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Abstract—We consider networks consisting of nodes with
radios, and without any wired infrastructure, thus necessitating
all communication to take place only over the shared wireless
medium. The main focus of this paper is on the effect of
fading in such wireless networks. We examine the attenuation
regime where either the medium is absorptive, a situation which
generally prevails, or the path loss exponent is greater than 3.
We study the transport capacity, defined as the supremum over
the set of feasible rate vectors of the distance weighted sum of
rates.

We consider two assumption sets. Under the first assumption
set, which essentially requires only a mild time average type of
bound on the fading process, we show that the transport capacity
can grow no faster than O(n), where n denotes the number
of nodes, even when the channel state information (CSI) is
available non-causally at both the transmitters and the receivers.
This assumption includes common models of stationary ergodic
channels; constant, frequency selective channels; flat, rapidly
varying channels; and flat slowly varying channels.

In the second assumption set, which essentially features an
independence, time average of expectation, and nonzeroness
condition on the fading process, we constructively show how
to achieve transport capacity of Q(n) even when the CSI is
unknown to both the transmitters and the receivers, provided
that every node has an appropriately nearby node. This assump-
tion set includes common models of i.i.d. channels; constant,
flat channels; and constant, frequency selective channels. The
transport capacity is achieved by nodes only communicating with
neighbors, and only using point-to-point coding.

The thrust of these results is that the multi-hop strategy,
towards which much protocol development activity is currently
targeted, is appropriate for fading environments. The low atten-
uation regime is open.

Index Terms— Wireless networks, fading channels, capacity,
transport capacity.

I. INTRODUCTION

ECENT years have seen research as well as development
efforts [1] focusing on wireless networks consisting of
nodes with radios. Two examples of much topical interest are
ad hoc networks [1], [2] and sensor networks [3]. Such net-
works have no wired backbone network, differentiating them
for example from cellular systems, and all communication
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must take place only over the shared wireless medium. Due to
the fact that all nodes hear a superposition of the attenuated
signals transmitted by all other nodes, there are several ways,
some quite complex, by which information originating at a
source can reach its destination. Thus one would like to have
an information theoretic basis for organizing such information
transfer.

Current protocol development efforts [1] are aimed at real-
izing the following strategy. Packets are relayed from node to
node until they reach their intended destination. At each hop
a packet is fully decoded, thus digitally generated, and then
retransmitted to the next node on its path. The decoding of
a packet at a node is done by treating all interference from
concurrent transmissions as useless noise. For brevity, we call
this the “multi-hop” strategy. To realize this strategy requires a
suite of protocols. A medium access control protocol is needed
to avoid excessive interference at receivers, since transmitters
in their vicinity need to be silenced. This is the goal of the
IEEE 802.11 protocol in DCF mode, as well as proposals such
as DBTMA [4] and SEEDEX [5]. A power control protocol [6]
is needed not only to save battery life, but also to regulate
the power of transmissions which need only traverse a short
hop while avoiding creating unnecessary interference for other
concurrent transmissions. This is the essence of the notion of
spatial reuse of the spectrum. A routing protocol is needed [7],
[8], [9], [10Q], [11], [12] to determine the path to be followed
by packets from a source to its destination.

This multi-hop strategy however foregoes many possibilities
for enhancing information transfer, and it is important to char-
acterize how much has or has not been sacrificed. For example,
it does not take advantage of multi-user estimation [13] which
can enable a receiver to decode several concurrent transmis-
sions. In fact, by subtracting the components corresponding
to transmissions not of interest to it, a node could enhance
the signal-to-noise ratio of the transmissions of interest to it.
This is the successive interference subtraction strategy which
has been shown to attain the capacity of the multiple access
channel [14], [15]. Even when performing the simple operation
of “relaying,” there are alternatives such as “amplify and
forward” rather than “decode and forward,” which are known
to be superior in some settings [16]. In fact relaying itself is not
a simple problem - to date the capacity of the simple three node
relay problem is unknown [17]. Actually, in the wireless world,
much stranger forms of cooperation are possible. For example,
just as in acoustic active noise cancellation [18], a node could
help a second node by transmitting a signal which nulls out
the transmission of a third node as perceived at the second
node. Since the design space is so rich with complexities, it is



necessary to have a theoretical basis which allows us to choose
from among all these possibilities. For example, we would like
to know how much we lose in capacity if we sacrifice multi-
user estimation, or, say, if we use point-to-point coding rather
than network coding.

This problem was addressed in [19]. The usual information
theoretic model was enriched by taking into account the
distances between nodes located on a plane with a mini-
mum separation distance between nodes. Each node is power
limited, and a performance measure Cr, called the transport
capacity, was studied, which is the supremum of the distance
weighted sum of rates taken over all feasible rate vectors. The
wireless medium itself was very simplistically modeled. An
attenuation of the form e~77/p’ was presumed, as a signal
traveled a distance p, where v > 0 is the absorption constant,
and ¢ is the path loss exponent.

However, a very important issue in practical wireless net-
works, and unmodeled above, is the presence of multi-path
fading [20]. In a wireless network, due to the physical envi-
ronment, the electromagnetic waves travel to receivers along
a multitude of paths, encountering delays and suffering gains
which vary with time. Depending on the frequency bandwidth
used, and how fast the environment changes, the fading can
be divided into four cases. If the bandwidth T of the signal is
much smaller than the channel coherence bandwidth B.,,, i.e.,
W < Bcon, then the channel is frequency non-selective or flat
fading. This means that the channel only has a multiplicative
effect on the signal. If on the other hand W > B,,, the
receiver will get several resolvable signal components, and
such a channel is called frequency selective. We can also
characterize a fading channel by comparing the time duration
T, of a signal symbol with the channel coherence time T,,.
A channel is called slow fading if Ty < T.,p, or fast fading
if Ty > T.,,. Combining these two factors, we basically have
four types of fading channels: flat slow, flat fast, frequency
selective slow, and frequency selective fast fading channels
(see [20], [21], [22]). In fact, the point-to-point fading channel
has been an active research field for decades, and is still the
subject of much research effort [21].

In order to understand the role of multi-path fading in
wireless networks, we address the following question in this
paper: In the information-theoretic sense, what is the trans-
port capacity of wireless networks when the transmissions
encounter multi-path fading, and how should information
transfer be organized in such a fading environment? We study
all the four fading cases mentioned above. Each node is
subject to a common power constraint, and the signals sent out
encounter both power-loss due to distance as well as fading,
before reaching their destination nodes. Our main contribution
consists of the following two results:

a) An upper bound.: If either the path loss exponent is
greater than three or the absorption constant is positive, then
there is a constant ¢; > 0 such that the transport capacity
of wireless networks with n nodes, mutually separated by a
minimum positive distance p,,;,, iS upper bounded by cin,
where n is the number of nodes in the network. This is
true even if the nodes have perfect non-causal channel state
information (CSI) of all the fading channels.

