rate of decay of the exit time is basically independent of
the starting point. We note that the constant � 0 > 0 describesthe rate of convergenceof
the distributions of the twisted process(c.f. (24)), and this is precisely the spectral gap
for the twisted process.

Theorem 3.8 Suppose that the conditions of Theorem 3.7 hold, so that the set M is V -
metastablewith exit-rate � > 0. Then there exists � 0 > 0 such that for all s;T > 0 and all
� < � ,

Fx (s;T) = e� � s
�

1+ O
�

e� � 0 s V (x)h � 1 (x)
�

1+ O
�

e� ( T + s) � 0 V (x)h � 1 (x)
�

�

M x (� ; T) = �
� � � + O

�
e� � 0T V(x)h� 1(x)

�

Pro of. From the de�nition of the twisted processwe have for all s � 0 and all x 2 M,

�P sh� 1 (x) = �Ex [h� 1( �X (s))1(s � T� )]

= h� 1(x)Ex [h(X (s))h� 1(X (s))e� s1(s � T� )]

= h� 1(x)e� sP(s � T� )

(23)

An application of Theorem 3.7 implies that the twisted processis �V -uniformly ergodic for
some �V satisfying h� 1 2 L �V

1 . It follows that we also have the following bound, for some
� 0 > 0,

�P sh� 1 (x) = �� (h� 1) + O(e� � 0 sV (x)h� 1(x)) s � 0; x 2 X : (24)

This combined with (23) gives the bound,

e� sPx f s � T� g =
�

�� (h� 1)h(x) + O(e� � 0sV(x))
�

;

and this easily proves the result. ut
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3.4 Implications from large deviations theory

We conclude this section with a comparisonof our conclusionswith those of Wentzell &
Freidlin [15].

Consider somestable equilibrium point x0 of the unperturb ed ODE,

dx = �
1



r U(x) dt ; (25)

and let O be a region of attraction. We assumethat O is a (possiblysemi-in�nite) interval
O = (xa; xb) � R containing x0 and satisfying the following assumptions:

All tra jectories of the deterministic ODE (25) starting at somepoint x 2 �O
converge to x0 as t ! 1 . Hence, there are neither other extrema nor limit
cyclesin �O.

Let � Oc (� ) denote the exit time of O for the Smoluchowski processX de�ned by (1).
Futhermore, denote U0 := U(x0), Ua := U(xa), Ub := U(xb), and let

Ubar := minf Ua � U0; Ub � U0g

denote the minimal potential barrier the processmust crossto leave O when starting at
x0 2 O.

The following result follows from [15, 35]. It gives a simple bound on the exit rate
from O in terms of the smallest potential barrier one has to crosswhen leaving O.

Theorem 3.9 Under the above assumptionon O we havethe following bound on the exit
time from O, for any initial condition x0 2 O,

lim
� ! 0

� 2 logEx0 [� Oc (� )] = 2
 Ubar :

ut

To illustrate Theorem 3.9 we examine the double-well potential shown in Figure 2.
Denote the left local minimum of U by U(x l ) = Ul , the right minimum by U(x r ) = Ur

and the local maximum by U(xm ) = Um . In this example we have Ul = 0:50, Um = 1:31
and Ur = 0:10.

We wish to obtain bounds on the exit rates for the two open connectedcomponents
Oleft = f x < xmg and Origh t = f x > xmg, corresponding to the left and the right well,
respectively. To ful�ll the assumption that saddle-points are excluded we reduce these
sets slightly and instead take Oleft = f x < xm � "g and Origh t = f x > xm + "g for some
arbitrary small " > 0. An application of Theorem 3.9 yields the following conclusions,

(i) for Oleft we have Ubar = Um � Ul = 0:81+ O("2), and hence

lim
� ! 0

� 2 logEx [� Oleft (� )] � 2 
 0:81;
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Figure 2: The two-well potential U(x). The barrier on the left Ubar = 0:81 de�nes a decomposition of the
state spaceinto two metastable subsetsX = (�1 ; 0:41)� (0:41; 1 ) with equal potential barrier Ubar = 0:81.
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Figure 3: At left is shown the secondeigenfunction h2 for the di�usion de�ned by the two-well potential
for a range of values of the inverse temperature, � = 2
 =� 2 , from � = 1:5 (solid line) to � = 6:5, (dashed
line). The right hand side shows a close-up for x near the respective zeros. The zero moves towards the
value 0:41 as � " 1 . The step function shown at left with discontin uit y at x = 0:41 is a candidate limit of
h�

2 .
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(ii) for Origh t we have Ubar = Um � Ur = 1:21+ O("2), and hence

lim
� ! 0

� 2 logEx [� Origh t (� )] � 2 
 1:21:

We now compare these conclusionswith the results of the present paper. Applying
Theorem3.7 to the double-well potential we �nd that the secondeigenfunctiondecomposes
the state spaceinto the two open components f a; bg � C separatedby the zero z of h2.
What can we say about the asymptotics of z for vanishing � ?

