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1 Introduction

The relay channel was introduced by van der Meulen [1], [2]. The simplest case, shown in
Figure 1, is the three node scenario where Node 1 functions purely as a relay to help the
information transmission from Node 0 to Node 2. An immediate application of this framework,
for instance, is in wireless communications, where a node is placed between the source node and
the destination node, in order to shorten the distance of a hop, which has implications in terms
of the amount of traffic carried, interference, power consumption, etc. In [1] a special discrete
memoryless relay channel is even constructed for which no reliable information transmission is

possible without the help of the relay node.
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Figure 1: The one relay channel.

The simplest discrete memoryless one relay channel is depicted in Figure 1, where Nodes 0,
1, and 2 are the source, the relay, and the destination, respectively. This channel can be denoted
by (Xo x X1, p(y1, y2|Te, 1), Y1 X Vs), where Xy, A are the transmitter alphabets of Nodes 0
and 1 respectively, ), and ), are the receiver alphabets of Nodes 1 and 2 respectively, and a
collection of probability distributions p(-, -|zg, x1) on Vi X Vs, one for each (xg,z1) € Xy x A}.
The interpretation is that z is the input to the channel from the source Node 0, s is the
output of the channel to the destination Node 2, and y; is the output received by the relay
Node 1. After processing y;, the relay Node 1 sends the input x; chosen as a function of its

past parameters,
xl(t) :ft(yl(t_1)7y1<t_2)7)7 for every t, (1)

where f;(+) can be any causal function. Note that a one-step time delay is assumed in (1) to
account for the signal processing time by the relay.

For the one relay channel described above, to date, the highest achievable rates proved are



still those obtained in [3], where one most remarkable conclusion is that the following rate is

achievable:

R < max mln{[(Xo,Ylle), I(Xo,Xh}/Q)} (2)

p(T0,21)

It is worth noting that the coding scheme to achieve the above rate is not simply multi-hop. At
first, information goes from the source to the relay, and then from the relay to the destination.
However, the destination needs to take into account both the inputs by the source and the relay
in order to achieve (2). One can imagine that in the wireless relay channel example mentioned
earlier, the destination node can make use of the signal coming directly from the source node,
even though it may be relatively weaker than that from the relay node due perhaps to its
greater distance from the source.

Moreover, [3] also proved that if Xy — (X1,Y;) — Y3 forms a Markov chain, i.e.,

p(y2|y1,$0,$1) = p(y2|y1,$1), (3)

then the right hand side of (2) is the capacity of this physically degraded relay channel. However,
the capacity for the general non-degraded case is still unknown. A recent study [4] of the so-
called Gaussian parallel relay channel showed an interesting result: The asymptotically optimal
coding scheme dramatically depends on the relative locations of the nodes, or equivalently, on
the relative amplitudes of their signal-to-noise ratios (SNRs). To some extent, this result
excludes the possibility of the existence of a unifying optimal coding scheme.

Up to now, at least three coding schemes have been developed that are capable of achieving
(2). (The most recent survey on relay channels can be found in [5]). The original coding scheme
designed in [3] uses several complex techniques: block Markov superposition encoding, random
partitioning (binning) and successive decoding. This scheme even uses codebooks of different
sizes. Later on, a much simpler coding scheme was developed by Carleial [6] in the study
of multi-access channel with generalized feedback (MAC-GF), which includes the one relay
channel as a special case. This new scheme still uses block Markov superposition encoding,
but avoids random partitioning, and all codebooks are of the same size. The key new idea lies
in the decoding: Unlike the sequential manner in [3], it is a simultaneous typicality check of
two consecutive blocks. But the paper [6] itself did not point out that this was a new scheme

for achieving (2). The third scheme achieving (2) is the backward decoding introduced in [7].
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When MAC-GF is concerned, the backward decoding is more powerful in achieving higher rates
than Carleial’s scheme as was shown in [8]. But for relay channels, they achieve the same rates.
Moreover, since the backward decoding starts the decoding process only after all the blocks
have been received, it incurs a substantial decoding delay.’

Actually, in wireless networks there can be more than one relay node. For instance, the
Gaussian parallel relay channel considered in [4] consists of two relay nodes. The general
framework would be that there are multiple levels of relays and each level consists of one or
more nodes. This general multiple level relay channel was studied in [9], where the coding
scheme of [3] was extended, and an achievable rate formula in a recursive constraint form
was proved. The same coding scheme was applied to a special physically degraded Gaussian
multiple relay channel in [10], where a specific formula was obtained and was shown to achieve
the capacity for that channel.

In [11], we proposed a new coding scheme for the Gaussian multiple level relay channel
and obtained a new achievable rate formula. Although it coincides with [3] in giving the same
achievable rate formula for the one relay case, it is easier to extend to the multiple level relay
case and generally achieves higher rates than those proved in [9]. It was discovered later that
this scheme is similar to Carleial’s scheme. In the decoding, they both employ simultaneous
typicality check of multiple blocks. But the encoding part of our scheme in [11] is substantially
simpler due to the special character of the Gaussian framework.

In the current paper, we present the corresponding results for the discrete memoryless
case. Without the additive property of Gaussian channels, the scheme we develop here is more
complex and is essentially an extension of Carleial’s scheme to a multi-stage format. The new
achievable rate formula proved is neat (see (9)) and seems a natural extension of (2) to the
multiple relay case. Also, it is generally higher than that proved in [9].