This result implies that though techniques such as diversity
(multiuser, space, time, etc., [23]) may increase the throughput
and reliability, they cannot change the order of the transport
capacity [19]. We do not consider the type of diversity that
multiple antennas at a node can provide, and thus it is of
interest to extend our results to wireless networks where nodes
have multiple antennas.

In the course of the proof of this result, we extend a useful
max-flow min-cut bound to a time-varying fading environ-
ment. We also show that there is a simple and interesting
connection between the flow across cut-sets and the transport
capacity®. In fact, this result makes the transport capacity an
even more natural quantity to study in wireless networks. Both
the above results may be of independent interest in their own
right.

To obtain the upper bound, the channel state information is
allowed to be perfectly known in advance to both senders and
receivers, a best case scenario. The following result addresses
the opposite situation, a sort of worst case where the fading
is independent from time to time. Assuming no CSI at all,
we exhibit a feasible lower bound of the same order, 2(n),
for all networks where every node has a nearby node within a
fixed multiple of the above minimum positive distance, when
v > 0 ord > 3. Thus, these two results together delineate
the effect of fading, and show that the fundamental scaling
law [19] remains the same even under fading environments.

b) A feasible lower bound.: Assume each node faces a
fading process independent from time to time. If within a
distance (pmin Of every node there is another node, then a
transport capacity of at least con is achievable for a positive
¢a. The scheduling, coding and decoding do not require any
CSI at any node, and in fact require very little statistical
knowledge of the fading process. In the example we construct,
the signals are “peaky” and only a small fraction of the time
is used in transmission — similar to the signaling strategy
used in [25]. The transmissions are coordinated carefully and
random phases? are introduced in signaling in order to avoid
strong interference coming from nearby transmissions. In the
scenario studied, communications are only between neighbors,
and coding is only point-to-point. The thrust of this result is
that the multi-hop strategy is a reasonable one for organizing
the flow of information when attenuation is high and load can
be balanced across the network.

Above we have only addressed the high attenuation regime,
and have not said anything about the case where there is no
absorption and attenuation is small, i.e., y =0and § < 3. The
reason for our inability is that in such scenarios one can exploit
coherence to obtain capabilities not feasible in the relatively
high attenuation regime; for example, unbounded transport
capacity is feasible even when the sum of the transmission
powers of the nodes is fixed; see [19]. However, in a fast
fading environment, one cannot employ a strategy capitalizing
on coherence. Feasibility results are constructive, and we have
yet to find a scheme which works in fading environments. This

1A similar idea is mentioned in [24].

2Random fading is also intentionally induced in [26] to facilitate communi-
cation, but the purpose in [26] is to increase the channel fluctuation to improve
the multiuser diversity.



remains a significant open problem. The recent breakthrough
on the capacity of some relay channels with fading in [27]
may possibly prove valuable in this regard.

It should be noted that fundamental studies based on first
principle photonic collision models have shown that the case
~ > 0 generally prevails, unless one is in free space; see [28].
Thus the results presented here, which include this case, have
bearing for practical environments, though of course ~ could
possibly be small.

The remainder of the paper is organized as follows. In
Sections Il and 111 we formulate the model and state the main
results. In Sections IV to VI we prove the upper bound, while
in Sections VII to XI we prove the achievability results. We
conclude with some remarks in Section XII.

Il. THE MODEL

We consider a wireless communication network G,, consist-
ing of a group of n nodes, N := {1,2,...,n}, located on the
plane. The base-band model for the communications among
them is described by the following equation:

J
i#j Pij 1=0
+2Z;(t),

t>1,jeN. (1)

We will consider two alternative assumption sets (Al) and
(A2).

Assumption set (Al):
(A1) 6, v, B, pi; and 7;; are deterministic real variables
known to all the nodes:

e« 0 and ~ are the path-loss exponent and absorption
constant of the attenuation, respectively. We assume that
either y =0 with § >3, 0ory>0withd > 0. 8> 0 s
just a constant gain.

« pij is the distance between node ¢ and j. We assume that
there is a minimum distance between nodes, i.e., p;; >

o Ty = [%J is the propagation delay for signals from i
to j, where pg is the distance that a signal travels in one
time slot. (Later on we will see that the results do not
really depend on the precise value of 7;;.)

(ALii) {Hiu(®)}, {Z;(0)}, {Y;(5)} and {X;(t)} are com-

plex variables.

o {H;j(t):t>1,i,5 € N} is the random fading process.

e {Z;(t) : j € N,t > 1} are i.i.d. complex circu-
lar Gaussian noises® independent of the fading process
{H;;;(t)}, and are not observable to the users. We
suppose E|Z;(t)|> = o? > 0.

o {X;(t)} is the complex base-band signal sequence node
i transmits, and {Y;(¢)} is the complex base-band signal
sequence node j receives.

(Al.iii) Each node is subject to an individual power con-
straint P. Since the channel has multiple paths with delays,

3A complex random variable Z is circular Gaussian if it can be represented
as Z = Zy1 + vZy where Z; and Zy are two i.i.d. (real) Gaussian random
variables, and v is the square root of —1.

we need to model what may have been transmitted before time
0, the time when the useful transmissions begin. We simply
suppose that the signals prior to ¢ = 0 satisfy

|X;(t)]? <P<oo, Vt<O0,i€N, 2

and are unknown to the nodes. B
(AL.iv) There exist positive constants « € (0,1) and H > 0,
such that for any 4,5 € N, the fading process satisfies

T oo
. 1 1 2 7
hmqgup T E g o '|Hi(t)] < H,as. 3)

t=1 [=0
Assumption set (A2):
(A2, ii, iii) Same as (AL.i, ii, iii).

(Al.iv) The fading process { H;;;(t)} satisfies the following:

o {H;(t), t > 1} is a sequence of independent random
vectors, where H;(t) := (H;j;(t),i € N, > 0) for all
j € N . That is, the fading parameters are independent
from time to time.

o There exist a > 0 and p* > 1/2 such that, for all 4, €
N, t>1, Pr(|Hijo(t)| > a) > p*.

o There exist @ € (0,1) and H > 0 such that, for all
1,7 €N,

ZailE|Hijl(t)\2 < _g (4)
=0

(A2.v) There exists ¢ > 1 such that for every node j there
exists another node j with p;5 < Cpmin-

Remark 2.1: In Theorem 3.1, we will prove an O(n)
upper bound on the transport capacity (defined below) for
Assumption set (A1) even when the CSI is known non-causally
and a priori at both the transmitters and receivers. In Theorem
3.2, we will prove a constructive Q(n) lower bound on the
transport capacity for Assumption set (A2) even when the CSI
is neither known at the transmitters nor the receivers. Both
results hold whenever there is any absorption, i.e., v > 0, or
if the path loss exponent is greater than 3. It has been shown
in [28] that generally the absorption is positive.

