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Abstract— The functional lifetimeof a sensor network is defined as the
maximum number of times a certain data collection function @ task can
be carried out without any node running out of energy. The speific task
considered in this paper is that of communicating a specifiedjuantity
of information from each sensor to a collector node. The prolem of
finding the communication scheme which maximizes functionalifetime
can be formulated as a linear program, under “fluid-like” assumptions
on information bits. This paper focuses onanalytically solving the linear
program for some simple regular network topologies.

The two topologies considered are a regular linear array, ad a
regular two-dimensional network. In the linear case, an upgr bound
on functional lifetime is derived, as a function of the initial energies and
quantities of data held by the sensors. Under some assumptis on the
relative amounts of the energies and data, this upper boundsishown to
be achievable, and the exact form of the optimal communicatin strategy
is derived. For the regular planar network, upper and lower bounds on
functional lifetime, differing only by a constant factor, are obtained.

Finally, it is shown that the simple collection scheme of trasmitting
only to nearest neighbors, yields a nearly optimal lifetimein a scaling
sense.
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the total energy consumed may not be optimal for network lifetime,
due to the distributed nature of the communication burdewedkas
energy supplies.

Slight variants of this problem, with essentially the sanmadsling
assumptions and notion of lifetime (i.e., time until the tfirode
failure) have been considered in a number of papers in tbtiire,
in the context of energy aware or maximum lifetime routingna@g
and Tassiulas [2] consider the problem of maximizing lifeti
given a certain set of source-destination informationsratet must
be supported. Similar approaches, leading to linear anidteger
programming formulations which are basically the same athim
paper, have been employed in [3-5]. Most of these papers have
focused on finding distributed algorithms to find the optimiting
strategy to maximize lifetime, without specifically anahg what
this solution is.

In this work, we consider a restricted version of the problem
considered in the above papers. Two regular spatial tomsogre
studied, a linear array and a planar circularly symmetritwoek.
Each of these consist of many sensors and one collector.rltinelse

Consider a network of sensors, each with a certain quanfity @strictions, we are able to provide sharp analytical beyrad in
data to be communicated to a designated collector node. i85 some cases exact solutions, to the functional lifetime lprabThese
nodes are low power devices, while the collector node might Binalytical results cannot directly be translated to peattilistributed
an information processing center, or a more energy-richicéev g|gorithms, since constructing the optimal schemes reguion-local

functioning as a gateway to a higher bandwidth wireless ortw
(such as in [1]). Information packets can be relayed - thered

compression or processing allowed - through an arbitragyesaece of

nodes before reaching the collector. There is an energyassstiated
with each transmission, which consists of a cost to transimét is

a function of the transmitter-receiver distance, as welhasost to

receive.

The above is a somewhat idealized model of a sensor network,

with a very simple definition of a data collection task. Insthi
paper, we examine the notion fafnctional lifetime which is defined

as follows: Given a quantity of data and an energy budget (for'

transmitting and receiving) at each node, the functiorfetiine is

the maximum number of times the task of delivering all theadat

to the collector node can be repeated before some node runs
of energy. Alternatively, it is the maximum common scaletdady
which all the quantities of data at all the sensors can bedcathile
ensuring that it can be delivered to the collector node witlemme
node running out of energy.

In general, a sensor network may be simultaneously perfarai
variety of tasks, including sensing, processing and conication.
In such a context a natural question to ask is the “cost” tgdwity
associated with carrying out a specific task of interest, hod
such a cost is to be minimized. The per task functional fifeti

defined above addresses such a question for communicasés; ta

its inverse represents the maximum fraction of any node&rgn
i.e., or “fraction of lifetime” of the network, that is consied in
performing the task. The important point to note is that miging

information. The advantage of an analytical approach hewbes in
the structural insight that it provides; while the lineaograms could
equally well be solved numerically, the numbers may not jol®v
such insight. Specifically, this paper attempts to shed lighnatural
questions of interest such as:

How does lifetime depend on the relative quantities andidist
bution among sensors of data that is to be collected?

« What is the structure of routing strategies that are optiwviti
respect to lifetime?

How does lifetime scale with the size of the network, and/or
guantity of data to be collected?

« How well do simple routing strategies perform in comparison
to the optimal strategy?

ou
take the approach of addressing these questions for esimpl

We
network topologies, which nevertheless are fairly goodesgntatives
of multi-hop networks. Indeed, our results are indicatifevbat can
be expected in the broader class of “more or less” regulavorks
as well. Our main contributions can be summarized as follows

1) We provide an upper bound on the functional lifetime for
regular linear networks, which is valid for arbitrary energ
profiles and data distribution.