(i) A natural �rst guessis that z approximates the saddlepoint of the potential.
However, asdiscussedabove, Wentzell{F reidlin theory predicts that the distri-
bution of exit times is a function of the minimal potential barrier the process
has to cross in order to leave a given subset. Consequently, these rates are
di�eren t for the two subsetsa and b when � is small, which contradicts the
fact that �( a) = �( b) = � 2.
We conclude that z cannot approximate the saddle point of the potential as
� ! 0.

(ii) An alternative is the point z on the the right hand side of the saddle point
de�ned by the condition that the minimal potential barrier Ubar to exit from
either of the two subsets is the same (see Figure 2). An extension of the
Wentzell{F reidlin theory (see e.g. [3, 4]) states that the asymptotic rates of
both exit times are the same, which is in agreement with Theorem 3.7 and
Theorem 3.8.

In view of (ii) we modify the subsetsslightly so that bOrigh t = f x < 0:41g and bOleft =
f x > 0:41g. We thus obtain identical asymptotes for Ex [� bOrigh t

(� )] and Ex [� bOrigh t
(� )] as

� ! 0. Figure 3 shows that the zero of h2 does indeed approach the value 0:41 for
vanishing � . 1

4 State space decomp ositions

In the previous section we consideredin somedetail the structure of a di�usion restricted
to a single metastable set. In particular, Theorems3.2, 3.6, and 3.7 provide characteriza-
tions of metastability in terms of an eigenfunction de�ned on the set M. Here we obtain
decompositions of the entire state spaceinto metastablesetsby consideringeigenfunctions
h 2 L V

1 for the generator D de�ned on all of X. Under appropriate conditions, includ-
ing V-uniform ergodicity, this provides a natural decomposition of the state spaceinto
metastable subsets.

1Note in revision: discussionin the recent paper [5] suggeststhat there is a strong relationship between
saddle points of the potential function and structure of the eigenfunction for small � .
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4.1 Decomp ositions using a single eigenfunction

Let h be a C2 eigenfunction satisfying Dh = � h, and let f M i g � C denote the open,
connectedcomponents of f x : h(x) 6= 0g. Fix any i , and assumewithout lossof generality
that h > 0 on M i (otherwise, replaceh by � h). It follows that the desiredeigenfunction
equation holds,

Dh = � � h; h > 0 on M i ,

where� = j� j > 0. Under the conditions of Theorem 3.7 we can concludethat �( M i ) � �,
and that M i is V -metastable.

To illustrate this decomposition consider consider the simplest di�usion: the one-
dimensional Gauss-Markov processwith di�eren tial generator,

D = � ax
d

dx
+ 1

2 � 2 d2

dx2 :

This is of the form (1) with potential function U(x) = 1
2 ax2. We assumethat a > 0, so

that the processis V -uniformly ergodic with V (x) = cosh(x), x 2 R.
It is easily seenthat f � k = � (k � 1)a : k = 1; 2; : : : g belongsto the spectrum of DV

(seee.g. [24]) with associated eigenfunctions,

h1 � 1 h2(x) = x

h3(x) = 1
2 x2 � � 2

4a h4(x) = 1
3x3 � � 2

2a x

The secondeigenfunction h2 decomposesthe state spaceinto the two sets X = M1 �
M2 := (�1 ; 0) � (0; 1 ). The conditions of Theorem 3.7 are satis�ed, and consequently
each of the twisted processeson M1 or M2 is �V -uniformly ergodic with �V = V=h2 = ex=jxj,
x 2 M i , i = 1; 2. Moreover, each of thesesets is V -metastable with exit rate �( M i ) = a.
The twisted di�eren tial generator for the processon M2 is given by,

�D2 = D + � 2H 0
2 dx = (� ax + � 2=x) dx + 1

2 � 2 dx2:

This is the generator for the Smoluchowski equation with potential 1
2 ax2 � � 2 log(x),

x 2 M2. One can check directly that this di�usion on M2 is �V -uniformly ergodic.