Assumption set (Al) includes channel models where the
fading is flat, i.e. H;;(¢) = 0 foralll > 1 and i,j € N.
By allowing for CSI to be known at both the transmitters
and the receivers, (Al) covers what is usually meant by “slow
fading” where the channel varies statistically but with a rate of
variation substantially smaller than the signaling period, so that
by use of a relatively short training sequence the channel state
can be estimated well, and then be regarded as known for the
symbol period. Thus the upper bound result under (A1) with
the CSI known at the transmitter and receiver covers the case
of “flat, slow” fading. However the assumption (A1) allows for
a much larger class of channels, including, for example, flat or
frequency selective, stationary ergodic channels, or channels
varying in a deterministic time varying fashion, since basically
all it requires is the condition (Al.iv).

Assumption set (A2) includes the case of frequency se-
lective fading since it allows H;; to depend on I > 1. It
also includes “fast fading” where H;;;(¢) is an independent
stochastic process rapidly varying in comparison to the symbol
duration. Thus it covers the case of “frequency selective,



rapidly varying channels.” The condition (A2.v) effectively
requires that every node has a nearby node, a reasonable
requirement for networks, and is needed by us to prove the
feasibility result. The Q(n) feasibility result for (A2) holds
even without knowing CSI at either transmitters or receivers.
Note that assumption (A2) also allows other channels, for
example, flat, constant fading, or flat, independent fading
channels.

Definition of feasible rate vectors

For a given wireless network G,,, we employ the standard
definition of what is meant by a feasible information rate
vector R = {R;j,i,j € N,i # j}; see [29]:

1) With W;; denoting the message to be sent from node
¢ to node j, we assume that all the messages W;;
are independent, and uniformly distributed over their
respective ranges {1,2,...,27%ii},

2) The symbol X;(t), for ¢ > 1, that node ¢ sends out at
time ¢ depends on its own outgoing messages {W;;,j €
N,j # i}, as well as the values of its past received
symbols {Y;(s),0 < s < ¢ — 1}. An encoding scheme of
block length T' consists of a set of encoding and decoding
functions, one for each node ¢, as follows:

o Encoders X;(t; Wiy, Wia, ..., Win; Y:(1),Y3(2), - - -,
Yi(t — 1)), t = 1,...,T. The encoder maps the
messages that node ¢ wants to send to the other
nodes, and its past received symbols, into the
symbol X;(t) transmitted at time ¢. The average
power of the symbols X;(t) is required to satisfy
the constraint,

1 T
72 1%OP < P (5)
t=1

« Decoders Wji(Yi(l),...,/}Q(T);Wﬂ,...,Wm),j =
1,2,...,n. The decoder Wj; at node 4, for node j’s
message, maps the received symbols in each block,
and its own information, to form an estimate of the
message W;; intended for it from node j € N.

3) For all (4, 7), the corresponding probability of error that
the message sent from node ¢ to j will not be decoded
correctly, converges to zero as 7' goes to infinity, i.e.,

PT(i,5) = Pr(Wi; (Y (1), ..., Y (T); Wit . .., Win)
# W) =0, asT — oo.

Now we are in a position to define the transport capacity of
wireless networks.

Definition 2.1: For a given wireless network G,, with fixed
node locations, its transport capacity Cr(G,,) is defined as

Cr(G,) := sup Riipii,
T( ) ReR(@.)% iPii

where the optimization is over R(G,), the set of all feasible
information rate vectors for network G,,, i.e., without changing
the node locations in G,,.

We also define the very best transport capacity that can be
delivered by any network with n nodes.

Definition 2.2: The transport capacity C:(r”) of the class of
wireless networks with n nodes is defined as

C’%n) = supCr(G,) =sup sup ZRUPU'
Gn Gn RER(Gn) i,j

That is, the optimization is over all wireless networks with n
nodes.

I11. MAIN RESULTS
Our main results are the following two theorems.
Theorem 3.1: Under assumption set (Al), even if the CSI

is known non-causally to all transmitters and receivers, the
transport capacity is bounded as

e < e-n, forallnm,
where
83V PHIloge (2(5—2) 4 5;1)
oVI—a(pmin/V?2)5—1 -3 =2 )
ifvy=0,6>3;
G = 488VPHlogeptt o= (V2/211Pmin

ov/1l—a (1_6—(\/5/4)7911”'" 4
if v >0,6>0.

Theorem 3.2: Under assumption set (A2), even if the CSI
is unknown to transmitters or receivers, for any p € (1/2,p*)
there exists a constant ¢ > 0, such that for any network G,

Cr(Gn) > c2-n,

Cy =

for all n,

where

.

min { 1 PB2(Cpmin)~* 0 (p" —p)
27 16APB2p 20 246(26—1 2§ 2
e I (1422 (5 4 5507 )) +44

(1= H(D)) - pmin, Ifd>3,7=0;

PB%(Cpmin) 2P e=27¢Pmin a2 (p* —p)

) . o —28
16HP 2 —/2 :
B Pmiin ( g=2vpmin 12¢=V2YPmin 452
(1—e=V2¥Pmin)2

\ (I_H(ﬁ))pmzna |f620a7>03
with H(p) := —plog(p) — (1 — p) log(1 — p). In particular,

cW >cy-m,  foralln.

Remark 3.1: It may be noted that the above result gener-
alizes the ©(n) feasibility result shown in [19] for regular
networks, where nodes are located at integer lattice sites in
a square, to the more general class of networks satisfying
property Assumption (A2.v).

: 1
miny§ 35

1—a

IV. A MAX-FLOW MIN-CUT LEMMA FOR TIME-VARYING
MEDIA

In this section we present a useful lemma showing that the
information rate one set of nodes can receive from the rest of
the network is upper-bounded by a function of the power it can
receive from the other nodes. It generalizes the corresponding
result in [19] to fading environments.

Lemma 4.1 (Max-flow min-cut bound): Suppose a wireless
communication network is modeled as

Yit) =YY Aiu()Xi(t — mij — 1) + Z;(t), j € N,
i#j 1=0



where: (i) The 7;;’s are deterministic non-negative integers. (ii)
{A;;1(t)} is a sequence of known deterministic complex num-
bers. (iii) {Z;(t)} is the i.i.d. circular Gaussian noise process
independent of the signal process {X;(t)}, and E|Z;(t)|*> =
2
g,
Then for any subset S of IV, the rate vector {R;;, 4,j € N}

satisfies

T
1
Rsp <1+ TRSDPe(T) + T Z Z
t=1 jEN\S

E| Y ies Dimo At (1) Xi(t

o2

—7ij — DI

)’

where N\S denotes those nodes in N but not in S, Rsp :=
> ies,jen\s Rij, and P! is the probability of decoding
error.

