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Optimal Control of Production Rate in a Failure
Prone Manufacturing System

RAMAKRISHNA AKELLA anp P. R, KUMAR, MEMBER, IEEE

Abstract—We address the problem of controlling the production rate
of a failure prone manufacturing system so as to minimize the discounted
inventory cost, where certain cost rates are specified for both positive and
negative inventories, and there is a constant demand rate for the
commodity produced.

The underlying theoretical problem is the optimal control of a
continnous-time system with jump Markov disturbances, with an infinite
horizon discounted cost criterion. We use two complementary ap-
proaches. First, proceeding informally, and using a combination of
stochastic coupling, linear system arguments, stable and unstable eigen-
spaces, renewal theory, parametric optimization, etc., we arrive at a
conjecture for the optimal policy. Then we address the previously ignored
mathematical difficulties associated with differential equations with
discontinuous right-hand sides, singularity of the optimal control prob-
lem, smoothness, and validity of the dynamic programming equation,
etc., to give a rigorous proof of optimality of the conjectured policy. Itis
hoped that both approaches will find uses in other such problems afso.

We obtain the complete solution and show that the optimal solution is
simply characterized by a certain critical nnmber, which we call the
optimal inventory level. If the current inventory level exceeds the optimal,
one should not prodnce at all; if less, one should produce at the maximum
rate; while if exactly equal, one should produce exactly enough to meet
demand. We also give a simple explicit formula for the optimal inventory
level.

I. INTRGDUCTION

E consider a manufacturing system producing a single
commodity. There is a constant demand rate d for the
commodity, and the goal of the manufacturing system is to try to
mect this demand. The manufacturing system is, however, subject
to occasional breakdowns and so there are two states, a
““functional’’ statc and a ‘‘breakdown’’ state, in which it can be.
The transitions between these two states occur as a continuous-
time Markov chain, with ¢, the rate of transition from the
functional to the breakdown state, and g, the rate of transition
from the breakdown to the functional state. (Alternatively, the
mean time between failures is ¢! and the mean repair time is
g3 "'.) When the manufacturing system is in the breakdown state it
cannot produce the commodity, while if it is in the functional state
it can produce at any rate ¥ up to a maximum production rate r.
We assume that r > d > 0.
Let x(¢) be the inventory of the commodity at time ¢, i.e., x(f)
= (total production up to time f) — (total demand up to time f).
x(f) may be negative, which corresponds to a backlog. We
supposc that positive inventories incur a holding cost of ¢* per
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unit commodity per unit time, while negative inventories incur a
cost of ¢, with ¢+ > 0, ¢~ > 0. Our goal is to control the
production rate u(f) at time £, so as to minimize the expected
discounted cost

E Sm (et xH(f) +emx—(t)e~ dt (1)
0

where x* 1= max (x, 0), x~ := max (—x, 0) and y > 0 is the
discount rate.

The problem that we address is this. When the manufacturing
system is functioning, what is the optimal production rate # as a
function of the inventory x? This problem has been motivated by
the pioneering work of Kimemia [1] and Kimemia and Gershwin
[2], where a more general problem is formulated (see Section
XIII).

We obtain the complete answer to this question. The optimal
solution u(f) = wz*(x(f)) is given by a critical number z¥. The
optimal policy is

() =r  if x(f)<z*
=d if x(t)=2*
=0 if x()>z*. Q)

Thus, whenever the manufacturing system is in the functional
state, one should produce at the maximum rate r if the inventory
x(t) is less than z*, one should produce exactly enough to meet
demand if the inventory x(f) is exactly equal to z*, and one should
not produce at all if the inventory x(f) exceeds z*. Hence, the
production rate should always be controlled so as to drive the
inventory level as rapidly as possible towards z*, and once there,
should maintain it at the level z*. For this reason we shall call z*
the optimal inventory level.

We also obtain the following simple formula for the optimal
inventory level:

Z¥=ma 0 ! I ¢
= 'x B — 0 —_—
A & ct+c¢™

. <1+ 'Yd 3)
qid—~(y+q+dN_Yr—~d)

where A _ is the only negative eigenvalue of the matrix

Y+qu —q

r—d r—d

. 4)
q: {2ty
:-(40)

The motivation for the problem studied here is that it is a basic
problem for manufacturing systems. The optimal policy is trivial
to compute and qualitatively simple to implement, and it is hoped '
that these two features will render it attractive enough for use as a
guideline.

From a theoretical viewpoint also, both our solution procedure
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and method of proof possess, several interesting features. First
note that the system under consideration is the following.

) =u()—d. (.9)

{s(®); t=0} is a continuous-time Markov chain

with state-space {1, 2} and generator [—qlh q;] . (5.i)
2 T4z

The constraint on u(¢) is,
u(f)=0 if s(f)=2

ef0, r] if s(H)=1. (5.1ii)

The goal is to minimize £ S (c*x*()+c x (e dt.
0
5.iv)

Here x(¢) is the inventory at time ¢, u«(¢) is the production rate at
time ¢, and s(f) = 1 or 2 depending on whether the manufacturing
system is in the functional state or the breakdown state,
respectively. Thus, we have a continuous-time system with jump
Markov disturbances and an infinite horizon discounted cost
criterion. For previous work on problems of this type, we refer
the reader to Rishel [3] for the case of a finite horizon cost
criterion; and Krassovskii and Lidskii [4] and Lidskii [5] for a
case of an infinite horizon problem. In dealing with these types of
systems there are two problematical issues.

The first set of problems arises because one encounters many
mathematical difficulties (see {3]) when studying the problem of
optimal control for continuous-time systems with jump Markov
disturbances. Consider a feedback policy u = w(x). Then the
system (5.i) satisfies

X=n{x)—d. 6)

However, the types of functions © we wish to consider are
essentially discontinuous functions. Standard existence and
uniqueness conditions for the solution of the differential equation
(6) are not satisfied. Rishel [3] has considered one notion of a
solution; we use another method. There are also other difficulties.
Let

Vi(x) := minimum value of the cost (5.iv) when
starting in the state s(0)=1i, x(0)=x.