Not all `twistings' give rise to an ergodic di�usion: applying the di�eren tial generator
to the function f (x) := exp( 1

2 � x2) with � = 2a=� 2 gives,

Df = � a� x2f (x) + 1
2 � 2(� + � 2x2)f (x)

=
n

1
2 � 2� +

�
1
2 � 2� 2 � a�

�
x2

o
f (x) = af (x) :

That is, the constant a > 0 is a (generalized)eigenvalue for the di�eren tial generator D,
and f is the corresponding (generalized) eigenfunction. Although X is a V-uniformly
ergodic Markov processwe seehere that the (generalized) eigenvalue is equal to a >
�( X) = 0. Nevertheless,onecan perform a transformation using f to form a new di�usion
on R via (20). The twisted processis a driftless Brownian motion on R.

This shows that care must be taken in interpreting (generalized)eigenfunction equa-
tions for D: in general,the inequality �( M) � � in Theorem 3.2 (i) may be strict, and the
twisted processmay not be ergodic.

25



� �

��� ���

Im

=  0 · 
¤ 
2 := ¤ 
4 ¡ 
¤ 
3¤ 
4 ¤ 
1

Figure 4: At left is shown the spectrum of the generator DV , and at right is shown the spectrum of �D,
viewed as a di�eren tial operator, where the third eigenfunction and eigenvalue are used to construct the
twisted generator. The spectra shown in the right half plane doesnot correspond to eigenfunctions in L

�V
1 .

4.2 The shattered state space

If the connected components f M i g � C of f h2(x) 6= 0g are each metastable then Theo-
rem 3.8 suggeststhat the `indicator process'giving the current metastable set that the
processresidesshouldapproximate a �nite state spaceMarkov chain. However, the conclu-
sionsof Theorem3.8arenot very meaningful unlessthe twisted processadmits a signi�cant
spectral gap. Consequently, if the semigroup has a cluster of eigenvalues near zero, then
an approximation by a �nite state-spacechain is not possiblewithout performing a re�ned
decomposition that takes into account the interaction of a cluster of eigenvalues.

Supposethat (V4) holds, �x n � 2, and supposethat f � i : 1 � i � n + 1g � (� � ; 0)
are the n + 1 �rst eigenvaluessatisfying

s(DV ) \ f z 2 C : Re(z) > � � g = f � i : 1 � i � n + 1g:

We assumethe eigenvaluesare distinct, real, and ordered,

� > j� n+1 j > j� n j > � � � > j� 1j = 0;

and that
�
�
� � n +1

� n

�
�
� � 1.

For simplicit y we take n = 3, and we assumethat each of the �rst four eigenvaluesare
simple. Hence,for each i = 1; 2; 3; 4 there exists a one-dimensionaleigenspacespannedby
an eigenfunction hi 2 L V

1 . An illustration of the assumedeigenvalue structure is shown
in Figure 4. We assumemoreover that the conditions of Theorem 3.7 hold, so that in
particular,

r hi (x) 6= 0 whenever hi (x) = 0, i = 2; 3; 4.

For m = 2; 3; 4 let f M
m
j : 1 � j � nm g denote the open connected components of

f x 2 R` : hm (x) 6= 0g, and let T m
� := min( t > 0 : hm (X (t)) = 0). The twisted generator

�Di is de�ned as beforeby a similarit y transformation, and a translation:

�Di = I � 1
h i

DI h i + � i I ;

where � i := j� i j for i � 2.
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For i = 2; 3; 4 we may concludefrom Theorem 3.7 that the associated twisted process
on any M i

j is �Vi -uniformly ergodic with h� 1 2 L �Vi
1 . Consequently, each of these sets is

metastable, with exit rate equal to � i , i = 2; 3, and moreover, from the de�nition of the
twisted process,

Ex [exp(� i T i
� )] = 1 ; x 2 M i

j ; 1 � j � n i :

This is a dramatic statement since� i := j� i j � 0 for i � 3. Similarly, for all � < � 4,

Ex [exp(� T 4
� )] < 1 ; x 2 M4

j ; 1 � j � n4;

so that the processexits thesesets relatively quickly.
It appearsthen that one should focus on the processwith generator �D3. If Figure 4 is

acceptedas an illustration of the spectrum of this generator (ignoring those eigenvalues
in the right-half plane), it would then follow that the associated twisted processhas a
relatively large spectral gap. It is in this situation that the conclusionsof Theorem 3.8
have the greatest impact.