2) Under some restrictions on the energy profile and datailuist
tion, this upper bound is shown to be achievable, and thet exac
form of the optimal solution is given. This optimal solution
causes all nodes to die simultaneously.

3) Similar results are obtained for a class of regular planar



networks.

4) The optimal solutions are compared to a simple suboptimal

Collector
R

routing strategy, which consists of each node forwardirig al 1 2 3 n

data to its nearest neighbor in the direction of the collecto

The results indicate that the simple strategy is nearlynugti
in a scaling sense.

All the above results depend on a specific property of thegsneost
function, which is derived in Lemmas 3 and 4 in the appendix.

Analytical upper bounds on lifetime are also derived in [Bhese
bounds are not very sharp for the “many-to-one” informafilomvs
that we consider here, since they deal with total energywopsion
rather than per-node energy consumption.

One minor point needs to be noted. While most of the afore-

mentioned papers have considered lifetime as being in latitna
units, as a function of sets of desired information rates, haee
defined functional lifetime as being the number of times & tmn
be repeated. At one level, this is merely an issue of sengrtite

definition can be mapped to the other by mapping a time unit
a “round,” which is the time taken for one repetition of thetada

collection task. However, in the former approach one alsedado
address the feasibility of a particular communication flaich is
specified in bits per time unit, given the bandwidth and fietemce
constraints of a wireless network.

In our formulation, however, there is no limitation on thendi
taken to perform the required communication. For instaneecould
allow for the extremely inefficient strategy of only one tsanitter
in the entire network being active at a time. Such a strategghim
have an extremely large associated delay, but the energysgation

would be as specified by our modeling assumptions. Thus, oa;r

formulation clearly separates the issue of lifetime optation from
scheduling, delay, and achievable throughputs. In pmactiowever,
sensor network routing algorithms must jointly considdr thése.
Characterizing the tradeoffs between lifetime, throughsmd delay
remains an open problem.

The outline of the rest of the paper is as follows. Section
describes the model and linear programming formulatiorcti&es
Il and IV deal with the linear and planar networks, respesii.
Section V obtains scaling laws for the optimal lifetime,|éaled by
a discussion of conclusions and future work.

II. MODEL, ASSUMPTIONS ANDFORMULATION OF LINEAR
PROGRAM

The general problem setting we consider is very similar tis¢h

Fig. 1. A regular linear sensor network.

Consider the following linear program:

Min z 1)
subject to:
1 L. .
YR < > A fG))+ Y A]-ifR) <z 1<i<n (2
0<j<n 1<j<n
Do Ai= D Ni=bi, 1<i<n (3)
0<j<n 1<j<n

Aij 20, 1<4,5<n.

[dere i denotes the amount of information transmitted from node
to nodej, andz is essentially the maximum of theormalized costs
or energy cost divided by initial energy, incurred by eacdendThe
set of \;;’s satisfying the constraints specifies a communicatiow
from the set of sensors to the collector node.

This formulation is in a different form than the linear pragr
described in [2], but the two can be mapped to each other miglsi
change of variables. The following lemma establishes tmnection
between the functional lifetime problem and the linear paoy (1).

Lemma 1:The solution to the optimization problem (1) yields
the strategy that maximizes the number of times the infdonat
collection process described above can be repeated beioe sode
ies. The functional lifetime is given by— wherez™ is the optimal
value of the objective function.

Proof. Assuming the fluidity of information, any feasible solutitm
(1) can be translated to a communication scheme with apptepr
scheduling, since the flow conservation constraints (3)satisfied.
H A" is the solution to the optimization problem, with gptimalum
z*, one can replace all thie's by i’— and theAj;'s by AZ—J . Then,
from the constraints (2), we have that for each

Zi* ( Do XfGa)+ Y mm) <E, 4
0<j<n

1<j<n

meaning that no sensor runs out of energy. Thus, the optimal
communication scheme can repeat the operatjgntimes without
any sensor running out of energy.

On the other hand, any communication scheme to repeat the

considered in [2-5]. Suppose there are sensas. .., n located on OPeration k' times, i.e., transmitk’b; bits from each node to the
a plane, along with a collector node labeledSensori located at collector, must involve sending bits between nodes in suakayaso
(zi,y:), hasb; bits to send to the collector node, and has initig®S t0 satisfy the flow conservation constraints (3). Furticge, the

energy level E;. The energy consumed by nodein sendingm
units of information to nodej, which is a distancel(s,j) away,
is mf(d(i,7)), while the energy consumed by(for j # 0; we do
not count the energy consumed by the collector node) in viegei
m units of information, isfrm, for a given constanfr > 0. We
seek the communication scheme that maximizes the numbenes t
the information collection process, i.e., communicatingdits from
each sensor to the collector node, can be repeated beforef the
sensors dies, i.e., has no remaining energy.