Then, informally, we have the Hamilton-Jacobi-Bellman dy-
namic programming equation

(uem(({nr](u~d) V'(x)>= Y+gr —q Vi(x)
—d V(%) =@ v+g: |\ VaAx)

- ( i >(c"x+ +c™x7). (7)

It is not a priori clear that V;(-) is a differentiable function. It is
not also clear that there exists an optimal control law. Moreover,
it turns out that V,(x) does vanish for some x, and for such a value
of x, the left-hand side of (7) is minimized by every u, and so the
Hamilton-Jacobi-Bellman (HJB) dynamic programming equation
does not prescribe the optimal u for such x. Thus, the optimal
control problem is a singular one. It is this collection of
mathematical problems that we shall address rigorously in the
second half of this paper.

The second set of problems is this. Even ignoring all the
mathematical difficulties mentioned above, how do we actually
obtain the optimal solution? Why should we suspect that the
optimal policy is of the critical number type? Why is the critical
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number z* always nonnegative? Given that we want to solve the
HIB equation (7), what are the appropriate boundary conditions?
After determining boundary conditions how does one determine
an optimal choice for z*? It is this collection of issues dealing with
the actual obtaining of the optimal policy that we address in the
first half of the paper.

The two approaches complement each other and we hope that
they will also be useful in dealing with other problems of the sort
considered herc.

The paper is organized as follows. In Sections II-VIII we
ignore some technical questions and arrive at a conjecture for the
optimal policy. Beginning with Section IX we address all the
mathematical difficulties and rigorously prove the optimality of
the conjectured policy.

II. OpTIMALITY OF CRITICAL NUMBER PoLICY -

Beginning with this section and continuing through Section
VIII, we provide a sequence of informal arguments which will
lead us to conjectures about the optimal policy and the optimal
cost function.

In this section we givc an argument to show that the optimal
policy is characterized by a critical number.

Let us assume the cxistence of an optimal feedback policy u(?)
= w¥(x(#)) and let V(x) denote the optimal cost when starting in
the state (s(0) = i, x(0) = x). Fix {s(¢, w); ¢ = 0}, a realization
of the continuous-time Markov chain, with s(0, w) = i.

Now we consider two different initial conditions x,(0) and x,(0)
and also a convex combination x,(0) : = (I — a)xp(0) + ax,(0)
where 0 < « < . If #*(-) is used, then the trajectories starting
with the initial conditions x(0) and x;(0) satisfy

Xty w)=THx(t, W)—d
=—d

if s(f, w)=1
if s(¢, w)=2 (8)

X0, w)=x:(0)

for k = 0, 1. Also, we have

Vi) =E, | (c*x{ (6 @)+ eoxp (6 o)e " di )

where E, signifies that the expectation is taken over w.
Suppose now that for the initial state x,(0), we use the control

u(t, w)y=(1—-o)r*(xy(t, w))+ax*(x,(t, ). (10)

Note that such a control is in fact implementable because by
observing {s(f, w); t = 0} one can in fact deduce what {x,(t, w), ¢
= 0} would have been for £ = 0, 1. Such a control gives rise to
the trajectory satis{ying,

Yoty @)=(1 =) (Xo(t, w)+oam*(x,(t, W))~d if s(t, w)=1
=-d if s(t, w)=2
X0, @)=(1 ~ a)x(0) + ax;1(0). )

It is easy to check from (8) and (11) that

X (2, w)=(1 —a)xp(t, w)+ax,(t, w) for every 1=0.

From the convexity of the integrand in (5.iv) it follows that

E, S: (e*x7(t, w+e x7(t, w)e ™ dt
= (1= ) Vi(xo(0)) + aVi(x1(0)).  (12)

However, for the initial stage x.,(0) the control (10) is not
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necessarily optimal, and so

Vilx (0N =<E, g: (c*x}(t, wy+cx_ (1, w)e " dt. (13)

From (13) and (12) we deduce that V)(-) is a convex function.
This argument is the same as that in Tsitsiklis [8]. Assuming that
V,(+) is continuously differentiable, we see that there is some z*
for which

Vi(x)<0  for x<z*

=0 for x=z*. (14)

From the left-hand side of the HIB equation (7), which we suspect
{Vi0); i = 1, 2} satisfy, we see that

u=r minimizes (u—d)Vi(x) if x<z*

=0 minimizes (u—d)V,(x) if x=z*.
Hence, we suspect that the optimal policy u(f) = w*(x(?)) is of the
form

T*(x)=r if x<z*

=0 if x>z*

15)

for some critical number z*.

What happens at x = z*? Any « € [0, r] minimizes (¥ —
DV (z*), so we will have to determine which u € [0, r] to
choose. From (15) we see that x > 0 for x < z* while ¥ < 0 for x
> z*. Hence, when x = z*, there is a *‘chattering’’ phenomenon
which keeps the state x exactly at z*. So we suspect that

T*(x)=d if x=z2* (16)
because such a choice keeps the inventory level exactly at 2*, once
it reaches z*.

Equations (15) and (16) show that the optimal policy is
characterized by the critical number z*, which we have called the
optimal inventory level.

The reader may note that the above argument relies only on the
inventory cost being convex in x, and so critical number policies
are likely to be optimal for more general problems also. In fact,
proceeding as in the sequel one may be able to obtain explicit
formulas for the optimal inventory level when the inventory cost is
a convex nonnegative polynomial such as x? or |x}?. The details
will however be tedious.

III. NONNEGATIVITY OF OPTIMAL INVENTORY LEVEL

In this section we show that the optimal inventory level is
nonnegative. Consider two policies 7%+) and 7%(-), where

Tx)=r if x<0
=d if x=0
=0 if x>0 an
and
TH(X)=r if x<z
=d if x=z2
=0 if x>z. (18)

Let z < 0 be some strictly negative number. Denote by V?(x) and
Vi(x) the costs resulting from the policies 7°(+) and =3(-),
respectively, when starting in the state (s(0) = i, x(0) = x).