Here we investigate a re�nement of this decomposition using two eigenfunctions as
follows:

State space decomp ositions

(i) The shattered state space S � C is given by

S:=

(
connectedcomponents of the open set

f x 2 X : h2(x)h3(x) 6= 0g

)

: (26)

We denoteby a; b; c; ::: genericelements of S, and we denote the exit
time from any s 2 S by

T� := min(T 2
� ; T3

� )

(ii) Supposethat a 2 S with h4(x) 6= 0 for all x 2 a. Then the set a is
called a transition set.

We do not know if any of the sets in S are metastable, although there are numerous
combinations M = a1 � a2 � � � � ak that are metastable for X . When a subset f ai : 1 � i �
kg � S has this property it may be viewed as a metastablesubchain of a �nite state space
chain with alphabet S. Lower bounds on exit rates, and in particular the behavior of the
processon a transition set is addressedin the following proposition.

Prop osition 4.1 For any a 2 S we have �( a) � � 3. If a is a transition set we have
�( a) � � 4.
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Pro of. The bound �( a) � � 3 is obtained as follows: every a 2 S is contained in one of
the sets M3

j , so we may assumethat h3 is strictly positive on a. Theorem 3.2 (i) implies
that �( a) � � 3 sincewe also have Dh3 = � � 3h3 on a.

If a is a transition set then a � M4
j for some j . Identical reasoning implies that

�( a) � � 4. ut
Our goal is to build a �nite state spaceMarkov chain on the �nite alphabet S, and view

major transitions of the di�usion as simple jumps of this Markov chain. We introduce
some suggestive directions for future research here, but fall short of proving an exact
correspondencebetweenthis chain and the di�usion. A preciseapproximation is possible
by consideringa sequenceof processeswhosespectral gapapproachesin�nit y. We illustrate
this in Section 5 through results from numerical experiments.

Given any decomposition of the state spaceS = f a1; : : : am g � Cweconsiderthe follow-
ing guidelinesin the construction of a rate matrix Q = (qij ) to represent an approximating
Markov chain. Properties (R2) and (R3) ensurethat Q generatesstochastic matrices etQ

for all t � 0.

Conditions on rate matrix Q

(R1) Diagonal elements given by qii = � �( ai ).

(R2)
P

j qij = 0 for all j .

(R3) qij � 0 for i 6= j .

(R4) Q generatesa unique invariant measure,i.e., the eigenspaceof its largest
eigenvalue 0 is one-dimensional.

For any �nite decomposition a rate matrix satisfying theseconditions may be de�ned as
follows: The diagonal elements are given by (R1), and for any two neighbors ai ; aj 2 S we
de�ne

qi;j = pi �( ai j ai � aj ); (27)

where pi is the normalizing constant,

pi := �( ai )
hX �

�( ai j ai � ak ) : ak is a neighbor of ai
	 i � 1

:

This is the appropriate representation in the (unrealistic) casewhere

bX (t) = (1a1 (X (t)) ; : : : 1am (X (t))) ; t 2 T;

is a Markov chain. We next investigate how far the indicator processcX deviates from a
Markov chain.

4.3 Error bounds for Mark ov chain appro ximations

Supposewe are given m disjoint sets f ak : k = 1; : : : ; mg � C, and assumethat these
shatter the state spacein the sensethat a1 � � � � � am = X. To construct an approximating
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Markov chain we considerthe coupling matrix W t = (wt
kl )k;l=1 ;:::;m de�ned by the steady-

state probabilities,
W t

kl = P� [X t 2 al j X 0 2 ak ] : (28)

We assumethat the semigroup is self-adjoint and compact so that there exists an or-
thonormal basisof eigenfunctionsf hkg in L 2

� , where the dual product is given by

hf ; gi � :=
Z

X
f (x)g(x)� (dx)

and � is the invariant measureof X . This additional structure is convenient in obtaining
simple bounds.