We make the simplifying assumption that information is ity
divisible and incompressible. As a consequence of thisd4like”
assumption, flow conservation is preserved.

total energy consumed by each nodenust be no more that;,
so a constraint of the form (4) must be satisfied as well. Tthes,
constraints (3) and (2) are necessary as well as sufficiedt,;]a is
the maximum number of times the operation can be repeatgeh

The linear program given above can be numerically solveciigr
number of nodes, any spatial placement, and energy funcliba
rest of the paper, however, will be devoted to explicitlyvag this
problem in some restricted cases.

Ill. FUNCTIONAL LIFETIME OF REGULAR LINEAR NETWORKS

Consider the uniform linear configuration (Figure 1), where
sensors spaced evenly at a distaddeom each other on a line, with



a single collector node located at the leftmost point. Thilector 2™ is lower bounded as follows:
node is located at the origin, and sensat the point(id, 0).

n 7f_1
The energy cost functiorf(-) is given by n bl@
|

T2
n  E; j=it1 fj

Zi:l fi H?:l 1+J}_1;,

zF >

@)

f(@) = Ewx®e™, ()

where a > 2 is the path loss exponent; > 0 the absorption
coefficient, andF; is some positive constant. We make the followingsoof. \We find a feasible solution to the dual program of (6) with

assumption on the constafit, which represents the energy to receiv%bjective function equal to the RHS of (7). The result theliofes
a unit of information: by weak duality.

Assumption: fr < E.d*(1 — (1/2)*71). Associating the firstn constraint equations in (6) with vari-
This is a fairly reasonable condition; far = 3, it states that ables y1,¥2,...,y», and the lastn constraint equations with
the power to receive must be no more th%rtimes the power to wq, we,...,w,, the dual linear program has the following form:
transmit to the nearest neighbor. As stated, it is a suffi@endition
for Lemma 4 to hold; we expect that a somewhat weaker comditio Max biy1 + bay2 + ... + bnyn (8)
would also suffice. Nonetheless, the structure of the eneast subject to:

function, together with this assumption, are critical tbthé results

in this paper. The only specific property we require of thergye Brwr + Bywz + .. 4 Enwn - < 1
cost function is stated in Lemma 4, and this property is d&len —fiwi+y <0
for any of our results to hold. Essentially, what it descsilie the —fiw1 — frRuz+y1—y2 < 0
_relatlve costs of short and long hops; the dlsadvantage or_hg\ H_lo_p —fowr — frRws +y1 —ys < 0
is that due to the sharp degradation in signal power witladcst, it is
more inefficient in terms of transmit power than multiple sHmwps
(see [7]). However, multiple short hops involve more reime and —fo—1wi — fRUn + Y1 —yn <0
thus increase the power spent in receiving, and in additicnease —fowa+y2 < 0
the energy consumpn_on of the re_laylng nodes. The optinmategfy —fiws — frRur +y2—1y1 < 0
described in Subsection Il B optimally balances these tvwece. ~ fws — frws + ys — < 0
However, if power to receive is too high (i.e., the assumpba fz W2 = JrRWs T2 U =
is violated), then relaying becomes too expensive, and awsthategy
is no longer optimal. —fr—2w2 — fRWn + Y2 —yn < 0
The form of the cost functiotf(-) given by (5), and the assumption
on fr will be implicitly assumgd for the. rest of the paper. o+ yn < 0O
Derllotefz- := f(id) for brevity. The linear program (1) has the R
following form:
Min z (6) —fiwn — fRUn-1+Yn —Yn-1 < 0
subject to: W1, W2, ..., Wn 2 0.
Eiz — ( Z Ay fijoa| + Z >\j1fR> > 0 Consider the following choices af;'s andw;’s: For eachl < i <
- p n, set
0<j<n 1<j<n . n
j=it1  fj
Eoz — Z A2; flj—2) + Z Aigfr] = 0 I1_. 1+J;—1; yi
0<j<n 1<j<n Yi = -~ 17f_1 andwz = ? (9)
oo n B 11— 7j g
Jj=ti J
Bnz— < > Nifen+ Y AjnfR> > 0
0<j<n 1<j<n Then, ZL biy; = 2° in equation (7), so the result is proved if
Mo+ A2+ ...+ A —A2r—A31— ... — A1 = b1 this set of choices actually constitutes a feasible soiutiothe dual.
Moo+ Aot 4o Fdam — A2 —As2— .o —Ana = bo Clearly, thew;’s are all non-negative. Now,
n f
E; Hj:i+1 17f_}
Ao+ A1+ . F 1 = Al — .= A = bp fi H" 1+Q
Aij > 0, for eachl <i,j5 <n. Wi = Hn o