The advantages of the new coding scheme of [11] for the multiple level relay channels have
also been recognized by [12], where the corresponding achievable rate formula for the discrete
memoryless case is also stated. The paper [12] also goes on to obtain the capacity of some relay

channels under fading, which is the first significant capacity result for such channels, and one

"'We are grateful to G. Kramer for keeping us abreast of a thorough historical search on coding schemes for

relay channels, leading to the above categorization of three coding schemes including Carleial’s.



which may possibly constitute a breakthrough in the field.

The coding scheme for the discrete memoryless case presented in this paper follows in a
similar style to that of the Gaussian case presented in [11], although it is more complex in the
construction of codebooks as noted above. Actually, as is well known ([13, Chapter 7]), we
can always use the coding scheme presented here for the Gaussian case. But due to the special
character of the Gaussian framework, a simpler coding scheme could be chosen as done in [11].
For example, for a Gaussian channel with M — 1 relays, we only need generate M? random

2T % T for codebooks as shown in [11]; But here for the discrete memoryless

matrices of size
case, M Zi]‘ial(ZTR)i random matrices of the same size are needed.

Another feature in our coding scheme worth emphasizing is that for the (M — 1) level relay
channel, the codebooks of any M consecutive blocks should be independent of each other, so
that in the decoding process when the simultaneous typicality check of M consecutive blocks
is carried out, the decoding errors arising from different blocks are independent of each other.
The necessity for this independence can be better understood with the following observation.
Consider the following two additive white Gaussian noise (AWGN) channels with the same
capacity C' = 1log(1+ P/N):

Yi=X1+ %,
Yo = Xo + 2y,

where inputs X; and X, are of the same power constraint P, and noise Z; and Z, are of the
same variance N. The efficient usage of these two channels together is to let them transmit
independently and then combine the rates afterward. In this way we can achieve any rate up
to 2C' = log(1 + P/N). But if we use the same codebook for them and set X; = Xy, the best
we can achieve is only up to 3 log(1 +2P/N) < 2C.

In this paper, we focus our discussion on discrete memoryless channels. Besides proving a
new achievable rate formula, we also discuss relay systems with feedback and degraded ver-
sions of these systems. Some corresponding results for the Gaussian case have been proved in

Theorems 3.11-3.12 in [11], which include the formula in [10] as a special case.



2 Models of multiple level relay channels

We begin with a definition of the discrete memoryless multiple level relay channel. Consider a
channel with M +1 nodes. Let the source node be denoted by 0, the destination node by M, and
let the other M — 1 nodes be denoted sequentially as 1,2,..., M —1 in arbitrary order. Assume
each Node i € {0,1,..., M — 1} sends x;(t) € &; at time ¢, and each Node k € {1,2,..., M}
receives yi(t) € Yy at time t, where the finite sets X; and )} are the corresponding input
and output alphabets for the corresponding nodes. The channel dynamics is described by the

following conditional probability mass function:

p<y1ay27"'7yM|I0)x17”'7xM—1)7 (4)

for all (xq,...,xn1) € Xo X - X Xy—1 and (y1,...,ynm) € Y1 X -+ X Vyy. Finally, we assume
a one-step time delay at every relay node to account for the signal processing time, so that for

allie{1,2,...,M —1},

zi(t) = fir(yi(t —1),5:(t = 2),...), forallt,

where f;; can be any causal function. Figure 2 depicts this scenario.
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Figure 2: The multiple level relay channel.

Remark 2.1 Note that for simplicity in the above channel formulation we have not allowed
any output yo from the channel to the source Node 0, or any input xp; to the channel from
the destination Node M. The involvement of yo and xp is equivalent to allowing feedback
in the channel since it allows the modeling of systems where all nodes can both hear as well
as transmit. Both these seemingly more general formulations are however actually covered by

our formulation where node 0 cannot hear, and node M cannot transmit. To see this, simply

6



consider a situation where node M — 1 serves as a surrogate for node M in that node M simply
hears ypr = (xpr—1, Yyamr—1)- Then nodes M — 1 and M have exactly the same information. Thus
M — 1 serves as a transmission-capable surrogate for node M, which is simply a dummy node.
In the same vein, suppose that node 1 is a surrogate for node 0 in that node 0 can transmit W
directly (or close to that through a high bandwidth link) which only node 1 can hear, but none
of the other nodes. Then node 1 serves as listening-capable surrogate for node 0, which is the
only outlet that node 0 has to the rest of the nodes, and node 0 simply becomes a dummy. Thus
the system with nodes {0,1,2,...,M — 2, M — 1, M} where node 0 cannot hear and node M
cannot transmit, is simply the same as the system with nodes {1,2,..., M —2 M — 1} , where
node 1 1is the source which is also hearing capable, and node M — 1 is the destination which is

transmaission capable.
The following definitions of codes and achievable rates are standard.

Definition 2.1 A (272 T \p) code for a discrete memoryless multiple level relay channel con-

sists of the following:
1. A random variable W with P(W = k) = 53, for every k € {1,2,...,27%}.

2. An encoding function Fy : {1,2,...,2T8} — XTI for the source Node 0, and relay func-
tions fiy 2 VIt — X, t = 2,...,T for all the relay Nodes i € {1,2,..., M — 1}, such
that

X := [x9(1),20(2), ..., wo(T)] = Fo(W), t=1.2....T; (5)
zi(t) = firlyi(t = 1), ..., 9:(1)), with z;(1) any element in AX;. (6)
3. A decoding function g : Vi, — {1,2,...,2TE} for the destination Node M.