The normalized indicator functions of sets in S are given by

� k = 1ak =
p

� (ak ); k = 1; : : : ; m: (29)

This allow us to rewrite the matrix f W t g in the form

(W t )kl = M � 1=2 � (hP t � k ; � l i � )k;l=1 ;:::;m � M 1=2

The f � kg may beexpressedin terms of the eigenfunctionsthrough the following expansion,

� k =
1X

j =1

ckl hl ; with ckl = h� k ; hl i � ;

which is convergent in L 2(� ). If we truncate this sum to j � m we then obtain the
projection of � k onto the subspacespanned by the �rst m eigenfunctions. The mean-
squareerror is given by,

� 2
k := k� k �

mX

j =1

ckl hl k2
� =

1X

j = m+1

c2
kl

For any t; k; l we have the representation,

hP t � k ; � l i � =
1X

j =1

cki e
� j thhi ; cl j hj i � =

1X

j =1

ckj e
� j tcl j

= ( bCe
b� t bCT )kl :

with matrices bC = (ckj ) 2 R m�1 and b� = diag(� j ) 2 R 1�1 . A truncation of this
identit y leads to a �nite matrix with bounded error: Setting sk =

P m
j =1 ckl hl and ek =

� k � sk gives,

hP t � k ; � l i � = hP t sk ; sl i � + hP t ek ; � l i � + hP t sk ; el i � ;

with

jhP t ek ; � l i � j � kP t ekk� � k� l k� � e� m +1 t � k

jhP t sk ; el i � j � kP t el k� � ksl k� � e� m +1 t � l � (1 + � k )
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and hencethe bound,
�
�
�hP t � k ; � l i � � hP t sk ; sl i �

�
�
� � e� m +1 t (� k + � l + � k � l ):

Using theseboundswe may comparethe coupling matrix f W t g given in (28) with the
semigroupfor a �nite state-spaceMarkov chain. First observe that with

C = (ckl )kl=1 ;:::;m , D = diag(e� 1 ; : : : ; e� m ), and M = diag(
p

� (ak)),

the previous de�nitions give,

(hP t sk ; sl i � )k;l=1 ;:::;m = CD tCT :

Setting
cW t

kl := (M � 1=2CD tCT M 1=2)kl ; (30)

we henceforth get

kW t � cW tk� � k(hP t � k ; � l i � � hP t sk ; sl i � )k;l=1 ;:::;m k2

� m e� m +1 t � max
k;l

(� k + � l + � k � l )
| {z }

error indicator

(31)

In general the semigroup f cW t g is not positive, though positivit y is guaranteed if the
approximation above is su�cien tly tight.

5 Numerical example: the three{w ell poten tial

We concludewith somenumerical results to better understand the `shatteredstate space',
the �nite state spaceMarkov chain and the exponential approximation of the exit times.
We consider the Smoluchowski equation

dX = �
1



r U(X ) dt +
�



dW;

where the potential U : R ! R+ is smooth. The restriction to one-dimensionis simply
for easeof exposition, and to avoid subtleties surrounding exotic stationary points for the
potential U.

Wehave already remarked that this is an elliptic di�usion when � > 0. The di�usion X
is ergodic provided the function p0(x) := exp(� �U (x)) is integrable on R, where� = 2
 =� 2

is the inversetemperature. In this casethe invariant density for the stationary distribution
is given by p(x) = Z � 1p0(x), where Z is a normalizing constant. Under mild additional
assumptions on the potential function U one can verify that this Markov processis V -
uniformly ergodic, with V = e"U for some" > 0 [18, 26].

For our numerical analysiswe considerin greater detail the three{well potential intro-
duced in the introduction with

U(x) =
1

200

�
0:5x6 � 15x4 + 119x2 + 28x + 50

�
: (32)
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Figure 5: On the left is shown the metastable sets and the shattered state space corresponding to the
three{w ell potential for 
 = 2:25 and � = 1:5. At right is the potential U3(x) = U � log(jh3 j) for the
transformed generator (solid line).

The required eigenvalues and eigenvectors of the generator were computed numerically
by means of �nite element discretization with uniform grid in the interval [� 6; 6], with
piecewiselinear ansatz functions and zero Dirichlet boundary conditions at x = � 6:0.
Convergenceand convergencerates of this procedure are known since the generator is
self-adjoint in the Hilb ert spaceL 2

� . The accuracy of the numerical approximations have
beentested basedon this supporting theory using grid re�nement.

5.1 Exit rates and the shattered state space

Discretizing the generator corresponding to the three{well potential with parameters
 =
2:25, � = 1:5 yields an inversetemperature � = 2, and the following spectrum:

� 1 � 2 � 3 � 4 � 5 � 6 . . .
0:0000 � 0:0216 � 0:0381 � 0:4183 � 0:6509 � 0:9240 . . .