If #%(-) is optimal, then from (14) wc see that V() should
attain a minimum at x = g, i.€.,
for all x.

Vi(z)= Vi(x) (19)
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Moreover, if 7%(-) is optimal, we should also have

Vi)=Vi(x)  for all x.

In particular, from the above two inequalities we should have

Vi(z) < V%(0). (20)

Hence, to show that 73(-) with z < 0 is not optimal, it will
suffice to show that (20) is not true.
Indeed, let {s(¢, w); t = 0} with 5(0, w) = 1 be a realization,
and consider the two trajectories
x%(¢t, wy=r-d
=0
=—d

if X0, w)<0, s(t, wy=1
if x°(f, w)=0, s(t, wy=1
otherwise
x%0, wy=0
and
X¥t, wy=r—d
=0
=-d

if x%(t, w)<z, s(t, w)=1
if x¥(¢t, wy=2z, s, wy=1
otherwise

x3(0, w)=2z

which emanate from the initial states 0 and z, when the policies
7°(+) and 7*(-) are respectively used. It is easy to verify that

x(¢t, w)+z=x%(t, w)y<sz<0  for all =0.
Hence,
crxt(t, wy+cx* (L, wy=c"x*(t, w)

=c [x% (¢, w)+27]

=ctx0*(t, W+ X (1, wy+c izl

Hence,

E, SO (™ x%* (t, w)+c~x°(t, w)e " dt

a2

<E, SO (c*x**(t, wy+c x2 (¢, w)e " dt,
i.e.,
V20) < Vi(z)
showing that (20) is violated, and thus that 7%(-) cannot be an
optimal policy.

Hence, z* the optimal inventory level, has to be nonnegative.

IV. THE PIECEWISE LINEAR EQUATIONS FOR THE CosT FUNCTION

Let z = 0 and denote by ¥} (x) the cost function for the policy
7%(+) defined in (18). The analog of (7) for the policy 7%(*) is

((ﬂx)_d)r/f(x) _| vt —a [ Vi
—dVi(x) -@ y+a@ Vi(x)

- < } )(C"x+ +c7x7). (21

2y o= | Vi)
Vi(x) := (V%(x))

Denoting
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AR q
d d

Az =
92 (Y
d d
1
r—d
b]I: 1
d
1
d
by 1= ) (22)
d

and fetting A, be as defined in (4), it is clear that (21) can be
rewritten as

56; Vix)y=A,V3(x)—bic™x for x<0
=AV¥{x)+bictx for 0<x<z
=A,V¥{x)+ byt x for x>z. (23)

Before we can utilize these piecewise linear equations to deter-
mine the cost function corresponding to w*(-), we need to
determine appropriate boundary conditions for (23).

V. Bounpary CONDITIONS

Since thc vector V*(x) is two-dimensional, we need two
boundary conditions for (23).

A. The First Boundary Condition

Let {s(¢, @); ¢ = 0} be a realization. Under the policy w%(-),
the inventory is given by the differential cquation

X, wy=74x(t, w)-d
=-d

if s(t, wy=1
if s(¢, w)=2.
In any case |¥(¢, w)| < r for all (¢, w), and so

[x(t, w)|=<|x(0)] +rt for all (¢, w).

Hence,
Vix(O) =E, [ S: (™' x*(t, w)y+c x (¢, w)e " dfis(0, w)

=i, x(0, w)=x(0)]

<ky|x(0)| + k; for some constants k; and k,.

Hence, we see that

Vi(x)y=0(|x|) as x— + oo, 24)
Let us see how we can make (24) more usable. Solving (23) for x

< 0 in terms of V*(0), we get
Vi(x)=eM*[VH0) - A 27
+[AT b x+ AT )

for x<0. (25)
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Now note the following easily verified fact:

A, has one strictly positive eigenvalue, say A,

and one strictly negative eigenvalue, say A_. (26)
Let
wt :< ! +> := eigenvector of A, corresponding to A,.
W,
@n
To satisfy (24) as x = — o, we clearly need
Vi) - A bhiem €(w?) (28)

for otherwise, V3(x) = 0(e*-*) as x — ~oo. Here, {w*) is the
eigenspace generated by {w* }.
Equation (28) is one boundary condition for (23).

B. The Second Boundary Condition

To obtain the second boundary condition, let us sce what Vi(2)
is. Consider a system starting in state (s(Q) = 1, x(0) = z) and let
7, a stopping time, be the first time at which s(7+) = 2. Clearly,
x(t) = zfor 0 < ¢t < 7 when 7%(*) is used. Hence,

Vi(z)=E,; [ ST [ 4 dt+e'“"V§(z)] .
0

Noting that 7 is exponentially distributed with mean gr', by
evaluating the expectation in the above equation, we get

1
V?(Z):q—ﬁr—; (¢, Vi(z)+c*z) 29)

or, equivalently,

+

oy C %
[, 014 V(@)=

(309)

Equation (30) is the second boundary condition for (23).

By using the two boundary conditions (28) and (30) one can
solve the piecewise lincar differential equations (23) to obtain
V%(+), the cost function for any policy () with z = 0.

The next question we have to face is; what is the optimal choice
of 2?7

VI. OrriMaL CHOICE OF 2

Suppose wz*(-) with z* > 0 is optimal. Then,
i) Vi*(z*) = V¥*(x) for all x, since by (19), the optimal cost
function attains a minimum at z*,
i) V¥*(x) = Vi(x) for all x, z, since wz*(+) is optimal and
therefore has lower cost than any other 7%(-).
From the above, we get
Vi (z¥) < ViK(Z) < Vi(z) for all z.
Hence, Vz.(z) attains a minimum when z = z*. Assuming now
that V{(z) is a C' function of z, we see that

d
Z pz =
7 & (z)] . 0.

We will call (31) the optimality condition and in the next section
we will see how it can be exploited to give the optimal solution.

(31

VII. OpTIMAL INVENTORY LEVEL

We will now utilize the piecewise lincar differential equations
(23), the two boundary conditions (28) and (30), and the
optimality condition (31) to obtain the optimal choicc for z*.



