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Abstract—In wireless sensor networks, one is not
interested in downloading all the data from all the
sensors. Rather, one is only interested in collecting
from a sink node a relevant function of the sensor
measurements. This paper studies the maximum rate
at which functions of sensor measurements can be
computed and communicated to the sink node.

It focuses on symmetric functions, where only the
data from a sensor is important, not its identity. The
results incude the following. (i) The maximum rate of
downloading the frequency histogram in a random pla-
nar multi-hop network with n nodes is O(1/log n). (ii) A
subclass of functions, called type-sensitive functions, is
maximally difficult to compute. In a collocated network
they can be computed at rate O(1/n), and in a random
planar multi-hop network at rate O(1/log n). This class
includes the mean, mode, median, etc. (iii) Another
subclass of functions, called type-threshold functions,
is exponentially easier to compute. In a collocated
network they can be computed at rate O(1/log n), and
in a random planar multi-hop network at rate O(1/log
log n). This class includes the max, min, range, etc.

The results also show the architecture for processing
information across sensor networks.

Keywords:Sensor networks, Data fusion, sensor network
statistics collection, communication and computation rate.

I. INTRODUCTION

Wireless sensor networks are composed of nodes with
sensing, wireless communication and computation capa-
bilities. Such networks must carry out not only the task of
sensing the environment, but also the task of communicat-
ing a relevant summary of the data, through a sequence
of messages passed between nodes and computations at
nodes, to a designated sink node.

The relevant summary of the data is in general a
function of the raw sensor measurements. For example,
in environmental monitoring, a relevant statistic of tem-
perature sensor readings xi,xs,...,T, may be the mean
temperature W , or median, or mode. In “alarm”
networks, the quantity of interest might be the maximum,
mag z;, of the n temperature readings. In general, we
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formulate the required task of the sensor network as one
of making available at a designated sink node a specified
function f(x1,x2,...,z,).

The question examined in this paper is how the nodes
in the network should cooperate to efficiently compute the
desired function f(x1,xs,...,x,), to make it available at
a specified sink node. We are interested in particular in
the maximum rate, or the maximum frequency, at which
the function can be communicated, given the underlying
constraints of the wireless medium. If such functions are
required to be computed periodically, the reciprocal of this
maximum rate is the minimum period at which the desired
function of the environment can be sampled. Alternately,
given the number of sensors and frequency of measurement
generation, the reciprocal of the rate is directly propor-
tional to the link bandwidth needed to carry out the
required communication, and as such is directly related
to the communication resources consumed per function
computation. Finally, the dependence of this maximum
rate on the number of sensors is crucial to determining the
scalability of the network, a topic of much current interest.

We should emphasize that the most general version of
this problem is far more complex than determining the
capacity of a wireless network. This is essentially due to
the possibility of combining data at intermediate nodes. In
other words, this is not simply a matter of communicating
bits over a wireless network. The latter problem has been
the focus of a number of recent papers. In [1], scaling
laws on transport capacity were derived, under a simple
collision based interference model. More recently, similar
results have been derived in [2] under an information-
theoretically more general communication model.

It is possible to construct an information theoretic for-
mulation of the problem of computing functions of sensor
measurements. Briefly, it would be one of communicating
possibly correlelated sources over a multi-terminal wireless
network, of the kind described in [2], to a specified destina-
tion, at a desired fidelity with respect to a joint distortion
criterion (which will depend on the particular function
of interest). Such a problem combines the complexity of
source coding of correlated sources with rate distortion
(itself an open problem, see [3]), the manifold collaborative
possibilities in wireless, the inapplicability of the separa-
tion theorem demarcating source and channel coding, and
last but not least, the complications introduced by the
joint distortion criterion. At the present time, this problem
is open, and there has essentially been little or no work



in the information theory literature addressing problems
of this kind. One special case, a source coding problem
involving communicating a function of two variables in
a simple two node network with side information at the
receiver, has been solved in [4].

A considerably simpler problem, involving computation
of functions in a distributed fashion, is the subject of a rich
literature on the topic of communication complexity [5].
Problems in communication complexity typically involve
two agents, initially knowing numbers X and Y respec-
tively, exchanging bits until both know f(X,Y"). The prob-
lems considered in this area are typically deterministic, in
that no probability of error is permitted.

In this paper, we eschew a completely information
theoretic approach. Rather, we adopt a packet based
collision model of wireless communication. We suppose
that communication between nearby nodes takes place
through packets, which may collide. We adopt the pro-
tocol model of [1] where concurrent transmissions in the
vicinity of the receiver collide. This model does not allow
information-theoretic collaborative techniques such as in-
terference cancellation, superposition coding, and coherent
combining, but is fairly reflective of current technology. We
also adopt a deterministic formulation for the problem of
function computation, allowing zero error, and consider
worst case performance as the relevant metric, just as in
the communication complexity literature. However, we will
allow for possible efficiencies realizable by block coding,
i.e., by combining several function computations in a
large epoch (recall that the function computation must be
performed periodically). The result is a problem setting
that is well tailored to the technology used currently in
wireless communication, while at the same time capturing
some of the characteristics of multi-hop communication,
as well as those of the communication complexity of
computing functions. At some points, the arguments in
this paper are similar in flavor to those in communication
complexity, although no specific results, save for some
trivial bounds, are from that literature. The bulk of the
proofs are essentially based on counting arguments, while
some of the constructive schemes utilized are similar to
those introduced in [1].

We now summarize the main results of this paper.

1) The class of symmetric functions, which are invariant
to permutations of the arguments, are of interest in many
applications. For example, many statistical functions such
as the mean, mode, median, frequency histogram, max,
and range, are symmetric functions. They embody the
data centric paradigm that it is the value of a sensor
reading that is important, not the identity of the sensor.
We prove a Q(@) lower bound on the achievable rate
for any symmetric function in multi-hop random planar
networks!. This is done in Section II.