4. The maximal probability of error:

Api=  max Prob{g(y,) # k|W = k}, (7)

ke{1,2,...,2TE}

where yy = [yar(1), ym(2), -y (1))



Definition 2.2 A rate R > 0 is said to be achievable if there exists a sequence of (277, T, \r)

codes such that the mazximal probability of error Ap tends to zero as T’ — oo.
We will also consider the degraded version of our channel:

Definition 2.3 A discrete memoryless multiple level relay channel is said to be degraded if

p(yk-i—la o 79M|yk7$07 ey Tp—1, Ly v v - 7xM—1) = p(yk-l—la o 7yM|yk7xk7 s 7$M—1)7

(8)
fork=1,...,M —1.

Equivalently, (8) means that (Xo, ..., Xz-1) = (Y, Xk, .-, Xar—1) = (Yet, - -, Yar) forms
a Markov chain for every k =1,..., M — 1. In the case of M = 2, (8) reduces to (3).

Remark 2.2 If node M can transmit, then we simply extend the conditioning on both sides of
(8) to include xp. We note then that a degraded system remains degraded under the embedding
procedure of Remark 2.1, and conversely. So our formulation allows the treatment of degraded

systems with feedback.

3 The main results

We state the main theorem of this paper:

Theorem 3.1 For the discrete memoryless multiple level relay channel defined above, the fol-

lowing rate is achievable:

R < max min [(X07'--anfl;Yk‘Xka--';XMfl)- (9)

p(x0,21,....xpr—1) 1<ESM

Remark 3.1 Generally, (9) achieves higher rates than the results given in [9]. To see this,
first consider the 2-level relay channel example (M=3) given in [9], which shows that a rate Ry

is achievable if there exist Ry, Ry and some p(xg, x1,x2) such that
Ry < I(Xo; Y1| X1, Xo);

and
Ry < I(Xq;Y3|X5),

Ry < I(Xo;Y2| X1, X2) + Ry;
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and

Ry < I(Xy;Y3),
Ri < I(X1; Ys|Xs) + Ro,
Ry < I(Xy; Y3| X1, Xo) + Ry
It is easy to check that this will reduce to (9) if and only if I(Xy; Y| Xs2) = I(Xy, Xo;Y3), which

generally does not hold. The same reasoning applies to the general case in Theorem 2.1 in [9].

For the degraded discrete memoryless multiple level relay channel, the following theorem

shows that the R.H.S. of (9) is actually the capacity:

Theorem 3.2 The capacity of the degraded discrete memoryless multiple level relay channel is

C = max min [<X07---anfl;Yk’Xka---yXM71>- (10)

p(x0,%1,.., xpr—1) 1<ESM

Remark 3.2 In the case of one relay, i.e., M=2, Theorem 3.2 reduces to Theorem 1 in [3].

To illustrate the case of feedback, we now turn to the more general setting where the
destination node M also has an input x,; € X to the channel. Then it follows immediately
from Theorem 3.1 that the following rate is achievable:

R < max max min I(Xq, ..., Xe—1; Y| Xk, oo, Xr—1, ). (11)

N €EXM p(x0,21,..xpr—1) 1SESM

However, we can achieve higher rates than the right hand side of(11) as stated in the following

theorem:

Theorem 3.3 For the discrete memoryless multiple level relay channel defined above with an
additional input xpr € Xy from the destination node M, the following rate is achievable:

R < max min [(Xoa---7Xk71;Yk‘Xk>-'-7XM)- (12)

(20,21, 20r) 1<ESM

Remark 3.3 Noting the embedding procedure of Remark 2.1, and the preservation of the de-
graded property under embedding as noted in Remark 2.2, it follows that (12) also achieves the

capacity for the degraded case where node M can also transmit, i.e., xpr also exists.



Next, we show that (12) generally achieves larger rates than (11). First, it is obvious that
(12) is at least as large as (11), since we can always choose Prob(Xy, = z)) = 1 for any
xpyr € Xyr. Second, the following example shows that the right hand side of (12) can indeed be
larger.

Ezample 1. Consider a simple channel with M =2, and Xy = X = A, = Y1 = Vo = {0, 1}.

The corresponding p(y1, y2|zo, €1, 22)’s are shown in Table 1:

(o w1,22)\ (1,3) | (0.0) | (0.1) | (10) | (L)
(0,0,0) 1 0 0 0
(0,1,0) 0 1 0 0
(1,0,0) 1 0 0 0
(1,1,0) 0 1 0 0
(0,0,1) 1 0 0 0
(0,1,1) 1 0 0 0
(1,0,1) 0 0 1 0
(1,1,1) 0 0 1 0

Table 1: The channel dynamics p(yi, ya|o, 1, x2) of the one relay channel in Example 1.

It is easy to check that Prob(Y; = Ojzy = 0) = 1 and Prob(Y; = Olzs = 1) = 1. Hence
I(Xo; Y1| Xy, 20 = 0) = 0 for every p(zg, x1), and I(Xo, X1; Ya|za = 1) = 0 for every p(zo, z1).
Therefore,

max max min{I(XO;Ylel,xQL I(XO,Xl;YQ|:1:2)} =0. (13)

z2€4{0,1} p(z0,z1)
Moreover, it is easy to check that Prob(Y; = Xy|ze = 1) = 1 and Prob(Y2 = Xj|ze = 0) = 1.