120
Differentiating (29) and using (31), we get

Cvim| =%
dz ? z=z% q

However, by the chain rule

d a d
=y =% pue +— VI(z*
dz VZ(Z)] =k 0X V2 (X)]x:z* 0z 2(Z )]z=z*

(32)

Since V5(x), considered as a function of z, is minimized at 7 =
z*, by assuming continuous differentiability, we have

d

— Vi(z* =0.

3z VZ(Z )] z=z%
Hence,

dz

d 3
dz Vé(Z)] ezt OX Vg*(X):I ook [0, 1A VX (z*)+byc* 2%}
(33)
where we have also used (23). From (32) and (33) wc have
C+
lO! 1]{A2VZ*(Z*)+b2C+Z*} = ——.é— .
1
However, since [0, 114, = [0, 1]4,, [0, 1]b, =

1 z*
0, 114, Ve*(z¥) = —c*{ —+= | .
[0, 1]A4,Vz*(z¥) C<q1 d)

1/d, we have

Combining the above equation with (30), we have

1) q

Setting (34) temporarily aside, we turn to (28). Solving (23) for
V4(0) in terms of V*(z), we get

A VM%) = (34

q d

Vi) =e~ " Vi) + A bt z4+ AT thict) - AT 2bict
and substituting this in (28), we have
e VI + A btz + A [t = At +cT)E(wH).
Since {w™*) is invariant under e1?, we havc

[VHD)+A['bict 2+ A7 ct) - A PA b (c™ +¢c7)E (W),
(35)

Combining (34) and (35), and noting that (w*) is invariant
under 4,, we get

+
~2— <(1)> +Abict —eM*AT D (¢t +cT)E(WT). (36)
1

This equation now gives us a ““formula’’ to choose z*.

Recall now from Section VI, that in obtaining (36) we made the
implicit assumption that z* > 0. Therefore, we now have to
determine when there will be a positive solution z* for (36).

Let us first simplify (36) a bit. Note that

—y(y+ a1+ q»)
d(r—d)

_ -1/1
e (1),

det A1=)\+)\_ =

(37
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Hence, (36) simplifies to

wf 1 et (1 ety 0 .
et <l>—c++C' <1>_(c++c‘)ql (1>€(w Y. (38)

Now let

v =[vy, vyl
1= a left eigenvector of A4, corresponding to A_. 39

Since left and right eigenvectors corresponding to different
eigenvalues are orthogonal, i.e., v-w* = 0, (38) is true, if and
only if,

1 c* 1 cty 0
—pA 2% -y ey =0.
ve <l> re- ! (1> (C++C")QIU 1
Since v-e41#* = ¢*-**y- | this reduces to
eM-*= < 1+X v .
ct+c” qrvy, top

Since v~ A, = A_v~, by equating the second components of both
sides,

b= vy (r;ld) [)\_+(7J;q2):|

and now substituting for vy /(vy + vi), we get

Ak ct yd
€ ct+c” [1+q1d—('y+q2+)\;d)(r—d):| ) (40)

It is easy to check that

qd~(y+ g+ N d)(r-d)>0 “41n
and so the right-hand side of (40) is strictly positive. Taking
logarithms, we therefore get

*=+— log

1 ct 14+ yd
A ct+c gd—(y+q+r_d)r—d) ’
However, such a value of z* may not be positive, and wc already

know from Section III, that if z* > 0 is not optimal, then z* = 0
is. Hence, we arrivc at our conjecture

z¥=max {0 1lo ¢’
h AL g ct+c-

. <1+ vd @2
Gd—(y+ @+ _d)r-d) )

Note: Due to (41), it follows that [1 + yd/{qd — (v + q; +
A_d)(r — d)}] > 1. Hence, for every ¢~ > 0, there exists ¢* >
0 such that if ¢* = ¢*, then z* = 0. Thus, the optimal inventory
level may be zero even though ¢* < + co. This is somewhat
counterintuitive and surprising.

VIII. OpmiMaL CosT FUNCTION

In the previous section we have conjectured the optimal policy.
In this section we shall conjecture the optimal cost function also.

Let us consider separately the two cases where z* as given by
(42) is zero, and where it is positive.

A.Casel: z* =0

When z* = 0, the optimal cost function is ¥°(-) which satisfies
(23) with z = 0, and has the bouqdary conditions (28) and (30)
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with z = 0. Defining w* as in (27), (28) says that
V(©0)=kw* +A;2bc” for some constant K.

Then, from (30), we get
o
0={1, 0]4,V(Q) =k\, +[1, 0]A['bic =kN, —7
and so kK = ¢ /yA,. Hence,

&
V(0)=
©) oW

K_szCA. (43)

Solving the differential equations (23) with the boundary condi-
tion (43), we get

V(x)= C)\ eriwr+ ATbicTx+ A ?hyc” for x<0
YA+
=e42¥ < w'+A e +A; zbzc‘*]
'Y)‘o
—[A; 'bactx+A;%bct] for x=0. 44
B. Case 2: z* > 0
From (34) we have
v
V(z¥)= —A['bict 25— A ]! <(1)> Cq— (45)
1

and so, solving the piecewise linear diffcrential equations (23)
with boundary condition (45), we get

V(x)=e"1* {e‘f’nz* [A (b —A;‘(?) Cq—:l
i

—Ay(ct +c‘)} +A[ b x+ AT

for x<0

== [A Tiet AL (?) 2—+]
1

~ATlbictx— ATt for 0=x=<z*

Ag(x—2K) Y 4 —1p At 1py af0)¢
=g 2 A2 sz Z*—Al b[C Z*_Al 1 q—
1

+A2'2bzc*} — A7 bt x— ATyt for x=z*. (46)

By simplification, it can also be seen that

— pAxlx—z%) -1 0 ¢t ~2
V(x)=e2 -A; 1 q—+A2 byct
1

~A7lbctx— A7 byt for x=z* (47)
Our conjectures for the optimal cost function in the two cases z*
= 0 and z*¥ > 0 are given by (44) and (46), respectively.