P Zn By llj—ip1” 7
T ) =T
A. Upper Bound on Lifetime =
) ] ] ) ) Also, — fyw; +y; = 0 for eachl < ¢ < n, by definition ofw;. Next,
We now give the first main result, which provides an upper boun; myst be proved that for each< j < n, 1 < k < n,
to functional lifetime via linear programming duality. S -

Theorem 1:Let z* be the optimal value of the linear program (6). —fie—j)wj — frwr +y; —yr < 0.



For k > j, we have

Sr—j

(1 O
< <1—|—t’;—f> Yk

Thus, the only remaining case is in whiéh< j, for which we
need to prove that
fR> o
k

fjk)
1— =)y
( fi )"
:,17 Ys-
Z:kl fT)

In other words,

—fr—jw; + Y;

k !
) Hi:j+1 1- fi

= Yk
Hk 1 fr
=] 1+ fi

IN
7 N\
=
+

=

j
1_ Ji—k < iz 1- T
) j—1 TR
fi ik LT

This is proved in Lemmas 3 and 4 in the Appendix.

The crucial step in this proof is the validity of Lemma 3, whic

guarantees the feasibility of the conjectured dual sabutidhe

P =

Collector k n

Fig. 2. The optimal communication “flow” for node.

Suppose that the equations are indeed solvable and that the
appropriate solutions are all nonnegative. We can theniaittpl
calculate the objective functios®. Solving (11) and (14), we get

By x +b1fR

Mo = L—7-L (17)
1+F
&Z*—IH

o= L— (18)
1+F

Substituting these in (12) and (15) and solving idr, we have
Evq1_ &1 b
Mo 4 L8y = o (22, 20 m)) 0o fz)—bg.
f2 f2 1+ 42 1418

Repeating this calculation, we obtain the following expies for

validity of this Lemma depends on the exact structure of tbst ¢ Aek—1/

function f(-), as will be evident in its proof.

B. Attaining the Dual Upper Bound

It turns out that the RHS of (7) is the objective function &lu

corresponding to a particular assignment of variables Hergrimal
problem, which is however not always feasible. But when,iftiss
automatically optimal due to strong duality. We now deseitiow to
obtain this assignment of variables.

Consider the followin@2n equations:

Feasible flow constraints (10)

Mofi+X1fr = 2°Er (11)

Mofe+ X1 fi +Xafr = 2B (12)

Neofk + Mek—1f1 + Meyiefr = 2"Ey (13)
)\Zofn +)\jzn71fl = Z*E'm

AMo—b1 = An (14)

A3+ Ao —ba = A3 (15)

Mocth—2 + Xm0 —br—1 = Age—1 (16)
M—tn—2 + X100 = b1 = Ay

AMn1+ X0 —bn = 0,

with unknowns \};_; and \j, for eachl < i < n, and z*. If
these equations are solvable, and if thg_;'s and \j,’'s are all
nonnegative, then the solution to these equations cleaddids a

feasible solution to the original linear program (6) (afsetting all

R e S | R T
z+ j=it j
Ark—1=2 7” LN Ty (19)
TR L

By setting\;, 1, =0 (smce there is no node+ 1), we then obtain
the following expression foe™*:

n 11
S b
i=1 n R
HJ i *fj

*_

(20)
Zn E; Ha it fa

S

which is the same as the upper bound derived in Theorem 1. The
above calculations show that the equations (10) do indeexitad
solutions. However, these solutions correspond to a vadd finly

if the A\},o's and A\, _,’s are non-negative Duality thus yields the
following result.

Theorem 2:If the set of equations (10) have non-negative solu-
tions, the corresponding communication flow, in which eaotey
communicates only to the two nodes, nade 1 and the collector
node0, is optimal with respect to the primal linear program (6)eTh
normalized cost incurred by each node under this flow is tineesa
and consequently all nodes in the network die at the same Titme
optimal functional lifetime is given by the inverse of thepesssion
in (20).