2) We prove sharp bounds on the order of the achievable
rates for two subclasses of symmetric functions, namely

LAll the results for random planar networks are with probability
approaching one as the network size increases to co, a statement that
is occasionally omitted for brevity.

type-sensitive functions and type-threshold functions, in
collocated networks as well as random planar networks.
The mean, median and mode are examples of type-
sensitive functions, while the max and range are examples
of type-threshold functions. Most other statistical func-
tions also fall within these subclasses. The maximum rate
for type-sensitive functions is ©(<) in collocated networks,
and @(@) in multi-hop random planar networks. The
corresponding quantities for type-threshold functions are
G(loén) and @(m% respectively. These results show
that multi-hop communication in a random planar net-
work affords an exponential improvement over the single
hop collocated network. They also show that type-sensitive
functions are maximally difficult to compute within the
class of symmetric functions, while type-threshold func-
tions are exponentially easier. This is the focus of Section
I11.

3) For a certain class of functions called divisible func-
tions, we characterize the maximum rate in terms of the
cardinality of the function’s range, for a certain class of
graphs. The constructive scheme described in the proof
of this result is the basis for the achievability part of the
proofs of all the results on random planar networks. This
is described in Section II.

II. MODEL AND PROBLEM STATEMENT

Consider a network of n wireless-antenna equipped sen-
sor nodes 1,2,...,n, along with a sink node s, located on
a plane. Let p;; denote the distance between two nodes
i and j. We assume the protocol model [1] for wireless
communication, with all nodes sharing a common trans-
mission range r. Node i can successfully transmit a packet
to node j if p;; < 7, and for every other simultaneously
transmitting node k, pr; > (1 + A)r. All such successful
communications will be assumed to take place at a fixed
rate of at most W bits per second.

Each sensor node i periodically makes measurements of
the environment, which belong to a fixed finite set X =
{1,2,...,|X|}, where |-| denotes cardinality. The nodes in
the network must cooperate so as to make known at the
sink node s a certain function of the sensor measurements.
Let f, : X — Y, be the function of interest, defined
for each n > 1. Abusing notation for the sake of simplicity,
we however use f(-) to represent all the functions in this
family.

Since sensor measurements are repeatedly generated,
the function of interest is thus required to be computed
repeatedly. We therefore permit block coding, i.e., strate-
gies that combine several of these function computations
(corresponding to long blocks of measurements). Thus,
suppose that each sensor has an associated block of N
readings, known a-priori. The following is an (almost)
exhaustive list of definitions and notation used.?.

1) X € XN" denotes the n x N matrix of measurements.
X;j is the j'" measurement of node i. X is the i*" row of
2Variable names are in uppercase, and values in lowercase. Thus,

X;; refers to the j th measurement of node i, whereas = may simply
be an element of X. Vector variable names are underlined.
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X, i.e., the block of N measurements of node i, which it
is assumed to know a-priori. X7 is the j column of X,
i.e., the set of j** measurements of the n nodes.

2) Given a k-vector xz € X% denote f(z) :=
f(l‘l,l‘g, cen ,J,‘k).

3) f(X) = [f(&l)v f(X2)7 s 7f(KN)}7 the vector of
N function values corresponding to the N measurement
vectors, or equivalently the measurement matrix X.

4) R(f,n) is the range of f, or more properly, f,. (Recall
that although f is a single name given to all the functions
in the family, they could have different ranges.)

5) A scheme or strategy Sy, determines a sequence of
message passings between sensors and computations at
sensors, which, given any X € A"V, results in f(X)
becoming known to the sink. B

6) T(Sn,,) is the time taken by scheme Sy, worst case
over all X € X™V. The reciprocal R(Sy ) := % is
the rate of the scheme Sy . ’

7) R%E is the supremum of rates R(Sy ) over all schemes
Sn,n and block-lengths N. This is the mazimum rate, the
quantity of interest in this paper.

The spatial graph G associated with the wireless
network consists of the set of n nodes, with edges between
nodes that are within a distance r of each other. The
degree of the graph, i.e., the maximum of the degrees of
nodes in the graph, is denoted by d(G™).

There are two network topologies of interest.

Collocated networks. These are networks with p;; <
r for all 4,7, so every transmission is heard by all nodes
(Figure 1(a)).
Random planar networks. The n nodes along with the
sink node s are uniformly and independently distributed
on a unit square (Figure 1(b)). The common range r(n)
of all the n nodes is so chosen that, by using multi-hop
communication, the graph is connected. The following
lemma shows how to so choose r(n) that the graph is
connected, and shows that the order of the degree that
results is O(logn) with high probability.

Lemma 1: For random planar networks, if range r(n) =
\/210%, then lim,_,o Pr[G(™ is connected] = 1, and
lim,, .o Pr[d(G™) < clogn] = 1, for some ¢ > 0.

Proof: The first assertion is from [6]. To prove the second,
consider a square tessellation 7,, of the unit square into
(fm})Q small squares. Each square has side > 2r(n).

<
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Thus, any circle of radius r(n) is covered by at most 4
squares. Applying Lemma 3.1 in [7],

lim,,, oo Pr[Some square has more than C'logn nodes]
0, for some constant C' > 0. Thus, lim,, ., Pr[d(G™)
4Clogn| = 1.

A

III. Di1vISIBLE FUNCTIONS

A trivial upper bound on RS,?BM can be derived as
follows. Since the sink node can receive at most W
bits/sec, and since representing the value of f(-) requires
log |R(f,n)| bits for a network of n nodes (all the logs in
this paper are to the base 2),

w o W
Foas = TogR(F.m] .

In this section we will consider a special class of func-
tions called divisible functions. These are functions which
can be computed in a divide-and-conquer fashion, and are
defined in the sequel.

Denote the set {1,2,...,n} by [n]. Given z € X™, and a
subset S = {i1,42,...,ix} C [n], where i1 < is < ... < i,
denote by z¢ the vector [z;,,Tiy, ..., i, ].

Definition: A function f : X" — Y, is said to be a
divisible function if:

1) |R(f,n)| is non-decreasing in n.

2) Given any partition II(S) = {S1,S2,...,5;} of S C

[n] , there exists a function ¢"'(%), such that for any
ze X,

flzg) = 9" (f(zs,), flzg,):- - flas,)):

The following result shows that on a certain class of
graphs, the simple upper bound in (1) is in fact achievable
for divisible functions.