IX. SoLutioN oF HIB EQuATION

In the previous sections we have arrived at the conjecture that if
Z*¥ is as specified by (42), then wz*(-) defined as in (2) is the
optimal policy and V(-) defined as in (44) and (46), for the two
cases ¥ = 0 and z* > 0, is the optimal cost function.
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Beginning with this section, we commence the rigorous proof
of the validity of our conjectures.

In this section we will show that V(-) satisfies the Hamilton-
Jacobi-Bellman dynamic programming equation (7).

Lemma 1: V(+) is continuously differentiable.

Proof: Consider first the case z*¥ = 0 where V(-) is
specified by (44). We only need to check the continuous
differentiability at x = 0. Denote by V), limue (Ma + h) —
V(a))/h and similarly for V(a~). Now, from (44)

y __f___ 1 -1 A_C_ +_£ 1 =£ 0
V(0 )_'y w' +A'bc = w 7\ o

- ( 0
+AyA by =‘7 <w+ _1> “8)
2

where we have used (27), (37), and

. ¢
V0+)=
©+) o~

-d
)

A= 4 Ay (49)
0 1

Hence V(-) is continuously differentiable whenever z* = 0. Now

consider the case z* > 0, where V() is specified by (46). We

on]y need to check the continuous differentiability at x = 0 and x
= z*. Now, clearly, from (406),

. . ct (0
0 -)=V(0+)=e"17* Al-lb,c+—q— )| -Aartee
1

(50)
and so we proceed to consider x = z*, for which,
. . 0\ ct
V(z*=)=V(z*+)= - — 629)
1/ q
as can be seen from (46) and (47). O

Lemma 2: V(0) — Aiibjc € (w*).
Proof: From (44), this is clearly true for the case z* = 0.
Considering z* > 0, we see from (46) that

—p— ATk -2 + -1 0 ct -2 +
V0)=e— Al b,c _Al 1 'q—— _Al bic
1

and so noting that {(w*) is invariant under e1¥*4,, we get

C*f‘ 0 C+
A z¥ 1 —l
e A Fib + (c*+c)q1<l> 1o ) b€{wt).

Noting that left and right eigenvectors corresponding to different
eigenvalues are orthogonal, i.e., v-w* = 0, where v~ and w*
are given by (39) and (27), we only need to verify that

v eAlz*A—lbl+___L 0 ___("J(_A—lb1 =0
! (c*+cNg \1/) (ct+ec) !

Noting that v- ez = r-7%y- , by using (37) and simplifying,
we see that we only have to show that
1
< 1 ) - O.

1 ct 0 c*
e)\_,z* — . —— R T
Y <‘> c—ar <1> GETSN

But noting the equivalence of this and (40) and (42) when z* > 0,
the assertion follows.
Now we are ready to consider the case z* = 0 and show that
V() satisfies the HIB dynamic programming equation (7).
Lemma 3: Suppose z* given by (42) is equal to 0, and V(+) is
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defined by (44). Then
(T ()~ d)V\(x) _|yree - Vi(x)
—dVy(x) 4 v+ Va(x)

—<i>(c+x+ +¢7x7) for all x (52.1)

(TP (x) - d)Vi(x) = gﬂin} (u-d)Vy(x)  for all x. (52.ij)

Proof: Itis easily checked that V() defined by (44) satisfies
(23) for x < 0 and x > 0, and so (52.1) is valid for x < O and x >
0. Now considering x = 0 and using (48), we have

(@*O)-d)Vi(0) \_ ¢ d 0
—dV5(0) Ty w1

while, by using (43), we have
Ytqr —a

V(0)= —dA, V(0

(8 2 )ror-aure

_—dc‘

- YAy

_—cd 0
- % W2+—l

where we have also used (49) and (37). Hence, (52.1) is also valid
at x = 0. Now turning to (52.ii}, since wz*(-) satisfies (2), we
only need to show that

A2W+ - dAzA l—Zblc»v

Vi(x)<0  for x<0 and V|(x)=0  for x>0. (53)

Consider x < 0 first. Then, from (44) it follows that

.. “A
V) =S20 x>0 for x<0
Y

where, by ¥,(0), we mean V(0 ~). Since (48) shows that V,(0)
= 0, it follows that (53) holds for x < 0. Now turning to x > 0,
from (43) and (44) we see that

V(x)=e*2[A,V(0)+ A 'hye* | — A bet  for x=20.
From (43), (49) and (37), we have

-
A2W++CA2Al_2b1=—<w+0 l>
Y 2 7

o
AVO) =+ 7
R

Recalling (22) we thus have

SN Aoy c” 0 Ei 1
Vix)=e"2 {_—y(w;-l)<l>+dA2 <1>}

Can(! for x20
-4 ) or x=0. (54)
Now

! and { ~9 ight eig f A

| o are right eigenvectors of A,

corresponding to the cigenvalues <%>

+q,+
and ~<‘y_q[;_~q_2> , respectively, (53)

and

0 - q\ i 1 -q> 56
<l> q;+42<1>+q1+42< g > (56)

Moreover, equating the first components of both sides of the
equation A, wt = N, w* and noting (4), we have

I
W2+=q—[‘Y+01—)\+("—d)]A 57
1
Using (55), (56), and (57) in (54), we get
. ct - cly- A (r—4a))
Vv, = (l—e vy~ 1 7V 77
10 Y (1-e ) g1+ q) .
. [e—(v/d)x_e~((7+ql+qz)/d)X] for x=0.

Ify = A, (r — d) = 0, then clearly V;(x) > 0 for x > 0 and (53)
is valid. So suppose that v — A,.(r — d) < 0 and note, by
differentiating, that

5o | € = NO=d) vl s
Vix)= [ d (g + q) d]e (
+c‘('y—)\+("‘d)) (vt+tq+q)
¥(q1+ q2) d

for x=0.