(33)

The �rst four eigenfunctionsare shown in Figure 5 for this value of � .
For decreasingtemperature, Figure 6 shows that the secondand third eigenvalues

converge to 0, while the fourth and higher-order eigenvalues remain bounded from below
with increasing� . Here we considerdecompositions of the state spacewhen � = 2, and in
Section 5.2 we consider in somedetail the asymptotics of the eigensystemas � ! 1 .

We may use the third eigenfunction h3 to obtain the twisted processde�ned in Sec-
tion 3.2. According to Proposition 3.4 (iii), the twisted processis again a Smoluchowski
equation corresponding to the potential function U3(x) = U(x) � � 2 log(jh3(x)j), asshown
in Figure 5, and with the samevaluesof 
 and � as for the original Smoluchowski equa-
tion. Observe that the potential function U3 is similar to the original potential function
U (dashed line), but the zerosof h3 correspond to poles of U3. This createsbarriers in
the state spacefor the twisted process,forming the decomposition X = M3

1 � M3
2 � M3

3.
The shattered state spaceobtained using both eigenfunctionsh2 and h3 consistsof the

four components S = f a; b; c; dg of the open set f x : h2(x)h3(x) 6= 0g, as shown at left in
Figure 5. We have the following characterizations:
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Figure 6: Eigenvalues for the three{w ell potential as a function of � . The second and third eigenvalue
converge to zero (left), while (the magnitude of) the fourth eigenvalue is bounded away from zero (righ t).

(i) a and d are two components of f h3(x) 6= 0g = f M
3
1; M3

2; M3
3g. Due to Theo-

rem 3.7 they are metastable with �( a) = �( d) = � 3.

(ii) The set b is a transition set since h4 does not vanish on b. Due to Proposi-
tion 4.1 we have �( b) > � 4.

(iii) The setc is a proper subsetof the metastablesetM3
2 and hence�( c) > �( M3

2) =
� 3 due to Theorem 3.7 and the de�nition of a metastable set on page14.

Numerical estimates of exit rates for the sets f a; b; c; dg and their combinations are
shown in Figure 7 when � = 2. These values were obtained by estimating the decay
of the distribution of exit times for each set as follows: Given the initial state x 0 in
the corresponding set, N = 120; 000 independent realizations of the di�usion process
were simulated. Estimates of the exit time distribution for each set s were obtained via
detection of the exit time for each realization, from which the rate �( s) is approximated by
estimating the decay rate of the exponential tail through linear regression.The following
table summarizesthe results:

Set s �( s) (theor.) �( s) (exp.)
a � 3 = 0:038 0.036
b �( b) > � 4 6.166
c �( c) > � 3 0.049
d � 3 = 0:038 0.037
M2

1 = a � b � 2 = 0:022 0.021
M2

2 = c � d � 2 = 0:022 0.021
M3

2 = b � c � 3 = 0:038 0.035

A more detailed investigation of the simulation data shows exactly how the exit time
deviates from an exponential random variable. Recall that the conditional distribution
function for the residual life at time T � 0 is given by

Fx (s;T) = Px [(T� � T) � s j T� � T ]:
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The plots shown in Figure 8 illustrate estimatesof the residual life distribution function
basedon data obtained in the simulations described above.

The exit-time distribution shows two time-scale behavior when the initial condition
x0 2 s is located near the boundary of the set s under consideration. As shown in Figure 9,
the residual life distribution possessesa high rate of decay initially , and decays moreslowly
for higher valuesof the time T.
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Figure 7: Exit time distribution for the sets S = f a; b; c; dg and their combinations. Each �gure shows a
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5.2 Asymptotic behavior of eigensystem
& Mark ov chain appro ximations

We have already noted that the data shown in of Figure 6 shows that the secondand
third eigenvaluesconverge to 0 exponentially fast as � ! 1 , while the fourth eigenvalue,
and therefore all remaining eigenvalues, do not vanish with increasing � . If we consider
decompositions of X = R using h2 or h3 then we can predict the asymptotic values of
their zerosby applying the implications from large deviations theory and Theorem 3.8 as
stated at the end of Section 3.4. The results are illustrated in Figures 10 and 11.