Theorem 1: Let f(-) be a divisible function. Suppose
that G(™ is connected, and d(G™) < k;log|R(f,n)|,
for some k; > 0. Then, the maximum rate Ry, for
computing f(-) satisfies

R s kLA W)
"= log [R(f, )|
where ¢1(k1, A, W) is a constant depending on k, A, and
W, but independent of n, the particular network configu-
ration, and f(-).
Proof: Consider a tessellation of the plane into square cells
of side 7/v/2 (see Figure 2). Define the cell graph on the set



of non-empty cells as vertices, with two cells being adjacent
if there are two nodes (belonging to G(™)) within each cell
which are adjacent in G().

Designate the cell with the sink node as the root, and
consider a rooted spanning tree of the cell graph. There
is a naturally defined partial order on the set of cells,
corresponding to depths in this rooted tree. Let 0,4, be
the maximum depth of the tree, and d(c) the depth of
cell c. In each cell ¢, designate as the relay node a node u
which is adjacent to a node v in the parent (in the rooted
tree of the cell graph) of ¢, and designate v as the relay
parent of u. Designate the sink as the relay node of the
cell containing it. There is thus one relay node (picked out
of possibly multiple choices) and possibly relay parents in
each cell.

For each node u € G define the descendant set D,
as follows:

1) If w is a relay node of a cell ¢, D,, is the set of indices of
all nodes in G(™ that either belong to ¢ or to descendants
of c.

2) Otherwise, if u is the relay parent of relay nodes
UL, ..U, Dy = U; D, U{u}-

3) Otherwise, D,, := u.

Consider the following scheme: For a T to be specified
later, between times jT; and (5 + 1)73, the following
transmissions take place for each cell ¢. Let m := j —
2(6maz — 6(c)). If m < 0 or m > N, there are no
transmissions scheduled for ¢ in [jT4, (j+1)T}]. Otherwise,
1)Each non-relay node v in ¢ transmits f(X75 ) to the
relay node of c.

2) If m > 1 and ¢ does not contain the sink node s, the
relay node u of ¢ transmits f(X grl) to its relay parent.

It is clear that this scheme, if feasible, communicates
f(X"), for each 1 <4 < N, to the sink node. To prove that
it is feasible, two properties must be established. First, we
will need to prove that the function values to be transmit-
ted are known to the corresponding nodes. Specifically,
we will need to prove that at time (m + 2(d,n402 — ()T,
each non-relay node v knows f(X7 ), and each relay node
u knows f(X ’g;l). This is easily proved by induction on
the epoch number j. It is trivially true for nodes that
are neither relays nor relay parents, since their descendent
sets are singletons. If v is a relay parent of relay nodes
ULy - -

FXB,) =" PIFXE, ) FXB,) FXT))-

Also, the u;’s belong to cells of depth one less than the
cell ¢ containing v, so between (j — 1)T} and 577, by the
induction assumption the j—1—2(,4.—(0(c)—1))—1 =m
indexed transmission is made from each wu; to v; so the
arguments of g"'(P»)(.) in the RHS are known to v at time
4T . Similar reasoning applies to relay nodes.

Second, we will need to prove that the transmissions
can be feasibly scheduled. We first note that each cell has a
bounded number of children. Also, each cell has a bounded
number of interfering neighbors, where two cells ¢; and ¢
are interfering neighbors if there exist nodes x and y in ¢
and ¢y respectively with pg, < (14 A)r. Both bounds can

y Ues

be obtained by simple geometric arguments; see [1]. Let
ko be the bound on the number of interfering neighbors,
and k3 the bound on the number of children. Note that
ks is a constant, while ko depends only on A; there is no
dependence on r, n, or the particular placement.

Applying a simple graph coloring argument (see [1]),
it follows that there exists a schedule such that each cell
receives one out of every (1 + ky) slots to transmit. In
an interval of length 7%, each cell can thus be allotted
13—1}@2 slots. Each relay parent node v requires at most
log [R(f,n)| bits to communicate f(X ), and there are at
most k3 relay parent nodes per cell (since each cell contains
at most one relay parent node per child cell). The same
applies for a relay node. The non-relay nodes require at
most log |X| bits, and there are at most ki log|R(f,n)]
number of them in a single cell. This follows from the fact
that any two nodes within a cell of side r/ V2 are within
a distance r of each other. Thus the degree of any node in
a cell is greater than or equal to the number of nodes in
the cell, and by assumption d(G(™) < ki log |R(f,n)|. The
total number of bits required is upper-bounded by (ks +
1+log |X|)k1 log [R(f,n)|. Consequently, the transmissions
can be feasibly scheduled if

T > (ks +1+log|X|)k1log [R(f,n)[.  (2)

ko +1
w
In particular, there is a schedule with equality in (2).
We can now upper-bound the total number of time slots
required. The transmissions are complete at time j73 for
J = 2(0maz — 6(c)) > N for every cell c. Therefore,

N 1
™ > lim — =
Rz 2 0 o —

w
(ko +1)(ks + 1 + log |X|)k1 log |R(f,n)|

We now describe applications of Theorem 1 to several
natural functions of interest.

1) The data downloading problem: Consider the identity
function f(xz) = z, which corresponds to the sink node
downloading all the raw measurements of all the sensors.
This is a divisible function, with |R(f,n)| = |X|". Thus
log |R(f,n)| is linear in n, which implies that the degree
condition of Theorem 1 is true for any connected graph
G . Therefore, Theorem 1 proves the existence of a
scheme to communicate f(-) at rate O(2). This problem
is in fact the many-to-one maximum throughput problem,
considered in [8]. An application of Theorem 1 thus gives
a more general result than proved in [8].

2) Computing the frequency histogram of the sensor
measurements: Theorem 1 can also be applied to the prob-
lem of computing the frequency histogram, or type-vector,
of the sensor readings. The type-vector 7(x) of the vector
z € X" is defined as 7(z) = [11(2),2(z),...,7x(2)],
where 7;(z) := [{j : ; = ¢}/, the number of occurrences
of i in z.