If p = 0 and n = 0 are constants, then pe /adx 4
ne~Ww+ar+a¥dx > ( for all x = O if and only if p + n = 0.
Hence, to show that
Vi(x)=0
we only need to verify .that

for all x=0

¢ty =MN=d) | ytaitg v
—+ -=1 =0 for all x=0
d Y@+ q) d d
or cquivalently, that
cty+ e (y= A (r—d)=0.

It is casy to check that (A, + N Y}r — d) = (y + q) ~ (v +
q)l(r — d)/d], and so, substituting for A\,, we only need to
verify that

¢ [%rJr ) (r;d)—(v-#ql*)\-(r—d))] +cTyz0.

But this is in turn equivalent to

c’ yd
v — 1+ =1
ct+c¢ gd—(y+ g+ A_d)(r—d)

which is in fact true, since z* given by (42) satisfies z* = 0.
Hence, (53) is valid, proving (52.ii). O
Turning now to the case z* > 0 we show a similar result.

Lemma 4. Suppose z* given by (42) is strictly positive, and
V(-) is defined by (46), then (52.i) and (52.ii) are valid.
Proof: It is easily checked that V() satisfies (23) for x < 0,
0 < x < z*¥and x > z*, and so in all three of these cases (52.1) is
satisfied. At x = 0, (50) and (46) again show that F(0) = A, F(0)
and so (52.1) is also valid at x = 0. Turning now to x = z*, we
note from (51) that

(@*EH)~d)WVy (29 _c*df0o)
( —avy(z%) >‘7<1>“d‘”(2*>~
Also,

Yytq, —q VY v oa Viz* F—
[ -0 'y+q2] V(z*) <1>c z d{A, V(z*) + byct 2%}

= —d lim {A,V(x)+bxc*x}=—d lim V(x)=—dV(z¥)
Xz x-rz*
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where we have used the continuous differentiability ‘c‘)f V_(‘).
Hence, (52.1) is valid for all x. Now turning to (52.ii), since
#z*(+) is of the form shown in (2), we need to show that

for x<z* and Vi(x)=0  for x>z*. (58)

Consider 0 <

., 0\ c*
V(x)=eAl(x~z*) b1C+ —A, 1 —(—1—— for O0<x=<z*
1

where, by F(0) and F(z*) we mean F(0+) and W(z*-),
respectively. Now

0\ct 0
. =
b A'(‘)Qn <0>

where 8 : = ¢*/d + (¢*/d)(v + q2)/q; > 0. Lett:= —(x —
z¥) = 0 and denoting by £~ the inverse Laplace transform, we
have

Vi) =11, Ole"‘"<g>
( “(8))
=1L, osr+ Ay,

_g-1 ba, _ @M —er )
GG AN ) dt. A

with strict inequality for x # z*. Moreover, from (51), Vy(z*) =

0, and so the validity of (58) for 0 < x < z* is established. By
continuity of Vi(x), we see now that Vi(0) < 0, thereby
establishing (58) for x = 0 also. Now we consider x < 0. Since
(23) is satisfied for x < 0, we see that

x < z* first. From (46) we obtain

V(x)=etZ (V) —A; *bic1+ A, ‘bic-x
+A{bic~  for x=<0. (59)

Hence,

V(x)=A e [V(©0) - A e 1+ A7 by for x=0.

From Lemma 2, we know that V(0) — A %b,c- = kw* for somc
constant k, and so
V(x):k)\+e*+"w++Aflb1c‘ for x=<0,

Noting (27) and (37), we have

V,(x)=k)\+e)‘+"—c7=e)‘+"V1(O)—£(l—e)‘+") for x<Q.

Since A, x =< 0 for x < 0 and since V,(0) < 0 as prev10usly
shown, it follows that V,(x) < 0 for x < 0 and so (58) is valid for

x < Oinadditionto 0 < x < z*. Now we consider x > z*. From
(47) we have

aa *
V(x) =eA2t-2%) {—A2<?> 2—+b2c+} for x=z*
1
=P-ef‘2(x‘l*)<?> for x=z*

where p 1= (c*/d)(1 + (y + ¢2)/g) > 0, and by V(z%) we
mean V(z* +). Now using (55) and (56) we get

l71()‘) =

{e(—v/tl)(fo*)
Q+aq:

—el-(+at V-2 >0 for x=z*
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with strict inequality except at x = z*. Since Vi(z*) = 0, the
validity of (58) is also established for x > z*. D

Theorem 5: Let
z* be defined as in (42) (60.1)
7¥¥(+) be defined as in (2) (60.1i)

V(-) be defined as in (44) or (46)

depending on whether z* =0 or z¥>0. (60.ii1)
Then
V() is continuously differentiable (60.iv)

7%*(+) and V(+) satisfy (52.i) and (52.ii) and hence the
Hamilton-Jacobi-Bellman dynamic programming equation
(60.v)
V(x)=0(|x]) as x— = oo. (60.vi)

Proof: We have already established (60.iv) and (60.v) in
Lemmas 1, 3, and 4. To show (60.vi) note that (44) and (46),
(26), (27) together with Lemma 2 show that ¥(x) = 0(]x|) as x =
~oo. Moreover, since both eigenvalues of A, are strictly
negative, it follows from (44) and (46) that V(x) = 0(x) as x —
+ oo also. 1

X. ApMiIssIBLE PoOLICIES

It is now time for us to address more general issues. We begin
by defining the class of admissible policies.