Proof: The proof is similar to the proof of Lemma 4.1
in [19]. Let D := N\S be a set of destination nodes, and let

log(1+

Wi == {1,2,...,2TRi} denote the message set from node i
to j. We use the following notation:
Uj(t) = ZZA'L]I XiT t_Tz] l), j € D;
i€S 1=0
Vi(t) = U;(t) + Z;(t);
Wsp = {Wz’j ZiGS,j ED};
Wp = {Wij:iED,jEN};
W, = {Wij 1j € N}
Let Vp(t) = {V;(t) : j € D}, V} := {Vp(k) : k =

,t}, and similarly for Y, U, Z. Also, let T's(t) :=
{A”l( VXi(t—T1i; —1):i€8,j€D,l >0}

First we want to show that Wsp — {VZ,Wp} —
{YZ,Wp} forms a Markov chain. This can be done by
showing that Y} is a deterministic function of (VA,Wp)
and the fading coefficients AT := {4;;(t),Vi,j,1,t > 1}.
Actually, forany j € D, 2<t<T,

Yi(t) = DY AuOXix(t—7; —1)
i€D,itj |
= S A (&) fie (VTN W),
i€D,itj |
and
YJ(I) = Z Z Az]l fz 1 )
i€D,i#j 1

Now by Fano’s Lemma and the property of a Markov chain,
we have

H(Wsp|VE, Wp) < HWsp|YA,Wp) <1+ TRspP™P.
Thus,

TRsp
= H(Wsp) = IWsp; VA, Wp) + HWsp|VA, Wp)
< I(Wsp; VT, Wp) + 1+ TRsp P
=I(Wsp;Wp) + IWsp; VEIWp) + 1+ TRspP™"
=0+ h(VE|Wp) — M(VE|[Wsp, Wp) + 1 + TRsp P
< VL) = h(VE|[Wsp,Wp) + 1+ TRsp P,

with

(Vb |Wsp, Wp)
T
=Y WVo®Vp(1),..., Vb (t — 1), Wsp, Wn)
t=1
T
> h(Vo(®)|[Vp(Q1), ..., Vp(t —1),Ts(t), Wsp, Wp)
t=1
T T
= h(Vp(t)|Ts(t) Z ®|Up(2))-
t=1 t=1
Hence
TRsp
T
< h(VE) = S h(Vo()|Up(t) + 1+ TRspP™
t=1
T
Z hZ;t) +1+ TRSDP(T)
t=1 jeD
T T
<3 S ) = 30 loglrea?)
t=1 jeD t=1 jeD
+1+ TRspP™

IIM%

Z log(me(E|U;(t)|> + o)) — log(mea®))
€D
+1+TRspP™

E X 2
log(1 + %) +1+TRspPD,

Il
E

i
o
<.
m
>

where the last inequality follows from Lemma 2 in [30]. O

Remark 4.1: Lemma 4.1 differs from Lemma 4.1 of [19] in
allowing for a time-varying fading process.

With Lemma 4.1 in hand, we can easily get the following
corollary.

Corollary 4.2: If a wireless network satisfies assumption
set (Al), and the fading process is known beforehand, then for
any subset S of NV, and feasible rate vector {R;;,i,j € N},

Rsp =3 ics jen\s Rij satisfies
28V PH 6
R <1 L. . VPij 6
SD S loge a_m Z p”e ()

i€S,jEN\S
Proof: Let D = N\S. Since the rate vector is feasible, we
know P(T) — 0 as T — oo. So by the proof of Lemma 4.1,

we have L
Rsp < 73 EjED

2

) +o(1).

B2E|Y; 0Pt eT P Hyj ()X (t—Tij—1
log(1+ Eies D2orie 7" Mg Xin =y )|




Furthermore,

2

ZEIX > p

i€S 1=0

o o]

> (p5 e 2 Hip(®)a™?) -
1=

0
. 2
(Pi_jé/ze_yp"j/in,T(t — Tij — l)al/z) ‘

2 e 12
<%B (ZZ |56 Hiju(t)a™""?| ) :

i€S 1=0

e P Hijl(t)Xi,T(t —Tij — l)

E

€S

| —5/2 2
S5 |65 e X et =~ D]

@
m
1)
~
Il
o

_ ﬂ2 - -4 —YPij 2 —1
== ZZPU e AHiji()" " p )
i€S 1=0

o0
( D o pileT i B Xin(t—mi; —1)|° - o
i€S

where the inequality comes from the Cauchy-Schwarz in-
equality, and the last equality follows from the fact that we
know H;;;(t) beforehand, with x a constant to be determined

later.

It is easy to verify that for any non-negative a and b, log(1+

ab) < (a + b)loge. Hence

Rsp —o(1)
T 0o =8 ,—pij
1 pi; e "4 By _
< 23S (14 (ST o
t=1 ;€D i€S 1=0
oo =8 ,—vpij 3,1
e i
' (ZZ Py e BIX it i - l)lzal>>
i€S 1=0 g
ple 7P B ~
< e 1SS (B e
t=1jeD ie€S [=0
=6 ,—vpij g, 1
—%¢ j
poue T EIXi,T(t—Tij—l)|2al)
=8 ,—YPij r o=
Pi; € Jﬂ 1 _
= loge Z %(N fzzuﬂjl t)lz !
i€S,jeD t=1 1=0
T oo
P2 By -
t=1 =0
@ oe P _
< loge Z u(uH-Fo(l)
i€S,jeD g
[eS] 1 T
—1 2 1
+up 'ZE(lexi’T(t_Tij_l)l )a)
1=0 t=1
(b)

—8,—pij
‘e i _

1€S,j€D

> <P+ T“T+l > o/)
=0

—6,—VPij
piie i _
- 1 ij
oge‘ E - (uH—!—o(l)
i€S,je€D

-1 P _17'7/] = _1P
+u 1_a+p Tl Zla

=8 ,—pij
e i _
loge 3 u(uH—i—o(l)

) - o
1€S,j€ED

1. P E Tijp - «
Tt T <1—a+P(1—a)2 :
where (a) is because of (Al.iv), and (b) is because of (2) and

).

Now, letting T — oo, we get

8 —~pss
pZJ e 'Ypﬁﬂ

Rsp < loge Z

_ P
e
i€S,jeD o o

H(l—a)

H_1> The result holds by setting p = P__ O

V. FROM CUT-SETS TO DISTANCES

We now show a natural relationship between cut-sets and
the distance-rate product. It allows us to easily convert results
for rate vectors across cut-sets, a staple feature in network
information theory, to results on the transport capacity. It also
renders the transport capacity an even more appealing quantity
to study in networks.

Lemma 5.1: If for a set of numbers {a;j,i,j € N},
Zm. aijljies,jen\s) = 0 holds for every subset S of N, then
2,5 Wipij 2 0.

Proof:By the symmetry of the condition, for any subset S
of N,

n
Z Z aij(Ilies jgs) + ligs,jes)) > 0. (M
i=1 j#i

Now we will construct a model to randomly select a subset
S of N. Suppose the n nodes of N are located within a disk
of radius r centered at the origin, as depicted in Figure 1.