Hence
](X(), Yi|X1,X2) = ](X(), }/1|X1,$2 = O)PI'Ob(XQ = O) + I(X07 Y1|X1, To = ].)PI'Ob(XQ = 1)
= H(X0|X1,ZL‘2 = 1)PI‘Ob(X2 = ].),
I(Xo, X1: Y2 Xo) = I(Xo, X1; Yoz = 0)Prob(Xs = 0) + I(Xo, X1; Ya|za = 1)Prob(X, = 1)
= H(X;|xs = 0)Prob(X, = 0).
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Therefore,

max min {(Xo; Y1|X1, X2), [(Xo, X1; Y| Xo) }

p(zo,z1,22)
= (max )min {H(X0]X1,$2 = 1)Prob(Xy = 1), H(X;|z2 = 0)Prob(X; = O)}
p\To,21,T2
1
< rr(1a>)< min{Prob(X; = 1), Prob(X,; =0)} = 3 (14)
p(z2

where the equality in (14) can be achieved by letting p(zo, x1,22) = p(xo)p(z1)p(z2), and
Prob(X, = 0) = Prob(X; =0) = %

Finally, from (13) and (14), (12) is seen to be strictly larger than (11) in this example. [

An intuitive interpretation of (9) or (12) comes directly from the coding scheme used in
the achievability proof of Theorem 3.1. We can imagine that there is an information flow from
the source Node 0 to the destination Node M along the path 0 — 1 — --- — M. Each Node
i decodes the information one-step (actually one time block in the coding) before the next
Node i + 1. Hence, by the time the information reaches Node k, all the upstream nodes (i.e.,
nodes with smaller index than k) have already obtained the same information and can therefore
cooperate. This results in the achievability of any rate R < I(Xo, ..., Xg_1; Y| Xk, - - -, Xns),
where the conditioning is due to the same reason: the downstream nodes (with larger index
than k) get no more information than Node k, and therefore their inputs are predictable by
Node .

Since the order of the nodes, except the source, can be arbitrarily chosen, by the above
interpretation of the coding scheme, it follows that to increase (9) one should assign a smaller
index to nodes with better “receiving capability.” (Note that it is even not necessary to set the
destination to be Node M.) However, generally, receiving capability is not easily comparable
(unless in the degraded case). Of course, we can always try all the permutations to maximize
(9) or (12).

What makes the maximization problem even more complicated is the following possibility.
We can arrange the nodes into groups, with each group consisting of one or more nodes. The
information flow then is along a path formed out of the groups, but in any one group all the
nodes have the same level (i.e., they decode the information at the same time). Put into

mathematical terms, we have the following theorem.
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Theorem 3.4 For a discrete memoryless multiple level relay channel with source Node 0, des-
tination Node M, and the other nodes arranged into M —1 groups with each Group k consisting
of ny nodes, k=1,..., M — 1, the following rate is achievable:

R < max min  min [(Xo, ..., Xe_1; Y| Xk, .-, Xar), (15)

p(X0,X1,...,.Xnr) 1SE<M 1<i<ny

where boldface characters are used to denote vectors for each group: e.g., X := (Tk1, Tk2s - - > Thny ) s
k=0,1,...,M, with x; denoting the input of the i-th node in Group k. Note that we have
set Group 0 := {Node 0} and Group M := {Node M}.

For an application of this group relaying in the Gaussian channel case, we refer the reader
to Theorem 3.12 in [11], where it is used to study wireless networks under low attenuation.

Finally, a remark on the allcast problem: Suppose the task is for the source Node 0 to
send the same information to all the other Nodes 1,2,..., M. As we will see in the proof
of Theorem 3.1 in the next section, this task is implicitly achieved by the following relaying
scheme: The upstream nodes decode the information before the downstream nodes. Once the
final Node M gets the information, all the other nodes have already obtained the information.

Hence, the rate (9), (12) or (15) is also an achievable rate for the allcast problem.

4 Proof of Theorem 3.1

We will use the now standard “typical sequences” argument to prove achievability. First we
summarize some basic properties of typical sequences that will be used later. For more details,
see [14, Sections 8.6 and 14.2].

Let (Z1,Za, ..., Zy) denote a finite collection of discrete random variables with some fixed

joint distribution p(z1, 22, ..., 2m) for (21,22,...,2m) € Z1 X Z3 X -+ X Z,,.
Definition 4.1 The set A" of e-typical T-sequences (21,2, ..., Zy) is defined by
ATNZy, Zoy ... D)

1
= {(zl,zg,...,zm) : —ElogProb(s) —H(S)|<e VSC {Zl,Zg,...,Zm}},

12



where each z; = (21, %i2,-..,2r) s a T-vector, i = 1,2,...,m, and s is defined as follows:
IfS = (Zi,, Ziy,..., Z

i), then' s = (z;,,2;,,...,2;,) and Prob(s) = Prob(z;,,z;,,...,2;,) =
Hthl P(Ziy b5 Zig,ts - - 5 Zigit) -

17

Lemma 4.1 For any € > 0, the following hold for sufficiently large T':

(i) Let a T-sequence (21,2, . ..,Zn) be generated according to
T
HP(ZM, 2oty ey Zmit)-
t=1
Then

Prob((zl,ZQ, zm) € A2y 2y, Zm)) >1—e

(ii) Let a T-sequence (21,2, . ..,2y) be generated according to
T
Hp(zl,t|22,t7 R Zm—l,t)p<zm,t’22,ta <. 7Zm—1,t)p(z2,ta s 7Zm—1,t)'
t=1
Then

Prob((zl, Z2y ...y Zm) € AET)(Zl, Loy, Zm)) < 27 TU(Z1iZm| 22,0 Zm—1)=66) |

Lemma 4.1 (i) and (ii) follow immediately from Theorems 14.2.1 and 14.2.3 in [14], respec-
tively.

The coding scheme used here is different from that of [3]. For example, the Slepian-Wolf
partitioning is no longer used. This new coding scheme is easier to extend to the multiple relay
case, and generally achieves larger rates (compared with [9]), although it coincides with [3] in
the one relay case.