Definition: A measurable function 7:R — {0, r] will be called
an admissible policy if, for every (7, £} € R? with 7 = 0, there
exists a function y,(f; 7, £) which satisfies

y.(t; 1, £) is absolutely continuous in ¢ (61.i)

ya(t; 7, E)=¢+ St (m(y.(s; 7, £))—d) ds for t=7 (61.ii)

y.(t; 7, £) is continuous in (¢, 7, &) (61.iii)
Y.(+) is the unique function satisfying (i and ii) above. (61.iv)

Given such an admissible &, we now describe the manner in which
we interpret the differential equation (5.i). Let {s(, w); t = 0} be
a realization of (5.ii) with, say, s(0, ) = 1 and suppose x; is the
initial inventory level. Define 7o(w) : = inf {t > 0:s(f, w) = 2}
and 7;, (@) = inf {# > 7(w); s(t+, w) # s(t—, w)}. Then we
construct the process {x,(f, w)} by

Xe(t, @) 1=y (8 0, xp) for 0=t=<75(w)
=X(ri(w), @) —d(t-Ti(w)  for T(w) ST, (W)
and /=0, 2, 4,
:=y7r(t; T,'(CO), X,(T,‘(w), w)) fOI' Ti(w)$t57i+l(w)

and i=1, 3, 5,

Note that an immediate consequence is

. t
x(f, w)y=Xxp+ So (uy(s, w)—d) ds for all =0 (62)

where
U (t, w)=90 if s(f, w)=2

=7, @) if s, w)=1.
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Thus, the differential equation (5.1} is interpreted in integral form
in (62).

One can use the theory of semigroups of nonlinear contractions
in Banach spaces, see Barbu [6], to obtain sufficient conditions for
a policy 7 to be admissible. We now use this to establish the
admissibility of policies of the 7*(-) type.

Theorem 6: w*(-) defined by (18) is admissible.

Proof: Let A, a multivalued operator, or equivalently a
subset of R2, be defined by

Ax):= {r—d} if x<z
= [—d, r—d if x=z2
:= {~d} if x>z.

Then x;, < x, and y; € A(x)), ¥, € A(x;) implics that (x; —
X)) — y2) = 0 and so A is a dissipative opcrator; see [6,
Definition 3.1, p. 71]. Moreover,

U U x-»=r

XER yEAX)
and so A is m-dissipative; sce [6, p. 71]. Also, for every x € R
(r3%(x)-d) € A(x) and |7%(x)—d|=<|yl|for every y € A(x).

By Corollary 1.1 and [6, Theorem 1.6, p. 118] we see that (61.1),
(61.i1), and (61.iv) are satisfied. Moreover, by [6, Proposition
1.2, p. 110], y.z(#; 7, &) as a function of 7, for each £, is a
semigroup of nonlinear contractions, and so from [6, Definition
1.1, p. 98] we sce that | y,z(¢; 7, £1) — y,e(t; 7, E)| < |& — &3],
Smce by uniqueness y,:(f; 7, §) = y,z(t = 7,0, §) forall 1 > 7, it
follows from | y,z(; 71, £1) — Yaz(S; 72, £2)| < |yaz(t — 7150, &)

- ywz(t - T2 0’ gl)l + |y1r7-(t T2 0 g )l - y‘l'z(t : _72; 0; EZ)I
that y,:(*) is a continuous function, and so (61.iii) is also
satisfied.

XI. INTEGRAL EQUATION FOR CosT FUNCTION

In this section we will show that the cost function corresponding
to a policy = satisfies a certain integral equation.

Let {7;} be the successive jump times of {s()}. If {x,(£); 1 =
0} is the trajectory resulting from a policy =, define

Vie®) := E [ [ ctxamve = arls© =i, x,(0)=z]

as the cost of using 7 up to the nth jump of {s(r)}. Here

c(x):=ctxt+cx".
Clearly
Virl®) = lim V7.(8) (63)
is the corresponding expected cost of using 7 indefinitely.
Define
xXp(t, £) := et 0, £)
xi(l, Ey:=Et—1d.

Clearly x,(t, £) represents the inventory level at time ¢ if initially
the inventory level is £, s(0) = i, and there are no jumps of {s(#)}
in [0, £). By a renewal argument it follows that

Via£)=0

and
Vi ‘)= S: q.e 9 [ SO e-ve(xh(t, §)) dt

+e "1V (X0, E)):l do  (64)
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where
JUYy € {1, 2}, jU)#i

For ¢ > 0, let &, be the Banach space of all measurable
functions mapping R into R, with norm defined by || f]|. : = sup,
le=<Mf(x)|, and let § : = ﬂf>0 F..On F2 = §F, x ‘IFE, define
1A, e : = max, ||f,||e, and note that F2 = ﬂf>0 F2, For (f;,

for i=1, 2.

fl) e gz, define T‘Jf(fl) fl) = (Tl,aera TZ,‘Jr.fl) by

(Tinfi)®) = | gie=ai [ [l emreca, oy ar

+e 1 0 (xh (o, g))] do. (65)

Lemma 7:

N If (fy, f2) € F2, then Ty, /) € T2

ii) T, is a contraction with respect to the norm | - ||, for every
¢ > 0 sufficiently small.

Proof: 1t suffices to show that T} .f; € F and that 7}, is a
contraction for / = 1, 2. Note first that by (62)

[xb(t, &)=t +kit.

In the above and what follows, all the k;’s are constants chosen
appropriatcly. Since ¢(x) < k;|x]|, it follows that

f: qie=9i [ S;ewfc(x;(t, £) dt] do<k|E| + .

Also, for 0 < e < (y + q)/k,
So Qie‘(q"ﬂ)aifj(n(x:r(ﬂ, £)| do
< Sm gie i 7)a”fj®||[ee1x';,(u,£)l do
0

ac
< So qgie~aitme |]fj(,)||Fe“[f| Hk19) dg

$k5e€‘£|+k6.
Hence, |71.,f_‘,(,)(£)’ = k5eelﬂ + k3|£| + k7 and 50, ﬂ,t.f}(i) c ‘:.Fe

for all e > 0 sufficiently small, i.c., T;.f;sy € F. To show that
T; . is a contraction, consider 0 < ¢ < y/k,, then

(Tinf = Tix8)(E)

< |7 gemwor s (to, H)-g(xko, B) do
< S: q.,-e‘(qi”)"ef"‘:r(”-i)'||f—g||E do

=< Sw gie~Greeltlvkio f_ gl dg
0

el =gl | qie-ametti-ve do
0

<Be| f-g|.

where 0 < 8 < 1. Hence, IT,,,f T,,g||6 =< B||f - glL E]
From (64) it follows that if V7, (V, » Vs, 5.), then V7
T,Viforn = 0,1, 2, -w1th = 0.
Theorem 8: Let V,-,,,(E) denote the cost of using 7 starting in the
state (s(0) = 1, x(0) = £). Let V.(§) : = (V1 (£), V2.(£)). Then

V, is the unique solution in F2 of the integral equation. (66.1)
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V)=, qie=er [ [} eretit, o) ar
+e‘7”I/j(,),,,(x';,(a, E))] do for every £ € R.