Fig. 1. The procedure for choosing a random subset S of N in Lemma 5.1

The selection proceeds as follows. First we pick an angle
6 uniformly in [0,27). Then, on the diameter corresponding



to that angle, we pick a point uniformly. Denote the point by
A. Then the line F' that is perpendicular to the diameter, and
intersecting it at point A, will divide the n nodes into two
groups. We randomly and equiprobably pick one of these to
be the set S.

Suppose the line interval L(4,j) connecting nodes ¢ and j
makes an angle 6y with the z-axis. Then,

E(Lies,jgs) + lligs.jes)
= EI[Line F' separates points ¢ and j.]
= Prob (Line F separates points 7 and j.)

— /27l' pijlcos(e _00)| A ida
0 2r 2m

.. 27T
= %/0 | cos(8 — 8o)|d0

27
_ Pij
= 47rr/ | cos8|db

/2 .
=Py 4/ cosfd = 4.
0 wr

"~ dgr

Now, taking the expectation on both sides of (7), we get

n
EY Y aij(Ties jgs) + Tigs.jes)
=1 jAi

Zzn:Z%'E

i=1 j#i
n ..

=3 Yt 20
=g

Hence Z?:l Ej#i Q;j Pij > 0. O

(Ities,jg¢s) + Iligs,jes))

V1. AN UPPER BOUND ON THE TRANSPORT CAPACITY

To show the proof of the upper bound, we need the
following lemma. (Lemma 6.1 (iii) is needed for Lemma 9.1).
Lemma 6.1: (i) For any ip € N and ¢' > 2,

2(6' -1 0’
Zplo,J— ( )+ )

4

(if) Forany ig € N, > 0, and v > 0,

24p!—0¢ —(V2/2)vpmin

1=6 ,—pi
Z p’LOi °? S . .
Jj#io ( — e (\/_/4)'7Pm”l )4

(iif) For any ig € N and v > 0,

_\/5 min
Z e 21Pioi < 12¢7777 .
(1 — e=V27pmin)2

Proof: Wlthout loss of generality, suppose that o = 1, and
that it is located at the origin. Let us tessellate the plane by
a square grid of size p’ := (v/2/2) pmin With the origin being
one of the corners of the grid; see Figure 2.

Since the diagonals of the small squares have lengths p.,in,
each of them can contain at most one node. Also, there is no
node within the interior of the four squares surrounding the
origin.

glomin

o' =

Node 1

X
!k + 1)p!

kg

Ekuare that are k-steps
ay from the origin
Fig. 2. Square tessellation of the plane

Since there are 4(2k + 1) squares that are & steps away (in
an l;-sense) from the origin (see Figure 2), for case (i) we
have

> e

J#1 k=1

4 & 1
= @k

4(2k + 1) (kp') °

NE

p
4
- plé’

Similarly, for case (ii),

Zpl g e~ TP

J#1

=5 v
< Pmiin Zplje e
J'?fl

<pmmZ4 (2k +1) -

20'=1) &
O+ )

(k+1)V2p' - e "%

<pm“‘iz4 3k - 2k - e~ 7H
k=1

= 24p! % Z K2 (")

2
k —vp /2 )
1

2
—24p1 9 ( —'Yp/2zk —70/2 >

e—P' /2 2
= 24p! -0 A—ec Py
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677p

=24 _ .
pmzn (1 _ 6—79’/2)4

For case (iii), we have

D e < 24 (2k + 1)~k < Z 12k(e=>"")

J#1
126_2””’

=12¢7"7" Z k(e_hp )k_l - (1 —e210")2 -
k=1

Now we prove the upper bound of Theorem 3.1.
Proof of Theorem 3.1: By Corollary 4.2, we know that for

jy L
any subset Sof N, >, i Rijliies jen\s) < loge - 2/3\/%
Xij p” e i I;cq jen\s)- Hence by Lemma 5.1,
2V PH
Y Ripi; < loge- 25VPH pij e
— of/T—a <"

]

Applying Lemma 6.1 (i) and (ii) we get the desired result. (I

VIlI. NETWORKS WHICH ACHIEVE THE LOWER BOUND

UNDER INDEPENDENT FADING

Beginning with this section, we constructively show that
the linear growth rate of the transport capacity is achievable
in wireless networks. Actually, we show that it is achievable in
any network that satisfies the property specified in assumption
(A2.v); see Figure 3. The simplest example of a network
satisfying this property is the regular network defined in [19],
which is a network with nodes located at the coordinates

(k,omin:lpmin) for 1 S k,l S \/ﬁ

o>

Fig. 3. A network satisfying property (A2.v). All dashed lines have lengths
less than a multiple of the minimum distance.

Suppose that the destination node for the information orig-
inating at each node j is the corresponding node ;. Further-
more, without loss of generality, we assume that the delay
7;; =0 for all 5.

In the following sections, we show how to generate the
codebooks, then how to coordinate the transmissions by a
schedule generated by a randomization scheme, and then how
to decode the signals by thresholding. Finally, we analyze the
probability of decoding error.

We begin by fixing a number p € (1/2,p*). For e > 0
sufficiently small, we introduce the following quantities for

brevity:

P, = P-— €,
4 25(25,1_}_ )|f5>37 0;
A = (pmin/V2) 6—1 T 251 o
h 12p;2% e —V2Ypmin 5>
m:l >0,v >0,
6 = min{1/2, o
(P — 6),82 (Cpmm)f26672’y§ﬂmin a2 - (p* _13)
LOHEP OB (po 2 e=2v0min + )) + 402
f. = 0—e

For any e making the above quantities positive, and €; €
(0,p — 1/2), we are going to show that the information rate
0.(1—H(p—e;)—e;) is achievable for every node pair j and 7,
simultaneously. This certainly suffices to prove Theorem 3.2.

From now on, p, € and ¢; are fixed.

VI1Il. RANDOM CODING

Each node is given 6.7 slots to transmit during a commu-
nication horizon T'. The scheduling details will be given in the
next section. In this section, we apply a random coding method
to generate the codebook, similar to classical information
theory. The only additional feature is that we generate the
codebooks for different 7’s in a coupled fashion, to facilitate
analysis.

For a given rate R = 1 — H(p — €1) — €1, the n nodes
generate their codebooks individually, independently of each
other. Node j generates a 2%<TF x §.T random matrix with
entries being i.i.d. binary valued r.v.’s with distribution p(z)
such that Pr(X = 0) = 1/2, and Pr(X = /FP./0) =
1/2. The w'™ codeword is the w'® row of this matrix.
The codebook of node j is denoted as C; {Xi =
(X3, XD gy XD )t w = 1,2, 29 TR} and it
is revealed to the intended receiver node 7. We denote the
codebook by C := {C4,...,Cp}.