Figure 2 shows the form of the optimal strategy. The proof of
Theorem 2, depending as it does on the construction of thé dua
solution and the solubility of the set of equations (10),nsiegly
gives no intuitive reason why such a particular combinatbtong
and short hops is optimal. In fact, it is possible to congtrac
direct proof that such a strategy is optimal, by employingateonal

the other flows to zero). The communication flow defined by th@rguments to show that any other strategy is suboptimah Symroof

solution consists of each node sending a part of its infdonato

the collector node, and the rest to its nearest neighboreimittection
of the collector. The exact quantities are chosen in suchyaasao

equalize the normalized costs incurred by each node (ifilpless
otherwise the solution is not valid). This corresponds fonades
depleting their energy supply at the same time.

is much more lengthy than the one provided here. It turns loatt t
the inequality proved in Lemma 4 is one of the key steps in this
alternate proof.

Theorem 2 provides sufficient conditions which are purelieims
of theb;’s and E;'s. However, the form of the conditions is somewhat
involved. The following lemma gives simpler sufficient citi@hs.



Lemma 2:If & fl and E; are non-decreasing i) then the set of
equations (10) have non-negative solutions.

Proof. We first prove that\;,,; > 0 for all k. For convenience,
J f1

l=it1 f1

J

=1

denoteg(i, j) := . Substituting (19), this is the same

fr
7
as proving that
k .
2> 21:1 b’ig(lv k)

-_ k . . .
>y (i k)

Cross multiplying and canceling the common terms, we ne@daee

that
k B
( )(z nga,m)
i=1 7"
> big(i, k
(£ Foen) (o0
i=k+1

Now, for any k + 1 <1< n,andl <m < k, by assumption we
haveb; £ =2 b 2L f . This implies that thdm!" cross term in the
LHS is greater than or equal to the!" cross term in the RHS, for
each! andm. This proves thai;,,, > 0 for all £ > 0.

What is left to prove is that\;, > 0 for all k. From (17), it is

clear that\i, > 0. Solving for A}, in (13) and (16), we obtain that
for k > 2,

Z big(i,n)

i=k+1

fR)
Jr fe
Thus, we need to prove that far< k < n,

Epz" — (fr+ f1)XNek—1 + frbr > 0.

We prove this using induction oh. For the base cask = 2, we
have

Ako(1+ (Ekz — (fr+ f1)Mer—1 + frROK).

E2z" — (fr + f1)A\51 + frb2

By x

> Ei2" — (fr+f1) < i

fr

) + frbs (21)
1+ f1

=bifi+bafr >0,

where (21) follows by substituting (18) and the assumptiat £» >
E;. Suppose now that the induction hypothesis is truekfor 1.
Substituting forA;_,,_, in (19), we get that

Er_1 _x

f _
Nok—1 = 7fk11 PYSTRPE S Fu b
- [ ~ k= 1+ Iz
k—1 fr—1
Then,
Epz" — (fr+ fi)Mek—1 + frbe
1— f1
> Er_12" —(fr+ f1) Tk Ah1k_2
1+ 42
k—1
—(fr+ f1) = ffR + frby (22)
k—1
<Ek1 +Ek71fk71 - fifl B — fl{il Ekl) *
= z
fr
1+ fre—1
- 52 (fr + f1)b
k—1 * R 1)0k—1
+(fr+ f1) <W) Ak—1k—2 + Iy s
k—1 k—1

Fig. 3. The regular planar network

+frbr
1— ffl
= );71 (Erx—12" — (fr + f1) Xo—1k—2 + frDE—1)
1+ Lz
fr—1
fee1i+frR—fr+ —;kRﬁ
+bk71 fr + bkfR
1+ fr—1
> frbr + fibr—1 (23)
> 0,

where (22) follows from the assumption tha}, > Ex_1, and (23)
from the induction hypothesis. ]

IV. FUNCTIONAL LIFETIME OF A REGULAR PLANAR NETWORK

Consider the planar network shown in Figure 3. The centeenod
is the collector, and there af¥ concentric circles, each containing
nodes along its circumference. Thé ring, of radiusiR, contains
M nodes, equally spaced along the circumference. There ase th
a total of WM nodes. This particular configuration for the
network is chosen simply as a convenient example of a reglaaar
network, due to its circular symmetry. Any other regulamagement
of nodes would admit similar results, though the analysighinbe
more cumbersome.