To make the proof easier to follow and allow a better comparison with the coding scheme
in [3], first we give the proof for the one relay case (M = 2), which contains all the essential

ideas. Then we present the straightforward extension to the general case (M > 2).

1. One relay case (M = 2)
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We consider any fixed p(zg, ;). Throughout the proof, we will use the following marginal

or conditional probability mass functions obtained from p(xg,z1) and p(y1, y2; xo, T1):

p(z1), plwolr1), pyilwo, 1), pQplre 1), ply2lr1),

where, for simplicity, the subscripts to distinguish these p functions are omitted since the exact
meaning is obvious from the arguments.

We still use a block coding argument. We consider B blocks of transmission, each of T’
transmission slots. A sequence of B — 1 indices, w(b) € {1,...,2T8} b =1,2,..., B — 1 will
be sent over in T'B transmission slots. (Note that as B — oo, the rate TR(B — 1)/TB is
arbitrarily close to R for any T.)

Generation of codebooks

The joint codebook is still generated in a backward manner. But here one significant difference

is that all the codebooks are of the same length 27%. (No more 2770 as in the proof of [3].)

2TR :

1) Generate at random i.i.d. T-sequences in X, each drawn according to Prob(x;) =

[T, p(z1s). Index them as x;(w:), wy € {1,2,...,27%}. This is the random codebook

for Node 1.

2) For each x;(w;), generate 277 conditionally independent T-sequences Xq(wp|w:), wy €
{1,2,...,27R} drawn independently according to Prob(xo|x; (w1)) = [T1_, p(zo.| 1. (w)).
This defines the joint codebook for Nodes 0, 1:

CO = {Xo(wO|w1), Xl(wl)}. (16)

It is apparent from [3] that the reason for this kind of backward codebook generation is
that the upstream nodes (with smaller index) know what the downstream nodes are going to
transmit, and therefore can adjust their own transmission accordingly. The converse is not true
because of the unique direction of information flow.

Repeating the above process 1)-2) independently once more, we generate another random

codebook C; similar to Cy in (16). We will use these two codebooks alternately as follows: In
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block b = 1,..., B, the codebook C, mod 2) is used. Hence, in any two consecutive blocks,
codewords from different blocks are independent. This is a property we will use in the analysis
of the probability of error (see (30)).

Before the transmission, the joint codebooks Cy,C; are revealed to all the Nodes 0, 1, 2.

Encoding

At the beginning of each block b € {1, ..., B}, Node 1 has an estimate (see the decoding section)
w1 (b — 1) of w(b — 1), and sends the following T-sequence from the codebook C; moq 2) in the
block:

X1(b) = xq (dy (b —1)). (17)
Also in the same block, Node 0 sends the following T-sequence from the same codebook
C(b mod 2)-

)Zo(b) 1= Xo(wo(b) o (b — 1)), (18)

where, obviously the estimate g (b) = w(b) for every b € {1,..., B}, since Node 0 is the source.
Moreover, for the synchronization of all the nodes at the initial time, we set w;(b1) = w(by) =1

for every by <0, ¢ € {0,1,2}. The encoding process is depicted in Table 2.

block 1 block 2 e block B
xo(w(1)]1) | x0(w(2)|w(1)) o xo(w(B)|lw(B - 1))
x1(1) xi(wi(1)) | - x1 (1 (B — 1))

Table 2: The encoding process for the one relay channel.

Every Node k € {1,2} thus receives a T-sequence

Vi (D) == Yi(Xo(b), X1 (b)) (19)
with probability
Prob(Yi(0)| Xo(b), X1(0)) = [ [ p(Vee (0)| X6 (0), X1.4(0)),



where Y, 4(b) is the t-th element of the vector Yy (b), and similar definitions hold for X;,(b),
i=0,1.

Decoding
At the end of each block b € {1, ..., B}, decodings at Node 1 and Node 2 happen simultaneously,

but independently:

e Node 1 declares that w0, (b) = w if w is the unique value in {1,..., 275} such that in the
block b,
{xo(wlibr (b — 1)), x1(r (b — 1)), Yi(0)} € AP (Xo, X1, V1) (20)

Otherwise, if no unique w as above exists, an error is declared with @ (b) = 0.

e Node 2 declares that 1wy (b — 1) = w if w is the unique value in {1,...,27%} such that in

both the blocks b and b — 1,

{x1(w), Ya(b)} € AD(X,,Y3), and (21a)
{xo(wlia(b — 2)), x1 (d2(b— 2)), Ya(b—1)} € AD (X, X1, Y3). (21b)

Otherwise, if no unique w as above exists, an error is declared with ws(b — 1) = 0. The

above scheme implies that the decoding at Node 2 has no intention to estimate w(b) at

the end of block b.

Analysis of probability of error

Denote the event that no decoding error is made in the first b blocks by
A(b) = {wp(by —k+1)=w(by —k+1), forall by € {1,...,b} and k € {1,2}},

and let its probability be P.(b) := Prob(A.(b)), with P.(0) := 1.
Then the probability that some decoding error is made at some Node k& € {1,2} in some
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block b € {1,...,B} is
P. := Prob(wg(b—k+1) #w(b—k+1), for some k € {1,2},b € {1,...,B})

= ) _Prob(i(b—k+1) #w(b—k+1) for some k € {1,2}[Ac(b—1)) - Po(b— 1)