For every f € F2, lim TV r=V. (66.i1)

Proof: From (63) and (64), we sce that V, = lim,_, 790,
where T denotes the n-fold iterate of T, and 0 is the identically
zero function. However, since T, is a contraction, lim,., ., TE,") fis
a unique fixed point of T, for every f € F. Hence, V, is the
unique solution, in, §, of V., = T, V.. O

It is important to note that the boundary condition for the
integral equation is really the condition that the solution be in F..
This is a condition on the asymptotic growth rate, and serves to
differentiate the infinite horizon problem treated here from the
finite horizon problem in [3].

XII. OPTIMALITY OF we*

We are now ready to prove thc optimality of the suggested
policy. We shall actually show that optimality is a consequence of
xz* and V(+) satisfying the HJB cquation (60.iv), (60.v), (60.vi)
for the infinite time problem and so our proof is quitc general.

Theorem 9: Let z* and w=*(+) be as in (3) and (2). If z* = O,
define V(-) by (44), while if z* > 0, define V(*) by (46). Then

i) If V,(-) represents the cost function corresponding to an
admissible policy «, then

V,oe®) < Vir®)

ii) V,.«(§) = V() forevery £ € R.
Proof: We will show that

for i=1, 2; £ € R and all admissible =

ToV_ x2V 2x for every admissible , (67)

i.e.,

7—},1 Vj(,)‘,rz*(S) = Vi,.,rz*(g)
Since T, is monotone, (67) implies that 7,V ., = V_o+. Taking
the limit in # and using (66.ii), we obtain V, = V4, that is i) for

i =1, 2. So our goal is to show (67), along with equality when 7
= wz*, Considering (52.1), (52.ii) wc have

ugl{(i)% (u=-d)V,(x)=(+q) "i(x)— @i Vo)~ c(x)  (69)

forevery £ € Randi=1, 2. (68)

—dVy(X) = —@:Vi(x) + (v +q2) Vax) — c(x). (70)
For any =, therefore, (69) implies that
()= (v +g) Vi(x) — @1 Valx) — (1(x) — d) Vi (x) an
and so for any admissible 7
c(xa(t, ENZ(y+q) Vilxa(t, £)—aValx(t, £)
—(m(xi(t, E) - Vilxalt, £). (72)

Now noting th?t x,l,(t, £) is absolutely continuous in ¢, with
derivative (w(x,.(¢, £)) — d), and V,(-) is continuous, we can
apply [7, Corollary 7] showing that the chain rule is valid, and so
obtain

d .
7 ViCe(t, £)=Vi(x(t, H)(xn(t, )—d) ae. (73)
Hence, from (72) and (73), we have
[Lemretue, ) ar= | e+ aivion e, &)
—qValxhe, )1 di- S;e—v'c% Vixi(e, £) dt for a=0.

74
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Integrating the last term in (74) by parts (see [9, p. 287]), we have

[} emmetabte, ) de= | e it )= Vi, € d
+ViB) —e Vi(x(0, §)  for 020,
Hence,

Sm gie” W [ SU e Te(xn(t, £)) dt] do
0 0
=V | qe oV, 9 do
+{" qemae [ [ erariee o
0 [¢]

— Valxa(t, ) dt] do

—Vi®- | qe- Vi, p) do
s - 1
+ SO q.€ Yr(Vl(x'lr(tx E))
= Vaenlt, §) [ [" g da] dt

Vi@ qe ot 8)

Hence,
[ " e qw[ﬁ"e-*'c(x‘,(t, £) dt
0 0

+e 7 Vy(xx(o, S))] do=V (),

i.e.,
(T V2 )E) = (&)

noting that from (60.iv), ¥(x) = 0(x) and so V € F* = domain
(T,). Using (70), similarly, we deduce that (73,V)(§) = Va(£).
Thus, we have shown 7,V = V. On the other hand, since wz*(-)
attains equality in (71), we have T .4V = V. Thus, V4 = V <

x

T,V = T,V . with cquality when 7 = w2, |

XIII. CONCLUDING REMARKS

There are two directions in which more work is needed. The
first is to realize the full program for flexible manufacturing
systems outlined in Kimemia and Gershwin [2]. Consider a
flexible manufacturing system making p parts on m machines.
Part j requires a;; units of time on machine 7. Thus, if a subset s
c {1, 2, -- -, m} of machines is functioning, while the rest have
failed, then a vector u = (uy, tp, - * -, 4,7 of production rates is
fcasible if and only if u € Uy where U, : = {w:27_, qu; < 1ifi
€ s, or =0if i & 5,}. Suppose now that each machine is subject
to occasional failure and let {s(¢); ¢t = 0} be a Markov chain with
state-space {s|, S, ** ", 52,,,}. Given-a demand rate vector d =

(d, d, * -, d,)7, we have the problem
x=u(t)—d
{s(t); t=0} is a Markov chain with state-space {s), ***, Sym}

u(t) € Uy if s(t)=s.

minimize E S e Ye(x(t)) dt
0
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where ¢(+) is some convex cost function. Due to the multidimen-
sional nature of x({), this problem is much more difficult than the
one solved here. Reference [2] has proposed an approximation,
but the optimal solution needs more study.

The other direction in which more research is needed is
theoretical, and is the problem of optimal control of continuous-
time systems with jump Markov disturbances. As in Rishel [3],
we also have proved optimality only within the class of Markov
policies. For discrete-time systems (see [10], for example) much
more progress has been made on optimal control, and one usually
considers a much more general class of policies within which
optimality is proven. The question of existence of optimal controls
also needs more study. Finally, more work needs to be done on
the average cost problem for systems with jump Markov
disturbances (see [8]).
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