The direct approach of the last section is considerably drairal
the planar case. However, we can use the following simpla tde
obtain an upper bound. Suppose that all intra-ring comnattioic,
i.e., communications between nodes belonging to the sargehave
zero cost. Further, let the cost of a unit of transmissiomfrany
node in ring: to any node in ring # i be f((i —j)R), i.e. as if the
distance between the two nodes were equal to the distanaedret
the two rings (when in fact the former is larger than or eqoathie
latter). Since all link or hop communication costs are thgreither
reduced or remain the same, it is clear that such a modifietl cos
network would have functional lifetime greater than or édoathe
original planar network. Therefore, an upper bound on tfedithe
of this modified cost network is also an upper bound on théinife
of the original network.

The treatment of this modified cost network is simplified bg th
fact that it is equivalent to the following linear networkeplace
the ¢*" ring with a super-node;, located at a distanca? from the
collector node. The initial energy of this super- nodeZs E;;, and
the number of bits initially held by it is equal tE bij, whereEw
and b;; are the amount of energy and number of bits respectively
of the j** node in ringi of the original planar network. The set of
super-nodes thus forms a linear array with inter-node igt&. The
upper bound of Theorem 1 can therefore be directly applieith(w
fi: now denotingf(iR)) to obtain the following upper bound on the



Fig. 4. Bounding the constant K.

functional Iifetimezl* of the regular planar network:
P

s, (Bet) (Lo i)
- 1 I+
s (i) (Lt t)
T [T+

This upper bound is valid for any set &;;'s andb;;'s.

To provide lower bounds on functional lifetime, however, wi
have to impose further restrictions on the energies andrirdton
quantities of the sensor nodes. Suppose that it is furtherttrat for
each ring;,

<

(24)

1
"
Zp

Eij = E; andb;; = b;, forall 1 < j < Mi, (25)

and that B
bli andiE; are non-decreasing in (26)

Then, Lemma 2 guarantees the achievability of the followfingc-
tional lifetime for the linear network of super-nodes:

n _nI
ZN (EiMi) (Hji+11 fj >
i=1 fi " Tr
i T+ 7

nj:Z -5 :
N (T ars j=itl Fj
> i (bZMZ) ( H;‘:iuff—? >

> @7)

1
"
Zp

Now we construct a routing scheme for the actual planar nétwo
which achieves this solution to within a constant factorisT§theme
attempts to mimic the optimal scheme for the linear supeleno

network, with each ring equally dividing the flow that it teamits

to the next inner ring among all the nodes in that inner ringe T

constant factor gap arises because the distance betwearotes in
successive rings is larger than the inter-ring distance.

Let \j;_; and )}, be the respective amounts of informatio
communicated from super-nodg to super-nodes;—; and to the

cgllector node respectively, under the optimal flow. Defifig :=

AT A
11 —1 . e 20
7, and B; = .

dividing 5 by i, i.e., j = pi + ¢. This node communicates a fraction
Af;’Bi of its total load to the collector node, and the remainingrig r
(¢—1). Of these remaining bits, fractiongs and ijl’q respectively
are transmitted to node§"—1-4-12% and (p(;;(li)fl‘l))% of thei —
1th ring.

This ensures that for eagh> 2, each node in thé: — 1)th ring
receives a total ofz.%lBi bits from ringi. To see this, suppose that
each node in théth ring sends the same number of bits to the1)*"

ring. In the (i — 1)*" ring, node% receives a fraction

241 from node WL 127 i ring 4, and a fraction='=< from
node% in ring 4, for a total ofz.j'1 times the number of bits
sent by each node in ringto ring < — 1. Backwards induction from
the outermost node, together with the flow conservation tcainss,
complete the proof.

What is the normalized cost incurred by each node? The distan
between each node in th&" ring and the collector node isR.
However, the distance between each such node and the nadde(s)
transmits to in the(s — 1)*" ring is greater tharR. Let the largest
such distance for any ring b& R. In that case, each node in tif&
ring incurs a normalized cost that is less tHdrtimes the normalized
cost incurred by theé*" super-node under the optimal scheme derived
above (because total load and energy are scaled by the satoe fa
Myq).

The factorK can be bounded as follows. Consider Figure 4. Note
that the angle = 2=, |af| = iR, and|fc| = R. The two nodes in
the'” ring nearest to nod¢ must both be within the arefd. Thus,
the maximum distance betwegrand any of these nodes is no more
than|cd|. We then have,

led)* = |bc|]® + [bd]?
(iR(1 — cos 0) + R)® + (iRsin #),

= R*(1+2i(i +1)(1 - cosh)),

= R’(1+2i(i +1)2sin*(0/2),
< R2(1+2i(i+1)2(%)2,
< R85
Thus,
J(R\/1+8(5)?)