< D) Prob(ig(b—k+1) #wb—k+1)|A(b—1)) - Po(b—1)
b=1 k=1

= Z Z Pe,k(b> ' Pc(b - 1)7 (22)
b=1 k=1

where P, j,(b) := Prob(uwy,(b—k+1) # w(b—k+1)|Ac(b—1)). Hence P, x(b) is the probability
that a decoding error happens at Node k in block b, conditioned on the event that no decoding

error was made in the previous b — 1 blocks.
Next, we calculate P, x(b), k € {1,2}. Since A.(b— 1) is presumed to hold, for every Node
k€ {1,2} we have

b —k+1) = wlby —k+1), for 1 <bh <b— 1.
Hence, by (17)-(19), the decoding rule (20) is equivalent to
{xo(wlw(b = 1)), xi(w(b = 1)), Vi (xo(w(b)|w(b — 1)), 1 (w(b - 1))} € AL (Xo, X1, Y7), (23)
and the decoding rule (21a)-(21b) is equivalent to

{1 (w), Ya(xo(w(b)|w(b — 1)), %1 (w(b — 1))} € AD(X,,Ys), and (24a)
{xo(wlw(b = 2)), x1(w(b—2)), Ya(xo(w(b = D]w(b = 2)), %1 (w(b—2)))}

(24b)
e AD (X, X1,Ya).

Now, let
Wi(b) = {w e {l,...,2"77} : w satisfies (23)};
Wao(b) = {w € {1,...,2"7} : w satisfies (24a)};
Wai(b) = {w e {1,...,2"%} : w satisfies (24b)};
WQ(b) = W270(b) m WQJ(b).

17



Then, P, ;(b) is the probability that w(b — k + 1) & Wi(b), or some w' € Wi(b) but w' #
w(b— k + 1), conditioned on the event that no decoding error was made in the previous b — 1

blocks. Thus,

P, 1(b) Prob(w(b —k + 1) & Wi(b), or some w’ € Wi (b) but w' # w(b — k + 1)|A(b— 1))
Prob(w(b—k + 1) & Wi(b)|Ac(b— 1))

+Prob(some w’ € Wj,(b) but w’ # w(b — k + 1)|Ac(b — 1))
Prob(w(b — k + 1) & Wi(b)) N Prob(some w’ € Wi (b) but w’ # w(b — k + 1))

VAN

VAN

P.(b—1) P.(b—1)
Hence, by (22),
P. < ) [Prob(w(b—k+1) & Wi(b)) (25)

+Prob(some w' € Wy(b) but w’ # w(b—k + 1))].

Now, for Node 1 with (23), for T sufficiently enough, applying Lemma 4.1 (i) with (Z3,...,Z,,) =
(XOa X17 }/1)7 we have

Prob(w(b) € Wi(b)) <, (26)

and for any w' # w(b), applying Lemma 4.1 (ii), we have
Prob(w' € Wi(b)) < 9=T(I(Xo:Y1|X1)~6¢)

And also for Node 2 with (24a)-(24b), for T sufficiently enough, applying Lemma 4.1, we have
for j = 0,1,

Prob(w(b—1) € W, ;(b)) < e,

and for any w’ # w(b— 1),

Prob(w' € Wyo(b)) < 2 TUE1Y2)-69), (27)
Prob(w' € Wy, (b)) < 2 TU(Xo2lX)=69, (28)

Hence,
Prob(w(b — 1) & Wa(b) ZPl"Ob (b—1) € Wy (b)) < 2e, (29)
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and

Prob(Some w' € Ws(b) but w' # w(b — 1))
Prob(w’ € Wx(b))

(]

1
= Z H PI’Ob('LU/ c WZJ‘ (b)) (30)
w'e{1,...2TR} j=0
w'Z#w(b—1)

< (2TR o 1)27T(I(X0,X1;Y2)*125) (31)

where (30) follows from the independence between the codebooks of any two consecutive blocks,

and (31) follows from (27),(28) and the following equation:
I(Xo, X1;Y2) = I(X1; Ya2) + I(Xo; Ya| X1).

For any R satisfying (9), by choosing € small enough, we can make T large enough such

that for any 1 > 0,

Prob(some w' € Wi (b) but w’ # w(b)) < (2TF — 1)2-TUFeMX1)=69) < ¢,

(32)
Prob(some w’ € Wa(b) but w' # w(b— 1)) < (277 — 1)27TUX0X1:32)7129) ¢,

Hence, by (25),(26), (29) and (32),

B

P. <) (3e+2e)
b=1

S 3B€+2.B€1,

which can be made arbitrarily small by letting 7" — oo.
Finally, the argument on choosing one good codebook from many random codebooks and

throwing away the worse half of its codewords is standard.

2. Multi-relay case. (M > 2)

We consider B blocks of transmission, each of T" transmission slots. A sequence of B— M +1
indices, w(b) € {1,...,2T%} b=1,2,..., B— M +1 will be sent over in T'B transmission slots.
(Note that as B — oo, the rate TR(B — M + 1)/TB is arbitrarily close to R for any 7'.)
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Generation of codebooks

1) Generate at random 277 i.i.d. T-sequences in X7, ,, each drawn according to Prob(x,;_;) =
Hthl p(zar_14). Index them as xpr 1 (war_1), war—1 € {1,2,...,277}. This is the random

codebook for Node M — 1.