It can be verified that 7(-) is a divisible function. The
number of type-vectors of a vector of length n where



each component has alphabet size |X|, is the number
of nonnegative integer solutions to the equation y; +

Y2 + ... + yx = n, which is given by (”Hﬂ;l) [9].

Thus |R(7)| = (”Hﬁ;l) Simple combinatorial arguments

(see [3], Chapter 12) can be used to prove that (‘7"‘)‘)“)| <
("?;‘Lf_lzl) < (n+1)I¥1. Tt follows that the maximum rate of
computing 7(-) is G(IOén), if d(G™) = O(logn). Lemma 1
shows that the range r(n) can be chosen so that the latter
is true in a random planar network with high probability
as the network size grows. Thus, we have the following
result.

Theorem 2: In a random planar network, under the
choice of r(n) given by Lemma 1, the maximum
rate Rs,?gl for computing the type-vector 7(-), satisfies
limy, o0 Pr{Riae = O(5k:)) = 1.

3) Symmetric functions: Consider the class of symmet-
ric functions, or functions which are invariant with respect
to permutations of their arguments, i.e.,

f(x1,...wp) = f(o(z1,...7y)), for all permutations o.

Symmetric functions are the main class of functions of
interest in this paper. From an applications standpoint,
many natural functions of interest, including most statisti-
cal functions, belong to this class. Furthermore, symmetric
functions embody the data centric paradigm [10], where it
is the data generated by a sensor that is of primary im-
portance, rather than its identity. Note that a symmetric
function f(z) depends on z only through its type vector
7(z). For any type-vector T € Zf(l, where Z, denotes
the set of non-negative integers, let f'(7) denote the value
of f(z) for any z with 7(z) = 7. This is convenient for
studying symmetric functions with different numbers of
arguments, and also allows us to cleanly state scaling laws.

As a consequence of their dependence only on the type-
vector, it follows that the maximum rate of computing
the type-vector at the sink node is a lower bound on
the maximum rate for any symmetric function. Thus,
for any symmetric function, R, = Q(@) with high
probability in random planar networks.

IV. COMMUNICATING SYMMETRIC FUNCTIONS

An obvious strategy to compute any symmetric function
is to simply communicate the entire type or frequency-
histogram. Is it possible to do better? This is the focus of
the rest of the paper.

It may be expected that the answer to the above ques-
tion is different for different functions within the class of
symmetric functions. Below, we define two disjoint sub-
classes of symmetric functions. It turns out the order of the
maximum rate can be characterized uniformly over each
subclass, in both collocated and random planar networks.
This is not a complete characterization of the rates for all
symmetric functions, since there are symmetric functions
that belong to neither subclass. However, most statistical
functions of interest do fall within these subclasses.
Type-sensitive functions. A symmetric function f(-)
is said to be type-sensitive if there exists some ~ with

0 < 7 < 1, and an integer 7, such that for n > n,
and any j < n — [yn], given any subset {z1,z2,...,z;},
there are two subsets of values {y;+1,y;+2,...,Yn} and

{%j+1,%j+2, ..., 2n}, such that

f(fEl, .

Note that if the above is true for j = n — [yn], it is
automatically true for all lower values of j.
Type-threshold functions. A symmetric function f(-)
is said to be type-threshold if there exists a non-negative
|X'|-vector @, called the threshold vector, such that f(z) =
f'(z(z)) = f'(min(z(z),d)), for all x € X", with min
signifying element-wise minimum.

Intuitively, the value of a type-sensitive function cannot
be determined if a large enough fraction of the argu-
ments are unknown, whereas the value of a type-threshold
function can be determined by a fixed number of known
arguments. It is easy to see that the two subclasses are
disjoint: Suppose f(-) is a type-threshold function. As
n — oo the fraction Z;'Lei — 0, and yet ), 0; input
values can fix the value of f(-). Therefore, a type-threshold
function cannot be a type-sensitive function.

Examples. Important examples of symmetric functions
fall within these two subclasses.

1) The mode of z (i.e., the value which occurs the most
frequently) is a type-sensitive function. If more than half
the x;’s are unknown, the mode is undetermined.

2) The mean of z computed to within a finite precision is
a type-sensitive function. So are the median and standard
deviation. (The mean to exact precision is also a type-
sensitive function; in fact it is a divisible function.)
3)The maz function, i.e., the maximum among the x;’s,
is a type-threshold function, with a threshold vector
[1,1,...,1]. The min function and the range function
(max; x; —min; ;) are as well.

4) The k" largest value among the x;’s is a type-threshold
function, again with a threshold vector [1,1,...,1].

5) The mean of the k largest values is a type-threshold
function, with threshold vector [k, k, ..., k].

6) The indicator function I{z; = k,for some i}
is a type-threshold function with threshold vector
[0,0,...,0,1,0...0] (a 1 in the k** position).

7) There are however symmetric functions which are nei-
ther type-sensitive nor type-threshold. Let |X| = 2 and
consider the function f(z) which is equal to 1 if the number
of 1’s in z is no smaller than [y/n], and 0 otherwise. This
is not a type-threshold function, since knowing a constant
(i.e., independent of n) number of values cannot determine
the value of the function. On the other hand, there is no
¢ < 1 such that en > n — [y/n] for arbitrarily large n, so
f(+) is not type-sensitive either.

.,LCj7Zj+1,...Zn) # f(xl,...,x]—,yjﬂ,...yn).

A. Collision free strategies in collocated networks

Theorem 1 is essentially useful for functions with large
ranges, for which the bottleneck condition in (1) provides
a good upper bound. However, when the cardinality of
the range is small, which is true of many type-sensitive



as well as type-threshold symmetric functions, this simple
bound is usually not good enough. More sophisticated
arguments are then necessary to bound the performance of
any scheme. In order to do this, it is first necessary to more
precisely characterize the class of allowable strategies,
which was not required for the previous results. This is a
complicated issue, due to the degrees of freedom inherent
in multi-hop communication, coupled with the complexity
of distributed computation of a function.

We begin by focusing on collocated networks, for which
characterizing the class of strategies is easier than in other
multi-hop scenarios. Without loss of generality, suppose
that time is slotted, and that one bit is transmitted in
each slot.