K< (28)

f(R)
The results of this section are summarized in the following
theorem.
Theorem 3:Consider the regular planar network of Figure 3. Its
optimal functional lifetime is upper-bounded by the rigland side
of (24). If the initial energies and information quantitiesthe planar
network further satisfy conditions (25) and (26), then ¢hexists a

r}outing strategy achieving a functional lifetime é} times the right

hand side of (27), wher& is given by (28).
It should be noted that as: — oo, the factor K approaches 1,

yielding asymptotic optimality. This indicates that theiting strategy

collector. This scheme will ensure that each node in ifering

has a total load ofd; + B; bits, i.e., each node receives an equal

amount of incoming flow, and further that each such node wadlr
the same cost.

V. SCALING IMPLICATIONS

We now evaluate the simple routing strategy consisting afroa-
nicating only with the nearest neighbor in the directiontaf tollec-

Consider the*” ring, for ¢ > 2. Index each node by the angle oftor. Because it involves only short hop communication, sisiseme is
the radial line connecting the node to the origin. These emgre an appealing one for operational reasons, such as minignaadium
multiples of % Consider the node located at the ané%i. Let access contention. However, from the point of view of lifedi it is
p and q respectively be the quotient and remainder obtained upoet clear whether it is a good routing strategy, because atqd



a higher load on nodes close to the sink. Thus, it is worthevtal more powerful communication infrastructure, are more aspe to

compare it with the optimal strategy derived in this pap@nétforth, maintain, whereas sensor nodes are cheap. On the other thand,

it will be referred to as simply the nearest neighbor stnateg number of sensor nodes per collector node is limited by stetinhe
Consider first the linear case. Lat= 2, v = 0, and fg = 0. and throughput considerations. One of the motivations éofgoming

These are the smallest values within the range we considehes in-network processing is precisely to limit the communimaturden

lifetime obtained will be the largest possible. LiBf = E' andb; = b on nodes which are close to the collector.

for all 4, and let the inter-node distance de= 1. Under the nearest

neighbor strategy, the node next to the collector is the ttddmeck, VI. CONCLUSIONS ANDEFUTURE WORK
and it will transmitnb bits. Hence, the functional lifetime under this
scheme is%. The main contribution of this paper is to provide sharp baund
Now, consider the lifetime corresponding to the optimahisigy. and in some cases exact solutions, to the functional lifefmoblem
We have for spatially regular networks. Even here, some gaps reniie
n n . . ) characterization of the optimal solution holds only undertain
H 1 H U= 1)éj +1 _ Z('n +1) conditions on the energies and traffic requirements of thesaré.
iZit fi iZit J (i+1)n Nevertheless, we believe that these conclusions hold lyréadarge

sensor networks.

Substituting in (24), we get Another interesting extension involves considering moeaegal

1 E 27:1 i(i}H) cost functions. In practice, power levels belong to a discieet,
P Eﬁ and all pairs of_nodes may _not be connected: Such effectsl dmul
o 21 ) modeled by suitably changing the cost function. The key @ryp
_ E Zi:l (7 - i+1) of the cost function that underlies all our results is thegiradity in
bfi 30 (1- ) Lemma 4. It would be worth investigating if a similar resuttlds
E 1 1 for more general functions.
~ bfin+11_ len” One major limitation of our model is that we treat informatias

. . o incompressible, whereas-network processing8] and compression
Thus, not only is the optimal lifetime of the same order as thef correlated sources might substantially reduce the iregaigurden.

lifetime under the nearest neighbor strategy, but the wftithe two  |ngeed, our results suggest the need for such techniquesrease
converges to 1 as the size of the network goesdoThus, in the |ifetime.

linear case at least, the nearest neighbor strategy isynegatimal.

A similar calculation can be performed for the regular ptana
network of Figure 3. The nearest neighbor strategy in thiseca
involves each node in thé” ring transmitting to its two nearest This material is based upon work partially supported by
neighbors in the — 1)"" ring just as in the scheme described in th&FOSR under Contract No. F49620-02-1-0217, NSF under Con-
last section. The nodes in the first ring would then incur treatest tract Nos. NSF ANI 02-21357 and CCR-0325716, USARO un-
Kf(R);L b _ Nw+nbf(r)  der Contract Nos. DAAD19-00-1-0466 and DAAD19-01010-465,

normalized cost, which would be 55 .
The functional lifetime associated with this scheme is topper DPARPA/AFOSR under Contract No. F49620-02-1-0325, and DARP
|under Contact Nos. N0O0014-0-1-1-0576.