2) For each xp;_1 (wyr_1), generate 277

conditionally independent T-sequences Xy, o(wps_o|wpyy
wy—o € {1,2,...,2T7} drawn independently according to Prob(xp;_o|Xpr—1(wi—1)) =

pr—14(wp—1)). This defines the joint codebook for Nodes M — 2, M — 1:

Hle p<wM72,t

{XMfZ(wM72 |’LUM71) y XM—1 (U)M71>}-

3) Continue the process 2) sequentially for Nodes i = M — 3, M —4,...,0, as follows: For

each
{xip1 (Wit |wiga, . war—1), Xipo(Wigo|Wiss, .. war—1), -« X1 (war—1) }
= Xﬁzl(wi—ﬁ-l? s 7wM—1)7
generate 277 conditionally independent T-sequence x;(w;|wi;1, ..., wy—1), drawn inde-

pendently according to

T

Prob(xi|xﬁfl(wi+1, . ,wM_l)) = Hp(aci,t
t=1

xf‘iii’t(wiﬂ, . 7wM—1))-
Finally, we get a joint codebook for all the transmitter Nodes 0,1,..., M — 1 as

Co = {Xo(wo|w1> - ,wM—1), Xl(w1|w27 e 7wM—1)7 s XM—l(wM—l)}7

with each w; € {1,2,...,278%} fori=0,1,...,M — 1.

Repeating the above process 1)-3) independently M — 1 times, we generate another M — 1
random codebooks Cy,Cs, . .., Cyr_1 similar to Cy. We will use these M codebooks in a sequential
way as follows: In block b = 1,..., B, the codebook C(, nod ar) 1s used. Hence, in any M
consecutive blocks, codewords from different blocks are independent. This is a property we will
use in the analysis of the probability of error (see (41)).

Before the transmission, all the joint codebooks Cy,Cy, . ..,Cy_1 are revealed to all the nodes

0,1,...,M.
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Encoding

At the beginning of each block b € {1,..., B}, every Node i € {0,..., M — 1} has estimates
(see the decoding section) w;(b — k + 1) of w(b—k + 1), k > ¢+ 1 (with w(b;) = w(by) for
1 < by <b), and sends the following T-sequence from the codebook C, yod sy in the block:

Xi(b) := x;(y(b— i)y (b—i —1),... (b — M+ 1)), (33)

where we set w;(b;) = w(by) := 1 for every by < 0. As an example, the encoding process for

two relays (M = 3) is depicted in Table 3.

block 1 block 2 block 3 e block B
xo(w(1)|1,1) | xo(w(2)]w(1),1) | xo(w(3)|w(2),w(1)) o | xo(w(B)|lw(B - 1),w(B - 2))
x1 (1]1) x1 (w1 (1)[1) x1 (01(2)|w1 (1)) | - x1 (01 (B = 1)|ur (B — 2))
X3(1) Xa(1) Xp(wa(1)) | - Xa(w2(B - 2))

Table 3: The encoding process for the two relay channel.

Every Node k € {1,2,..., M} thus receives a T-sequence

?k(b) = }_}k<XO(b>7 e 7XM—1(b)) (34)
with probability:
Prob(Yi(b)[Xo(b), . .., Xar—1 (b)) = [ [ p(Viee (1) X4 (), .., Xnr—1.4(b)),

where, X, (D) is the t-th element of the vector Y;(b), and similar definitions hold for X;(b),
i=0,... M—1.

Decoding

At the end of each block b € {1,...,B}, every Node k € {1,...,M} (for b—k+1 > 1)
declares (b — k + 1) = w if w is the unique value in {1,..., 277} such that in all the blocks
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b—37,5=0,1,... k—1:

{kalfj(whi)k(b — k), c ,wk(b —j — M+ 1)), ceey XM,l(uAjk(b —j — M + 1)), ?k<b —])}
€ AET)(Xk_l_j,...,XM_l,Yk);

(35)
Otherwise, if no unique w as above exists, an error is declared with @y (b — k + 1) = 0.
Analysis of probability of error
Denote the event that no decoding error is made in the first b blocks by
Ab) = {uwg(by—k+1)=w(b; —k+1), forall by € {1,...,b} and k € {1,..., M}},

and let its probability be P.(b) := Prob(A.(b)), with P.(0) := 1.
Then the probability that some decoding error is made at some Node k& € {1,..., M} in
some block b € {1,..., B} is

P. := Prob(wy(b—k+1)#w(b—k+1), for some k € {1,...,M},be {1,...,B})

= ) Prob(iy(b—k+1) #w(d—k+1) for some k € {1,..., M} A (b—1)) - P(b— 1)
b=1

< YO Prob(ig(b—k+1) # w(b—k+1)|A(b— 1)) - P(b—1)
= Y N " Pub) P(b—1), (36)

where P. j,(b) := Prob(wy(b—k+1) # w(b—k+1)|A.(b—1)). Hence P, x(b) is the probability
that a decoding error happens at Node k in block b, conditioned on the event that no decoding

error was made in the previous b — 1 blocks.
Next, we calculate P, (b), k € {1,...,M}. Since A.(b— 1) is presumed to hold, for every
Node k € {1,..., M} we have

Hence, by (33)-(34), the decoding rule (35) is equivalent to: Each Node k € {1,..., M} (when
b—k+1>1) declares wy(b — k + 1) = w if w is the unique value in {1,...,22%} such that in
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all the blocks b — j, for j =0,1,... k — 1:

{Xk_l_j(w|w(b— k),...,w(b—j—M+1)),
Xp—j(w(b—k)wb—k—1),...,.wb—j7—-M+1)), ..., xy_1(wb—j—M+1)),
}7'k<xo(w(b—j)]w(b—j — 1), wb—j5—M+1)),...,xy_1(w(b—j —M+1)))}

€ AL X1y Xigo ooy Xuroa, V).
(37)
Let

Wii(b) = {we{1,...,2T7%} : w satisfies (37)};

Wk(b) = hW}%](b)