Collision free strategies: A collision free strategy (CFS)
SNn to communicate f(X),X € &A™V (recalling the
notation from Section IT) with block-length N and time
T(Sn,n), consists of the following:

1) A set of functions ¢, : {0,1}™"t — {1,2,...,n},
2 <m < T(Syn), and ¢1 € {1,2,...,n}. The function
¢m(-) picks the node to transmit at time m.

2) A set of functions 1, : XN x {0,1}~! — {0,1},
1 < m < T(Sy.n). The m! transmission Z,, is (re-
cursively) defined as follows: Z; := (X, ), Zm =
Vm (X, Zie1,...,21), for 1 < m < T(Sn,,), where
i= ¢m(Zm717 Zm72a LR Zl)

3) A decoding function ¢ : {0, 1}7(S~n) — YN such that
f(X)=E&(Z1,2a,...,27(Snn))-

The functions ¢y, (-) and ¥,,(-) (which can be thought
of as the analog of a codebook [3]) are known to all nodes
a-priori. The maximum rate is given by

N

R

mag = liIMsup  sup

N—oo Sny,n€CFS T(SN,n)

We point out some characteristics of the class defined
above. The node designated to transmit at time m is
fixed by the value of ¢, (Zim—1, Zm—2,---,Z1), which can
be computed by all the nodes. The medium access prob-
lem is thus resolved in a distributed but collision-free
fashion. However, the transmission itself can depend only
on what the sensor itself “knows,” which knowledge is
comprised by its own data vector as well as all the previous
transmissions. Another consequence is that the identity
of the transmitting node is automatically known to all.
Therefore, addressing is not an issue.

Is this notion of strategy general enough? The strategies
described above are required to explicitly avoid collisions.
However, allowing a more general class of strategies where
more than one node can decide to transmit in a particular
slot may create packet collisions. Then, one would have to
consider two possibilities in modeling: Either a collision is
allowed to convey information, or it is not. By the latter
is meant that the individual node and sink node decisions
(i.e., the functions h(-) and ¢(-)) can only depend on suc-
cessful transmissions. In that case, a collision would simply
be seen as pure noise and would provide no information.
The only way to prevent collisions for all input vectors
is by fixing a unique node to transmit (via the function

f). We confine ourselves to this mode of operation for
the following reason. Given that the basic model is that
of a “packet capture” model of communication, it makes
sense to allow only successfully decoded packets to convey
information, since in reality packet losses could be caused
by factors other than collisions. One could regard collided
packets as noise corrupted packets heard by all receivers,
thus providing no information on whether a transmission,
or multiple transmissions, or no transmission, took place.

B. Type-sensitive functions in collocated networks

The following result shows that the maximum rate
for computing a type-sensitive function in a collocated
network is of the same order as communicating the entire
data. In other words, type-sensitive functions are maxi-
mally difficult to compute, up to order, in the class of all
functions.

Theorem 3: The maximum rate for computing a type-
sensitive function in a collocated network, using any CFS,
is ©(1).

Proof. For brevity, we provide the proof for |X| = 2. It can
be extended to the non-binary case as well, but the proof
is somewhat cumbersome.

The strategy of all nodes communicating all their read-
ings in round-robin fashion to the sink node has rate %
Thus, we only need to establish the upper bound O(%)

Given a strategy Sy, we specify for each node 7 an
“uncertainty” subset U; C XV, such that any measurement
matrix X with each X; € U; produces the same T(Sx )
transmissions. This defines a subset of all measurement
matrices U = {z € X" : z, € U;,1 < i < n}. Now, if
two such measurement matrices in ¢ have different values
under f(-), clearly the strategy S, cannot work.

We specify each U; by defining a sequence of subsets UF,
each one containing the next, with U; being the final set
of the sequence.

Let i1 = ¢1 be the first node picked to transmit. Pick
as Uil1 the larger of the two subsets of X, mapped to 1
and 0 respectively by 11(-) . Let z; be the corresponding
(1 or 0) transmission. Then let is = ¢2(2z1), and repeat
as before. At the m!" step , iy = G (Zm_1,2Zm—2,---,21)-
Let k1,ko,...,k, be the number of transmissions made
by nodes 1,2,...,n respectively (>, k; = m — 1). Then,
Ui]jflm“ is chosen as the larger of the two subsets of Uﬁi’”
mapping to 0 and 1, via the function ¥, (-, 2m-1,- -
and zy,, is the corresponding transmission. After T(Sn )
transmissions, let Uy, Us, ..., U, be the “uncertainty” sub-
sets corresponding to nodes 1,2,...,n respectively. The
implication is that for any set of X,’s with X, € U; for
each i, [Zl, ZQ, . .lZT(San)] = [21, 22y eeny ZT(SN,n,)]'

Therefore, all X € U; x Uy x ... x U, produce the
same sequence of transmissions under Sy ,,. Furthermore,
since each |UF| > @, and |U?] = 2N, U| =TI, |Ui| >
2Nn7T(SN,n).

<3 21)s

We now lower-bound the number of elements in U.
Call an entry index (i,7) undetermined if there are two
vectors in U; with 5 entries equal to 0 and 1, respectively.



Conversely, call index (i, 7) determined if all vectors in Uj;
have the same j** entry. Now, the definition of a type-
sensitive function restricts the number of undetermined
entry indices per column to be no more than |yn], where
0 < v < 11is the fraction corresponding to f (see the above
definition of type-sensitive functions). To see this, suppose
that it is not true, and there are at least [yn] undeter-
mined entry indices in the j** column. Then, the number
k of determined indices is no greater than n — [yn]. Let
the corresponding measurements (consisting of the value
of the fixed entries in the corresponding k uncertainty
subsets) be x1,%,...,25. Then, by definition of type-

sensitive functions there are sequences {yi,Yr+1,---,Yn}
and {wk, Wgt1, ... wy,} such that

f@1, e @ Wty wn) # f(T150 T Yty - - Yn)-
Furthermore, by the definition of undetermined entry in-
dices, there exist vectors YWy € Ui,y g W € Us,..., and
y w, € Uy, such that the set of jth indices of {y, :
i < n} is the same as the set {z1,... Ik7yk+1,...7yn},

and that of {w, : 1 < i < n} is the same as the
set {x1,..., Tk, Wkt1, ..., W, }. The measurement matrices
composed of each of these sets of vectors as rows will
produce the same sequence of transmissions, which will
lead to an error, since the j** function value is not the
same in the two matrices.