Notice that the codebook actually depends on T'. We con-
struct the random codebooks for different 7s in a coupled way
that such that the codebook for a larger T' is an extension of the
codebooks for smaller ones. That is, for T < T”, X’ () =

X7 (T wheneverk<0Tand1<w<29TR<29TR
foraIIJeN

IX. SCHEDULING TRANSMISSIONS WITHOUT EXCESSIVE
INTERFERENCE

If we allow all the nodes to transmit in the same time slots,
then each receiver will face strong interference from nearby
nodes. So we let nodes transmit in a timeshared fashion.
Specifically, for any given large T > 0, each node j € N
only transmits at a set of pre-selected increasing time-slots 7,
k=1,2,...,0.T. We call this set the duty slots of node j. The
corresponding (intended) receiver j will decode based only on
the signals it receives at time slots +7, k =1,...,0.T. (Note
that here we use the assumption that =, = 0 for all j € N).

Let the indicator function b;(t), ¢ € N, be defined as
follows:

bi(t) = { é, if slot ¢ is in node i’s duty slot;
b

if otherwise. (10)



Then the following result guarantees the existence of a “good”
time-sharing schedule.

Lemma 9.1 (Bounded interference): For all T sufficiently
large, there exists a set of natural numbers {t] .,k = 1,...,
0.T;j € N} such that, if we let node j’s duty slots be this
set, then

o0

— Pe 1
e S aifen )
=1
+ Z 726 72'yp”ﬂ2 iali (tJ T — l)
i#5,J =0
4P.[3?
< A ()2t romin 4 3) W € Nk = 1,...,0.T,

~“l1l-«

where X is defined in (8).

Proof: We exhibit the existence of such a schedule by a
probabilistic argument.

Every node j € N independently generates a sequence of
i.i.d. Bernoulli rv’s B;(t), t > 1, with Pr {B;(t) = 0} =
1 — 26, and Pr{B;(t) = 1} = 26. Define B;(t) := 0 for
t < 0. Let £;(k) be the time slot that node j gets the k** 1 in
its sequence.

By the stronjg law of Iarge numbers (SLLN),
hmT_,OO T Zt 1I[B (=1 = 20 > 206/2,VJ € N, as.
Hence, for all j € N, with high probability, there are at least
20,5T 1’'s in {B;(t),t < T} when T is large.

Again, by the SLLN, for all j € N, limp ﬁ

20e/2T (B-(fg; - l)o/) = 200!, a.s., forall I > 1;

k=1
limp 29 T iaefﬂ (Bi(fi —1- T)Oél) = 20d!, a.s., for

aIIlZO 7->0andz75j Since

1 20c/2T p 2y I
‘W k=1 Billy =1 —T)a

nated convergence theorem,

< o, Vi, by the domi-

1 20, /2T o P
: —26 e~ 2VPmin 32 Itep 37 _
X 7-0)
i#5,]

o0
—25 — min 1 P
= ppine 10min g2 §: 520

+Zp;2

27P” ﬂ i —Bz

27P”ﬂ Z 1529

i34,
2P, 2P,
25 —27pmin ~2 e
< prane T B +Ze TP
i#5,]
! 2P. % _o5 _
(ify=0,6>3) < %(pmﬁe Tpmin 4 A) a.s.,
2P, 32

(ify>0,6>0) <

( —28 =2YPmin
min

26 -2

+pmzn Z € ’Yp1])
i#5,]

(p—25€—27pmm + )\)

min

11—«

2P, 3
11—«

a.s.,

where the last two inequalities follow from Lemma 6.1 (i)
for v = 0 with § > 3, and Lemma 6.1 (iii) for v > 0 with
6>0.

Since at least half of the (nonnegative) elements are smaller
than or equal to twice the average, for large 7' we claim that
there are 6.7 time slots {t,k = 0T} in {t,k =
1,2,...,26,,,T} such that

oo
P,
20 —2 2 § l-¢€
pmzn ’Ypmrnﬂ o 7
=1

o0
— — s Pe j
+ D pe ARy ol Bt — 7y — 1)
=0

i),
4P.3?
< T (e e )

11—«
Otherwise,

20, ,5T o
3 (st s zal%3j<f;;—z>
k=1 =1
F S e S )

i#5.]
> ABB (20t o)) (20,2 — BT,

(1, — 1)

which |mpI|es

20, /5T
i 2 (v
+ Z p;j?&

i#4,]
2P€B ( -25 _27pmzn+)\)
mzn

o0
mine”10min g2 Za -5 Bilt =D
—27p.5 2 - lPe V]
e iig Za 7Bi(tk—7'”
1=0
0

_l)>
6—e/2

This is a contradiction. O

Based on this lemma, we first pick a T large enough, and
then let node j’s duty slots in the time interval {1,2,...,7}
be the corresponding {¢;,k =1,...,6.T}. Now for a T that
is an integral multiple of 7', we periodically repeat the duty
slot sequence. That is, for T = mT, the duty slots are {st}, :
k=1,...,6Tand s =1,2,...,m}. In the sequel we need
to, and will, only consider 7"’s which are integer multiples of
T, and relabel the duty slots as {t],k=1,...,0.T}.

The transmission schedule and random phases:
node j € N chooses a message W; uniformly from
{1,2,...,2%TE} During j’s duty slot ¢ ( =1,2,...,6.T),
it first generates a random phase exp(l/qb] (tJ )), where v is the
square root of —1, and ¢; (tJ) UJ0,2x). Then it transmits
X] i - exp(ve; (t’)) The random phases exp(v¢;(t))’s are
mtroduced just to help the decoding by eliminating the pos-
sible correlations among signals and fading processes. The
receivers need not know the exact values.

Each

X. DECODING BY THRESHOLDING

Upon receiving the complex baseband signal sequence
{Y;(ti),l < k < 6.T}, node j first passes the sequence



Random phase
ev?

“0” or X;(t)

(/D

Fig. 4. The communication system

channel

through a simple thresholding filter, as follows:

.12
~ i " (4] .
yj = L if ‘Yj(tk)‘ >M; 19 .6,
0, otherwise,
where
AHP.B? , 55 _ . -
Aﬂ=<1_a(m$6”%”+M )Kp—mwﬂ)

This is shown in Figure 4. X
Then, node j declares that the index W; was sent if

9.T
1

— N I 5> D— 12
0. T k; [Xiﬁlj’k/ P /0=Y]] = p=en ( )
and there is no other codeword X satisfies this.

If no such W; exists or if there is more than one such, then
an error is declared. Or even if the energy in the codeword
exceeds the prescribed P, an error is declared.

XI. ANALYSIS OF THE PROBABILITY OF DECODING ERROR

Instead of calculating the probability of error for a spe-
cific codebook generated according to the procedure in Sec-
tion VIII, we calculate the average over all such codes, as is
standard.

Let&; := {W # W;}, and € := UJ_, ;. Then the average
probability of error over all codebooks satisfies

=Y _Pr(C)PM(C) < Y Pr(C En: (&1C)).
C C j=1

If we can show the average probability of decoding error
from any node j to its destination ; goes to zero, then Pr(&)
does so too. To fix notation, say 7 = 1 and its destination
is node 2. Furthermore, we can assume that, without loss
of generality due to symmetry of codebook construction, the
message W7 = 1 was sent from node 1 to node 2. So we only
consider Pr(&;|W; = 1) in the sequel.