bounded b KN(J\,iEl)bf(R) . On the other hand, the optimal functional

lifetime can be bounded by substituting= 0 anda = 2 in (24), to
get REFERENCES
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APPENDIX
Lemma 3:For anyl < k < j,

J _ 1

1_ Ji—k < || fi
[T T e

J i=k+1 Ji

where f; := (id)*e"(?, with o > 2 and~ > 0.
Proof. We prove this for fixedk, by induction onj. Forj = k + 1,

We can cancel out the common factef®. Letting L(a)

e dRHS@) By = ¢~ve LHS@) e have
L@) = (a+(a+b)(a+b)* "bb+c)
ybe(a+b)" " (b+ o) e

+(ya+ @)cla+b)* b +e)* e

—1 _~b
[eY e'y

the LHS and the RHS are the same, so the inequality is true witkt the four summands in (30) b, Lo, L3, L. Now,

equality. Suppose it is true for some > k. From the induction
hypothesis,

J+1 f __h
i=k+1 7 f_i N 1— fi—k 1 Fi+1
’ m = fi 1448 )
=kt L F / 5
It is thus enough to prove that
f1
_ ik Fit1 1 ik

<1 b><;f%>2< >

Cross multiplying and rearranging terms, this is equiviaterproving
that
fiekfi=fifi+fifivi—k = fivrfime+ frR(fiv1— fir+1)- (29)
Leta :=k,b:=j—k,c:= 1. Adding and subtracting; +1—r fj—«,
and canceling out the common facté?* (recall thatf; = f(id)),
this is equivalent to proving that
((a+ b)ae’y(a+b) _ bae’yb)((b—i— C)ae'v(b+0) ) >
((a4b+0)*e @) — (b4 )%™ (b7 + fr),

fr
Eid™ "

fit1

— e

where ff :
follows.

This in turn is proved in Lemma 4, which
|

Lemma 4:Given any real numbera > 0, b > ¢ > 1, a > 2,
>0, K<1-—(1/2)*71

((a+b)* T —p2®) (b4 ¢)*e’ T — (¢)*e?(?)) >
(a4 b+ )@ _ (b4 ¢)%+) (b + K).

Proof. The common factors”®*®) can be cancelled out from both
sides. Denote the left hand side and right hand side of thdtires
inequality, as functions of the variable respectively byLH S(a),
and RHS(a).

F(a) := LHS(a) — RHS(a) is a differentiable function of,
and F(0) = 0. It is enough to prove thaf% > 0 for all @ > 0.
We have
dLHS(a)

da
Also,
dRHS(a)
a

= (Aa+b) + a)(a+b)* (b + )% — ).

(Y(@a+b+c)+a)a+b+e)* e (%" + K).

—(a+7y(a+b)(a+b)* ). (30)
R(a) = (’Y(G—Fb)+a)(a+b+c)a*16’yabae’yb

+ye(a+b+c)* e b

+EK(a+7y(a+b+0)(a+b+o) " (31)

Let the three summands in (31) B&, Rz, R3. Since(a+b)(b+c) >
(a + b+ c)b, we haveL; > Ry and Ly > R». It remains to prove
that Ls + L4 > Rs3. Now,

Li > (a+ya)(1+Ab)ela+b)(b+ o)™
= (a+~ya+~ab+~2ab)e(a+b)(b+c)* !
> (a+y(atbte)elatb)(b+e)* (32)
sincea > 2 andb > c. Thus,
Ly+ Ly > (a+vy(a+b+c))ela+ b)) ((b4+e)* =),
Sincec > 1, it remains to prove that
(a+0)*" " (b+e)* ' =) > Ka+b+e)* " (33)
Consider the expressioR(a) := (“+b)a1:$iijgz:’ckl). Differ-
entiating with respect ta, we get
dP(a) (a—1) cla+b)*2((b+c)* ' — )
da N (a4+b+c)~
> 0. (34)

Therefore, the ratio is minimum at= 0. Thus,

P(a) > P(0)
— b“*l(l—m)
> 1—(%)“*121(. O

Note: The conditions on, b, c and K for the above inequality to hold
may seem somewhat arbitrary. This is mainly due to the poeseh
the constantK. If K = 0, the inequality has a more symmetric
structure, and is true for any,b,c > 0, anda > 1. If, further,
the constanty = 0, the inequality follows in straightforward fashion
from Jensen’s inequality, due to the convexity of the fumttic®
(but notonly from its convexity; the inequality does not hold for all
convex functions). We are not aware if any form of this indityias
already known.