The above argument shows that for a correct strategy,
there cannot be more than |yn| undetermined entry in-
dices in any column. Thus, there cannot be more than
N|vyn] undetermined entry indices over all the columns.
Consequently, the maximum possible number of matrices
in ¢ is 217"} Combining the above two arguments,

Nn —T(Snyn) < N|yn)).

Thus, T(Snn,) > (1 — ’Y)Nn
limsupy_, o SUPsy ., T(a]SVN n S 5n w

and  so, Rgg)m

C. Type-threshold functions in collocated networks

Now we turn to the class of type-threshold functions.
We say a symmetric function f(-) is non-constant, if for
any n, there exist z,y € X" such that f(z) # f(y).

Lemma 2: Let f(.) be a non-constant type-threshold
function with threshold vector . Then, there exists a non-
negative type-vector n = [11,72,...,7Mx|] such that
1) n; < 0; for all i, with equality at some i*.

2) For some j* # i*,

f/(7717~--777j*a-~-a77|2(\) 7éf/(771a-~-’77j* +17777|X|)
3) For all k£ > n;- +1,
fl(nla"wka"wn\)('\) :f/(n17"'777j* +1aa77\X\)

Proof. Take n > Y.I*1 9, Note that for any z € ™,
there is at least one entry ¢ at which 7;(z) > 6;. Since
f(-) is non-constant, there exist z,y € X™ such that
F(min(r(2),0)) = f(z) £ f(g) = f (min(r(y),)). Con-
struct a sequence of type-vectors starting from 1(1) =7(x)
and ending at 7U) with min(9, 7)) = min(,7(y)), as

follows. Pick an entry of 7(z), say 4, at which 7;(z) # 7:(y),
and either 7;(z) < 0; or 7;(y) < 6;. If no such entry
exists then f(z) = f(y) by definition of a type-threshold
function, which contradicts our assumption. Without loss
of generality assume 7;(z) < 7;(y). Pick another entry j
at which 7;(z) > 6;. Let 7 be the type-vector obtained
from 7(!) by increasing Ti(l
one. The entries of 7 add up to n, and the Hamming
distance between min(g, 7(®)) and min(6,7(y)) is one less
than that between min (0, 7(z)) and min(0,7(y)). Repeat
this step until the Hamming distance reaches zero.

Since f'(r)) = f'(r(y)), f'(-) must change value at
some point in the sequence say i. Let v = min(g,7").
Clearly, for some ¢* > 0;+, and so v;+ = 6;«. Also, for
some j* # i*,

f/(lll,...,VJ .,I/‘X‘) 7£ f’(Vl,...,I/j* +1,...,I/‘X‘).

Let k be the largest nonnegative number such that
f'(v+kej) # f'(v+ (k+ 1)e;-), where ej« is the vector
with j*th entry 1 and all other entries 0. Clearly, 0 < k <
0« —vj« — 1. Thus, n = v + ke;« is the vector we seek. B

The following result sharply characterizes the maximum
rate for computing type-threshold functions.

Theorem 4: The maximum rate for computing a non-
constant type-threshold function in a collocated network,
using any CFS, is @(ﬁ)

Proof: We first prove the result for the case |X| = 2 and
for the max function f(z1,xe,...,x,) = max{z;:1<i <

We first prove the achievability, by providing a sequence
of CFS’s Sy(n41) " forl =1,2,3..., asymptotically achiev-
ing the rate Q(k ogn):

Take block-length N = I(n + 1). Let the number of 1’s
in vector X; be N;. Further, define S; := {1 < j < N :
Xi(5) = 1, Xx(4) = 0 for all k < i} and N; := |S;], for
each 1 < i < n. Observe that N; < N;. The N;’s count the
number of 1’s in the ith vector, in positions that are all 0’s
in the previous k < ¢ vectors. In a sense, these are the only
“new” 1’s as far as the max function is concerned. The S;’s
are disjoint, and (J; S; = {j : f(X1(4), X2()), ..., Xn(j) =
1}. Also, >, N; < N. Therefore, communlcatlng the sets
51,852, ...,5, to the sink node suffices to reconstruct the
function.

The strategy Sy,, consists of n stages, within each
of which a single node transmits. In the i'" stage, it
will be ensured that S; for j < 4 is made known to
all nodes. The it" node can therefore compute N;, and
communicate its value in log N slots. Now S; is one of
(N_Z]éf"Nj) possibilities. Also, at this stage, N; as well
as the previous S;’s are known to all nodes. Therefore,
node ¢ can communicate the identity of the set S; in
log (Nfzj\_;fiNj) slots. Decoding by the sink node, and
knowing when to begin transmitting by node i + 1, are
taken care of by knowledge of N;. The total number of
slots required by this scheme is

N
T(Snn) = nlogN—i—Zlog <

by one and decreasing 7'; ) by

Ry

i



We bound the RHS of (3) as follows. First observe
that Hi((Nsz_;'?iNj)) is the multinomial coefficient
(Nl,Nz, N, N,) zwhere N/ =N-— Z”Z\_f The multinomial
coefficient is maximum when all the N;’s and N’ are equal
to N/(n+1) =1 (see [9]) . Thus,

N < N
N17N27”.’Nn’NI B nLHMzLHvuwnlJrl

- 11 ((n—é+ 1)1) g (l(n;rl)>”+1_

((Z(TL;— 1)))n+1 < (l(’fl —|l— l)e)l(n+1) — ((n + l)e)l(nJrl).

Thus, T(S™) < nlogl(n+ 1) +1(n+ 1)log (n + 1)e.
For n large enough so that n? > e(n + 1),

N
nggw =limsup sup o
N—oo SnnecFs T(Snn)
1 1
> limsup ln+1) >

T(S(nt1),n)) — 2logn’

l—o0

Converse: We will show that within a certain large enough
set of measurement matrices, every matrix maps maps
uniquely to a set of transmissions. Take block length N >
2n. Let Z be the set of measurement matrices 7 € XN"
which satisfy the following properties:

1) Each row z, has exactly k = |[N/(2n)] 1’s

2) For any two sequences z; and z;, the sets of entries with
value 1 are disjoint.