To ease the burden of complex notation, without loss of
generality, we assume that the delay 7> = 0, and denote
node 1's duty slots as {tx : ¥ = 1,...,0.T}. Now the
reception at node 2 can be described as follows:

Ya(ty) = PBpise 772Hizo(te) X (tr)
o0

+Bpry e 7P ZH1,2,l(tk)X1 (te —1)

=1

+Z,3pZ e 7”1221171217519 i(te — Tiz — 1)
i>3

+ Zo(ty), k_LGwam (13)

Fading Y,

() Decoder of | Y;(t)
node ;

10

“0”, if |v;(1)]* < M;
“17,0f [V ()| > M.

Define 4 := {1/TY 0 | X, (t)> > P}, and A,

{codeword X} satisfies (12)} for w € {1,2,...,2% TR}
Then
Pr(81|W1 = ].) = Pr(A()UAiUAQ UA3U ...UAQGETR)

29 eTR

ZPr

By the law of large numbers, we know Pr(4,) — 0, as
T — oc.

The following lemma shows that Pr(A$) — 0, as T' — oo.

Lemma 11.1: Pr(4$) — 0, as T — oo.

Proof:1t suffices to show that

< (Ao + Pr AC

1 0. T
liminf 577 2 T

According to (13), the reception at node 2 can be decom-
posed as follows:

—e/2,as.  (14)

Pjo=yz2 2 P

Ya(t)
= Zo(tk) + Bprse 72 Hyo0(tk) X1 (ts)
tp—1
+Bpiy e Z Hiyp (k)Xo (t — 1)
=1
+Bpis e 72 > Hi o (te) X1 (b — 1)
1=t
tp—Tio—1
+Zﬂp_56 VP2 Z H;9(te)Xi(te — 1i2 — 1)
i>3
+ Zﬂp_é TPz Z H;o(tr) Xi(ty — T2 — 1)
>3 1=t —Ti2

i= Zo(tr) + pulte) X (te) + 71 (tk) + 7' (k)
Define Fy := o{X{ 4, X{ 4 _1,.., X1} for k> 1, as the
o-algebra generated by the first & digits of the codeword, and
Fo = {¢JQ} and Qy := IXl WP 0=Y2]"
We will now show that there exists an integer K > 0 such
that when k£ > K,

0.T. (15)

Pr(|Yz(te)|” < M| Fr—y1, and |Xy(tx)| = 0) > p — €1/2, (16)
and

Pr(Ya(tn)l® > M | Fiy, and [ X, (t4)| = V/Pe/)
>p—e/2, (17)

where M is defined in (11).



Proof of (16): We have

Pr([Ya(te)|* > M|X:(tx) = 0, Fr—1)

1

ME(\Yé(tk)|2|X1(tk) =0,Fk-1)

= (1) + A (1) 7 (10)
+75 (k) + Zo(te)[* | Fr—1)  (by (15))
= (P + () + i (8)
+75 (k) ? + 0% [ Fro1),  (18)

where the inequality is because of Chebyshev’s inequal-
ity, and the last equality comes from the fact that
v (te)s va(te), v (tr) + ¥4 (tx) and Za(ty) are uncorrelated
by the random phases introduced in the signaling.

Again, by the decorrelation, and recalling the definition of
the indicator function b;(t) in (10),

E(|7; (te)? + 73 (k) [ Fr—1)
tp—1
< B2pis e 12 Y " E|Hy o (t) | —bl(tk —1)
=1

i>3
te—Tiz—1 P
Z E|Hi,2,l(tk)|276bi(tk —Tia — 1)
=0
tr—1

_25 - 11 P
< B prine210m Y | Hy g (t)Po”! ! 5 by (t — 1)

=1
+ Zﬂzpz—zzée—z’wm .
i>3
tp—Tio—1 P
> BlHioa(t)Pa o' bt = i 1)
=0

(@)

- P
< B2p, 20 e=21Pmin ZHo/Fébl (tr = 1)
=1

+Zﬂzpz,26 —29pi2 ZHQ —b (ty — iz — 1)

i>3
_ 4Pp” s

1—a min

where (a) holds because E|Hj(t,)|>a~" < H by (4), and
the last inequality comes from Lemma 9.1.

Since Fj—_; is independent of the past signals X (¢), t < 0,
we have

E(|7y (te) + 75 (te) P Fr—1)
= E|y (tr) + 74 (te) > < 2E 1] (te)|” + 2By (ts)]*-

Now we show that both ~{'(¢x) and ~4 (¢x) diminish to 0O
as k — oo. Actually,

oo
Ely (t)]” < B2ppine 27Pmin - B[ Y Hyo4(tk) X1 (tx — 1)

1=t

(Prgne”27Pmim 4+ ), (19)

11

< B E| Z Hyoy(te)a™ 2 - o2 X (), = 1)[?
I=tx
< BB
o0
E <Z |H1,2,,(tk)|2a—’> (Z o! | Xy (ty — l)|2>
I=ty 1=t
((3)) —24§ E\H lP
- pmm Z | 1,2,1 tk OL Z o
=t I=ts
e
G
H 2
= 751 Pmin_ .o = o(1), as k = oo, (20)

For E|v4 (tx)|> we have

E|vy (te) |
2

=EY Z Bpise 772 Hio(tk) Xi(ty — iz — 1)

123 =t —Tio

=B S (e ),
123 l=tr—Ti2
2
(pis/*e 122Xty — o — D)al/?)

< B’E Z i p;,ge_w’m

i23 lztk—fig

o0
—8 ,—vpi2
XD pise

i>3 I=t,—7io

Hio(te) o™

Xi(tk — Ti2 — l)|2al

((2)) 5~ 1piz 1
| Do pise " 2E Z Hizu(tk)a
i>3 I=tr —Ti2

. \
> S seerd
i>3 I=t)—7i2 }
. otk —Ti2
Zpgge—’YpmH sz e ’YP12P —
i>3 i>3
2
2P
< B Z i_ge_’YPiQ . otk —max; Tiz (21)
l1—« ; ’
i>3

Since ;53 prae P2 < 0o, we know E|v4 (t)[> — 0, as
k — oo.

Combining (18)—(21), and recalling the definition of M in
(11), we obtain

Pr(|Ya(ty)|* > M| X1(tx) = 0, F—1)
<p'-pt+e/2<1-p+e/2

when k is appropriately large, depending on e;/2. This
proves (16).