We noted in Section4.3 that an optimal representation basedon an L 2 projection will
give rise to an exact Markov chain model for vanishing temperature if there is a non-
vanishing spectral gap beyond the �rst three eigenvalues. As the temperature decreases,
the three{set representation f W t g of the di�usion processobtained in Section4.3, eq. (27)
tends to a semigroupf cW tg given by a rate matrix de�ned through (30). Figure 12 shows
that the upper bound of the error indicator (31) tends to zero for vanishing temperature
exponentially fast.

This is alsoillustrated in Figure 13. Recall that the normalized indicator functions f � i g
given in (29) may beapproximated by a linear combination of the �rst three eigenfunctions.
As predicted in the discussionof Section 4.3, this approximation is increasingly accurate
for increasing� .

For large sampling times t there is good agreement betweenf W t g and the semigroup
f cW t g, evenwhenthe error indicator is large,sincethe pre-factor e� m +1 t of the upper bound
(31) is small when there is a signi�cant spectral gap. Figure 6 exhibits that � m+1 = � 4 is
clearly bounded away from 0 for all valuesof � > 0.

In conclusion,we �nd that a four-state Markov chain doesindeed accurately approxi-
mate the transition behavior of this di�usion, even for only moderately low temperature.
In particular, for � = 2 the rate matrix Q = (qi;j ) with qi;j = pi �( ai j ai � aj ) de�ned in
(27) is given by

Q =

0

B
B
@

� �( a) �( a) 0 0
pb�( b j a � b) � �( b) pb�( b j c � b) 0

0 pc�( c j b � c) � �( c) pc�( c j d � c)
0 0 �( d) � �( d)

1

C
C
A

�

0

B
B
@

� 0:036 0:036 0 0
3:083 � 6:166 3:083 0

0 0:016 � 0:049 0:033
0 0 0:036 � 0:036

1

C
C
A

The eigenvaluesof Q are given by

� 1(Q) � 2(Q) � 3(Q) � 4(Q)

0:000 � 0:021 � 0:074 � 6:192
;

so that the secondeigenvalue is nearly in agreement with � 2 = � 0:022of the di�usion (cf.
table 33). The secondeigenvector of Q is v2 = (� 0:870; � 0:373; 0:127; 0:297)T , which also
mimics the structure of the secondeigenfunction h2 (cf. Figure 5).
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Figure 10: The second eigenfunction for the three{w ell potential. Exactly as seen for the double{well
potential, there exists a value x21 � � 2:42 that breaks the state spaceinto two regions with approximately
equal exit rates. This point is asymptotically equal to the zero of the second eigenfunction. The right
hand side shows a close-up of the eigenfunctions shown at left
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Figure 11: The third eigenfunction, for various valuesof � , together with two close-upsof the eigenfunction
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6 Outlo ok

In this paper we have developed somenew tools for addressingthe behavior of Markov
processesrestricted to a given domain, and we have applied these methods to provide
new bounds on the distribution of exit times. The numerical results suggestthat these
approximations are far more accurate than any computable bounds might reveal.

We are currently consideringvarious extensionsand re�nements of thesemethods. In
particular,

(i) It may make no senseto search for eigenfunctionsfor high-dimensionalmodels.
In complex models we will require softer formulations of the eigenfunction
equation (18) where � 0 is replaced by a function on M. A twisted process
can still be constructed, and analysedaccording to the present paper, and this
again givesbounds and statistical properties of exit times.

(ii) The approaches of [3] and [13] are basedupon a variational representation of
certain expectations, reminiscent of the variational representation of the rate
function in large deviations theory (see[42]). We have recently shown that the
large deviations rate function admits a variational representation as entropy
for V -uniformly ergodic di�usions [20], and hope that someanalogswill prove
useful in providing a bridge betweenour methods and those in the references.

(iii) We have said nothing about the impact of a cluster of complex eigenvalues.
It appears that a similar story may be told, but the constructed twisted pro-
cesswill be periodic in this casesince metastable sets will exhibit a form of
periodicity.

(iv) It is a simple matter to show that the optimal representation obtained in
Section4.3 will approximate the di�usion by a �nite state spaceMarkov chain
under natural assumptions. What is less obvious is the accuracy of ad-hoc
constructions such as (27). This is a topic of current research.

Ac kno wledgmen t. We are grateful to A. Bovier and I. Kontoyiannis for insightful
discussionsabout exit times and large deviation theory, and several suggestionsfor im-
provements in the presentation.
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