A simple counting argument, omitted here due to lack
of space, on the number of choices of matrices satisfying
(1) and (2) above, shows that 2| =[], <, (N @ Nl)Jb"J)

Fix a strategy Sy, of duration T'(Sn.,). sz claim
that for any sequence 21, 22, ..., 27(sy.,,) of transmissions
produced by applying the strategy Sy », there is a unique
Z € E that produces it.

Suppose not. Then let & = [z;,2y,...,2,]" and § =
ly Y- ,gn]t be two distinct measurement matrices pro-
ducing this sequence of transmissions. There is some ¢ such
that ; # y.. We will show that the measurement matrix
w = [yl, oY LYY ]t will produce the same
sequence of transmissions 21, 22, ..., 27(sy.,)- It Will then
follow that there must be an error in the strategy. To see
this, note that Y, # x;, and at the same time both have
the same number of 1’s. So Y, has a 1 in some entry, say
the j*", in which z; is 0. Furthermore since y € =, none of
the other Y, s have a 1 in the same entry. Thus f(y7) =1
and f(w’ = 1 but yet Sy, produces the same sequence
of transmissions for both, an error.

To show this, consider Sy ,, applied to w. First observe
that not only do T and y produce the same sequence of
transmissions, but also each transmission is by the same
node in each case. This follows from the definition of a
CFS; the identity of the node to transmit in a given slot

is determined only by the transmissions in the previous
slots.

Suppose the sequence produced by Sy, applied to w
is 21, 2h, ..., Z;F(SN,")' Let z; be the first transmission by
node i, when Sy, is applied to y. Then, z; = z; for
j < k. This is because all the rows of @ and § except for
the i*" are identical, and so the transmissions produced
by the corresponding nodes will also be the same. Hence,
i (in the application of Sy, to @) will be scheduled to
transmit for the first time in slot k. Now, given that the
first £ —1 transmissions are z; to zx_1, Sy, dictates that
node i will be scheduled to transmit in slot k. Moreover,
observe that the same sequence of transmissions is also
produced for Z, in which the vector corresponding to node
i is z;. Thus what node i transmits in the k' slot is
the same whether its vector is z; or y,, conditioned on
21,22,...,2k—1 being the previous (k — 1) transmissions.
Thus, z;, = z;. Repeating this argument, we can conclude
that 2} = 2; for all j < T(Sn.n)-

Thus, each Z € Z produces a distinct sequence of
transmissions z1, 22,...,27(sy.,,)- We then have

— (i — N
QT(SN,n) > |E| _ H (N (LNJl)LQnJ> (4)

1<i<n 2n

Using the inequalities () > () and (}) > (2:%)F, for
n>m,

n \.m]”
RHS of (4) > (Livﬂ/ij> > <W> :
2n

Taking logs,
T(Snw) > L%Jnlog (—(bﬂNJL%)>

N 2n
> (% — 1)nlog(n — v 1).

Consequently for n large enough so that n — 1 > /n,

4

R —.
logn

o = lIM SUp sup

N—oo Sn,n

_N
T(SN,n) -

Now, we extend the above proof to the general case
where |X| > 2, and f(:) is an arbitrary type-threshold
function. Let § be the threshold vector of f(-) .
Achievability: We construct a CFS composed of |X|
phases. The kth phase consists of a sub-strategy similar
to the one constructed for the binary case, with the
objective of communicating the function fi(X) to the sink
node, where fy(z) := min(ri(z),0) (fx() is the number
of occurrences of k in the vector z upto the threshold
01). At the end of |X| phases, the sink node will know
min(z(&i),ﬁ) for 1 <14 < N, and by definition of a type-
threshold function, it will know f(X"), for each 1 <i < N.

Define a set of |X| binary valued n x N matrices
YL Y2 ..., YI* where Y* is given by ViE = Iix, =k}
Each node ¢ knows X{ for each 1 < j < |X|, since these
vectors depend only on X,.



The k" phase is as follows. As in the binary case, define
foreach 1 <i<n,

Si={1<j<N:Yr=1|{i<i:Y}=1} <0},

and N; := |S;|. It follows from the above that knowledge
of all the S;’s determines the value of f;(X), and also that
Zi N; < 6;N. This is essentially the aﬂy difference from
the binary max case; there, a single 1 in a column of X
fixed the value of the function, whereas here the function
value is insensitive to a larger number of occurrences of
the value [ over 6;. The rest of the proof parallels the proof
for the binary max function. Sensor ¢ knows S;, because
it knows all the S; for j < 4. Sensor ¢ communicates .S;
using (log N + log (1]\\,[7)) bits. The bounds on total time
are the same as in the binary case, with N being replaced
by 6;N. The total number of transmissions made in this
scheme is obtained by summing over the |X| phases. Thus,
for large enough n and N, T(Sn,n) < (3, ki)3N log n, and
the desired result follows by taking N — oo.

Converse: Recall that Lemma 2 shows the existence of
a vector n with n; < 6; for each i, such that for some

i*,5* and function values fi # fo, = = 6=, where
fl = f/(7717--~777j*7~-->77|X|), and f2 = f/(nh"'anj* +
m,...,nx) for all m > 1. Denote a := j*, and b :=i*.