Then, P.;(b) is the probability that w(b — k + 1) & Wi(b), or some w' € Wi (b) but w' #
w(b — k + 1), conditioned on the event that no decoding error was made in the previous b — 1

blocks. Thus,

P.x(b) = Prob(w(b—k+1) & Wi(b), or some w' € W, (b) but w’ # w(b — k + 1)|A.(b — 1))

< Prob(w(b—k+ 1) & Wi(b)|Ac(b — 1))
+Prob(Some w' € W, (b) but w’ # w(b— k + 1)|Ac(b — 1))
- Prob(w(b—k+ 1) & Wi(b))  Prob(some w' € Wy (b) but v’ # w(b — k + 1))
= Pb—1) * P.b—1) '
Hence, by (36),
B M
P < ZZ[Prob (b—k+1) & Wi(b)) (38)
b=1 k=1

+Prob(some w' € Wy (b) but w’ # w(b—k + 1))}

Now, by Lemma 4.1 with (Z1,...,Z,) = (Xk—1-j, ..., Xn—1, Yy), for T large enough, we
have for j =0,1,...,k —1,

Prob(w(b —k+ 1) € Wy ;(b)) < e,
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and for any w' # w(b—k + 1),

Prob(w’ c kaj(b)) < 9 TU(Xpo1— Yl X Xas 1) —66) (39)
Hence,
k—1
Prob(w(b —k +1) ¢ Wi(0)) < Y Prob(w(b—k +1) & Wy, (b))
j=0
k—1
< Ze:ke<M6, (40)
j=0
and

Prob(some w' € Wj(b) but w’ # w(b — k + 1))
Prob(w’ € Wi(b))

(]

w'e{1,...,2TR}
w'#w(b—k+1)

k—1
= Z H PI"Ob(w’ [ W]ﬁ](b)) (41)
w'e{1,....2TRy j=0

S (2TR - 1)27T(I(X0 ..... Xi—1;Ye| Xk, s, X pr—1)—6ke) (42)

where the equation (41) follows from the independence among the codebooks of any M con-

secutive blocks, and (42) follows from (39) and the following equation:
k-1
I(Xo, -, Xt Yil Xy oo, Xara) = D> I (Xpmaj, Yal Xajy o Xoua).
=0
For any R satisfying (9), by choosing € small enough, we can make T large enough such

that for any ey > 0 and all k € {1,..., M},

Prob(some w’ € Wy, (b) but w' # w(b — k + 1))

< €1. (43)

Hence, by (38), (40) and (43),

P

IN

D) (Me+ey)

b=1 k=1
< BM?¢+ BMe,,
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which can be made arbitrarily small by letting T" — oo.

Finally, the argument on choosing one good codebook from many random codebooks and

throwing away the worse half of the codewords is standard.

5 Proof of Theorem 3.2

g

The achievability is proved in Theorem 3.1. The converse follows immediately from the max-

flow min-cut theorem for general multi-node networks stated in Theorem 14.10.1 in [14], where

the node set S is chosen to be {0}, {0,1}, ..., {0,1,..., M — 1} sequentially, and with the

following equations:
](X07'"7Xk—l;Yk7"‘7YM‘Xk7"'7XM—1)
= I(X07 oy X1 Yk|Xk7 cee 7XM71)
M
+ > I(Xo, o, Xei; YilYay o Yiog, Xy Xag)

j=k+1

:I(Xo,...,Xk_l;Yk|Xk,...,XM_1), for k = 1,...,M,

where (44) follows from

M
> I(Xoy o X YilYa Y, X Xus)
j=k+1
M
= Z H(Yj|Yk‘7"‘an—lan7"'7XM—1)
Jj=k+1

M
— > H|Xo,. . Xpo1, Yeo o, Vi, Xy Xa)
j=k+1
=HYi1, -, Yu| Y, Xiey o, Xwet) — H(Yeg1, -, Y| Ya, Xo, -
0,

fork=1,...,M —1,

. 7XM—1)

(44)

with the last equation following immediately from (8) and the definition of conditional entropy.

0
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6 Proof of Theorem 3.3

In this section, we prove Theorem 3.3.

We add a “virtual” Node M + 1 to the channel with output yy;+1 = ya, but with no input.
Hence this node will not affect the dynamics of the channel in any way. Then by Theorem 3.1,
the following rate is achievable from Node 0 to Node M + 1:

R < max min [(Xoa---7Xk71;Yk’Xka---7XM)- (45)

p(x0,@1,..,x0r) 1<SESM+1

By the coding scheme stated in the proof of Theorem 3.1, the rate above is also achieved from
Node 0 to Node M. (This is also obvious since yyr41 = yar and there is no xp41.)
Now by (45), to prove Theorem 3.1, we only need to show that the following inequality
always holds:
I(Xoy. o, Xar; Yargr) > 1(Xo, oo, Xar—1; Y| X))

Fortunately, by the construction that Y3;,.1 = Y}y, it follows immediately that

I(Xo,. .., Xor; Y1) = 1(Xo, .o, Xors Yiur)
(X YY)+ 1(Xo, - oo, Xvw—1; Y| X o)
[(Xo, . 7XM—1;YM|XM)-

v

Finally, the proof of Theorem 3.4 is similar to that of Theorem 3.1 and is omitted.

7 Concluding remarks

We have developed a simple coding scheme for the multiple level relay problem. This allows
us to develop a simple expression for an achievable rate that is generally higher than that in
[9]. For degraded channels, our result achieves the capacity. Also, we generalize this result to
the case where the destination is allowed to transmit. The achievable rate that is established is
higher than that established when the destination simply “facilitates” the channel by sending

a constant signal.
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