Proof of (17): Recall that what we need to show is that
there exists a K > 0 such that when k > K, Pr(|Yz(t)|? >



M| Fr—1, and | X1 (tg)| = \/P:/0) > P — €1/2, where M is
defined in (11).
Let event Dy be the event {|Hya0(tk)| > a, |y (tk) +
v¥ (tr)| < vV Me'} for some €' > 0. First we show that
Pr(Dg|Fk-1) = Pr(Dg) > p* +0(1), as k — o0,  (22)

where p* is as stated in Theorem 3.2.
By assumption, Pr(|H1,2,0| > a) > p*. Furthermore, from
(20) and (21), as k — oo,

Pf(|7{'(tk) + 73 (te)| > VM)
< M —— By (tr) + 75 ()

< o (B @) + Eng () = of0)

Hence (22) follows.
Now,

Pr(|Ya(te) > > M| [X1(t)| = /Pe /0, Fr-1)
> Pr(|Ya(ty)]” > M,and Dy, | | X1(tx)| = /Pe/6, Fi—1)
= Pr(1Bpif e " Hy oo (te) VP B exp(vn (1)) +
Y1 (te) + 71 (tr) + 72 (t) + 5 (k) + Za(tr)]
> VM, and D, ]-'k_l)

2 Pr(|ﬂ(Cpmin)_ae_'YCpmin Hi 50(tk)\/ Pe/0| > 2\/M,
7 (tr) + 74 (k) + Za(tr)| < VM1 =€),
and Dy, | fk_1)
= PI’(Dk|.7:k,1) .
Pr(m(CPmin)_ée_’YCpm" H1,2,0(tk)\/Pe/9|2 >4M,
Vi (tk) + 75 (tk) + Zo(te)| < VM (1 =€) | Dy, Fi—1)
@ pr(Dy) - Pr(. 1) + (k) + Za(te)
<VM(1—=¢€)| Dy, Fi_1)
(b) 1
> Pr(Dg)-(1— MA—e)
E(|n (te) + 75 (tx) + Z2(tr))* | Di, Fir1) )
1
Z Pr(Dk) . (1 — 7M(1 — 6')2 .

E(lvi () + 15 (te) + Zo(te)|? | ]-‘k_l))
Pr(Dy,)
E(|vi (te) + 75 (tx) + Zo(te)|? | Fr—1)
M1 &) ’

= PI’(Dk) —

where (a) is because |Hj 20(tx)| > a, and since the defini-
tions of 8 and M ((9), (11)) imply that

2
B(Chmin) %o 7™ Hy o (ta) /Pe/B)
> ﬂ2 (Cpmin)i26€72’ycpmm a2Pe/0
“29Cpmin g2 P .

Z ﬂ2 (Cpmin)izge
1

Pfﬂz (Cpmin)_zée_z’YCPmin a2/4M

=4M,

while (b) comes from Chebyshev’s inequality.
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From (18) and (19),

E(|7i (tr) + 7 (te) + Zo(t)*| Fr-1)
57
< 4Peﬂ H(p—266—2’ypmm + )\) 2‘

— min

l—-«
So,

Pr(|Ya(tx)|* > M| X1(tx)| = v/Pe/0, Fr_1)

4P€ﬂ2ff( —26 72'7pm,.,, + A)
> Pr(D.) — l1-a min®
> Pr(Dy) M1 -¢€)?
- T ey
* 1 * —
= p+0(1)—m(p —p), as k — oo.

By selecting ¢’ sufficiently small,

Pr(|Ya(tx)|* > M || X1(t)| = /P /6, Fr—1)
Z 15 - 61/27

for k large enough. This proves (17).
Based on (16) and (17), for k£ > K, we have
ElQk | Fr-1]

= E [I[X},k/\/Pew:Yﬁ] |7 ’“—1]
= E [I[le(tk)l—O]I[X}’k/,/—Pe/oYg] |fk1]

+E |:I[|X1(tk)|=\/P€/0] I[X;)k/\/mzyg] Ifkl]
1
= Pr(Ya(te) < M| Fir, |Xa(t)] = 0)

+3PHVa(t)? > M| Fir, | X (t0)] = VETO)

> p—e/2, as.

Note here that until now we have considered the situation
for fixed T, i.e., all the variables X, Y, @, etc., depend on
T. Recall now the coupled generation of the codebooks for
different T’s in Section VIII, by which the codebooks for a
greater T' are the extensions of those for smaller ones. Based
on this observation, we know F,_; and @ are well defined
for k> 1.

Define Qr, := Qi — E[Qx|Fi—1] and S == Y1, Qu.
Since E[Qr|Fr-1] = 0, {Qx} are martingale differences.
Furthermore, {Sy} is an L? martingale, i.e., E|S|*> < .

Since 3°77, E‘Q’“‘ < Y& < oo, by martingale

theory (p. 397 [31]) we know that Sy.r/(0.T) — 0, as.
This implies

lim inf
T
which is (14).

If, furthermore, we can show that for any w > 2,

Pr(4,) < 27%T0-HEma), (23)



then Pr(&;|[W; = 1) < o(1)+20TR-0.TA-H{p=c1)) = o(1)+
270<Ter = (1), as T — o0.
By symmetry we only need to show (23) for the case w = 2.
For any deterministic 0, 1 sequence y = (y1,---,Yo.T), W€
know from the Chernoff bound (p.11, [32]) that

0.T _
P I gy /Py 2 0T (P = 1)
< 2-9T(-H(p=1)) S0, letting Y := (V2,V,.. LY2.), we

have

0. T
Pr(Al) = Pr I[Xgl,k/ P./6=Y2] > GET(ﬁ - 61)
k=1
= PriY =y)-
Y
6. T
Pr I;I[X;,k/ B fi=ye) = 0T (P~ €1)

Y = y)2—0€T(1—H(ﬁ—e1))

INA
(]
Y

_ 9-0.TU-H(p—e1),

This proves Theorem 3.2.

XIl. CONCLUDING REMARKS

In this paper we have examined the effect of fading on
wireless networks, studying in particular how the transport
capacity grows with the number of nodes, in networks where
nodes are separated by a minimum positive distance. We have
restricted attention to the case where there is absorption, the
generally prevalent case, or the path-loss exponent § is larger
than 3. When the nodes are subject to power constraints, we
have shown that the transport capacity can grow no faster
than linearly in the size of the network even if the fading
process is known non-causally. Thus, the upper bound holds
no matter what the fading environment is, and is thus a best
case result. On the other hand, if we consider the opposite
scenario where the fading is independent from time to time, a
sort of worst case scenario, then one achieves linear growth in
any network where every node has another node located within
a fixed multiple of the positive minimum distance. In the
constructions, communications are only between neighboring
nodes, and only point-to-point coding is used. This supports
the case for the use of the multi-hop strategy in wireless
ad hoc networks, a strategy which is currently the target of
much protocol development activity. When v =0 and ¢ < 3,
the behavior of wireless networks can be quite different, as
shown in [19], through the exploitation of coherence. Whether
such behavior can hold under fading, where coherence is not
achievable, is an open question. Also of interest is how to
exploit multiple antennas at nodes, when such are present in
wireless networks.
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