We define a subset = C XN as follows. For each Z € Z,
the first n; rows are all [1,1,...,1], followed by 12 rows
all [2,2,2,...,2], ..., g rows all [|X],|X],[X],...,|X]],
and all the remaining matrix elements are either a’s or
b’s. Suppose that the measurement matrix of the sensor
network is restricted to be an arbitrary element of =. In
other words, Y, 7; < ), 0; sensors have fixed constant
measurement block vectors, while the remaining sensors
have binary valued (a or b) measurement vectors. By the
property of 1 and type-threshold functions,

fat) = {f2

fi ifxzyy=aforall Y, n <j<n,

if ;; = b for some >, ni < j < n,

For each 1 < ¢ < N, and any Z € Z. Thus, f(-) on
the restricted set = is equivalent to the max function
on a network of size n — ZLX‘ 1;, with binary valued

measurements. Applying the bound derived in the binary

case with n large enough so that n — ZLX‘ >/,
N 8
R™ = limsup sup ——— < . i
mar N—oo Sn.n T(SN,TL) logn

It can be proven that strategies with block-length 1
however have a maximum achievable rate of only ©(1),
showing the significant benefit realizable by block com-
putation. We omit this result due to lack of space. The
key idea is simply that prior transmissions give no infor-
mation about the measurements of nodes that have not
transmitted. In the max function, for instance, if the first
n—1 transmissions are by nodes carrying zeros, the value of
the function is still undetermined. Thus, coding over long
blocks in this case does give an exponential improvement
over coding with block-length 1.

D. Type-sensitive and type-threshold functions over ran-
dom planar networks

The results for collocated networks can be extended to
random planar networks under the protocol model. How-
ever, the class of allowable strategies needs to be suitably
modified. CFS’s are not feasible since node transmissions
are not heard by all. As mentioned earlier, defining a class
of allowable strategies in such a network is difficult. Rather
than delving further into the construction of such a class,
we upper-bound the achievable rate using the following
argument: Assume that each transmission made by a node
to a neighbor is instantly relayed by a “genie” to all nodes
in the network. Such a system can perform at least as well
as a network without a genie. The presence of the genie
allows the performance in the random planar network to
be bounded through the identification of an embedded
collocated network of size logn.

Theorem 5: Consider a random planar network, with
common range 7(n) chosen to be large enough so that the
network is connected. Let f(-) and g(-) be type-sensitive
and type-threshold functions, respectively.

(i) There exist constants kg > k1 > 0, such that

. n J L ifj<k
HILH;O PriR() > logn] - {O if j > ko

(ii) There exist constants k4 > ks > 0, such that

lim Prir@m > —J -]t Hisks
n—0o0 loglogn 0 ifj>ky

Proof. (i) Achievability directly follows from Theorem 2,
since symmetric functions depend only on type.
Upper bound: In the proof of Theorem 3, it is shown
that the number of transmissions required to communicate
f(X), where every transmission is heard by all, which is
the case here due to the presence of the genie, is at least
kNn. The same statement is true of the random planar
network with a genie. In a collocated network, the total
number of transmissions is the same as the total number
of time slots required, which however is not the case here.

Consider a tessellation of the square into smaller squares
of area A(n) = %. Then, the number of such squares
is ﬁ. The total number of transmissions required is at
least kNn. By the pigeonhole principle, at least one square
must make kNnA(n) transmissions. As pointed out in
[1] Section 5.2, no two nodes within a distance of Ar(n)
of each other can simultaneously transmit and be heard
by any other node. Therefore, no two nodes in a single
square can transmit simultaneously. Also, to guarantee
connectivity (see [6]), 7(n) must be asymptotically larger

than . Thus, as n — oo, the total time required is
lower bounded by kNnA(n) > (k/2)A2N logn. The result
follows by observing that the maximum rate without a
genie cannot be more than the maximum rate with a genie.
(ii) We prove the result only for the max function with
binary valued inputs. The extension to the general case
parallels the proof in Theorem 4. Tessellate the square
as described above in (i). Pick a square with at least

logn



Collocated net- | Random planar
works networks
All data o) o)
Histogram/type | ©(1) o( 10; w)
Type-sensitive o) @(@)
Type-threshold | ©( 10; —~) @(m)

Fig. 3. Summary of results: Rates for different classes and networks.

n’ = nA(n) nodes. Now, for all other nodes in the network,
set the corresponding vectors to consist of all 0’s. Thus the
max function is determined by the data vectors of nodes
in the square. By Theorem 4, the number of transmissions
required is greater than % logn’. Only one node can
transmit at a time. Thus, for large n the achievable rate is
upper bounded by lolg — 2 for an appropriately
defined k'

The achievability of this rate can be proved by combin-
ing the ideas of the achievable schemes in Theorems 1 and
4. We provide only a brief description. Tesselate the unit
square into square cells of area ——. Lemma 1 guarantees

logn*
that all cells have O(logn) nodes. Also, if r(n) = 210%,

the network is connected with high probability as n — oo,
and each cell is in effect a collocated subnetwork, with
each node within range of every other node within the
cell. Designate one relay per cell, and construct a schedule
in which each cell has a constant fraction of all time slots
in which to transmit (the existence of such a schedule is
guaranteed by Theorem 1). Each cell can then be treated
as a collocated network of size O(logn), with the relay
functioning as the sink node. The max function of the
entire network is the maximum of the individual max
functions in all the cells. The latter can be communicated
to the relays in O(N loglogn) time. The maximum of the
cellular max functions can then be pipelined along the
cells, just as in the scheme described in Theorem 1, taking
O(N) time per block. Note that the pipelining here would
involve sending the max of the previous N-length block,
while cellular max functions of the current N-length block
are being computed in the first phase described above. The
result follows. W

1
loglogn?’

V. CONCLUSIONS AND FUTURE WORK

We have studied the problem of determining the max-
imum rate of computing and communicating functions
of measurements taken by nodes in a sensor network to
a designated sink node. We have focused on symmetric
functions, since they are a natural class of functions of
interest in homogeneous sensor networks. A summary of
the results is given in Table 3.

There are a number of directions for future work. First,
the results proved in the last section are for networks in
which the number of simultaneous transmissions is the
limiting constraint. There are other spatial configurations,
such as grid and line, in which a constant throughput

10

to the nearest neighbors is possible, but the constraining
factor is that computation of the function required may
still require certain data to be relayed.

Second, we have not considered non-symmetric func-
tions, and neither do we obtain lower bounds on achievable
rate for all possible symmetric functions. Another natural
extension is to introduce joint distributions on the sensor
readings, and determine bounds on the average rate of
computation of functions. We believe that this is a fairly
challenging problem. Finally, an information theoretic ap-
proach to the problem is wide open.
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