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1 Introduction

Markov chains are used to model a variety of communication networks, manufacturing sys-
tems, and transportation systems. In almost all cases these models feature complexities not
explicitly analyzable in closed form solution. In this paper we consider a special class of
Markov chains which have translation invariance of the transition probabilities within each
polyhedron in a class covering the integer lattice state space. Many problems of interest, such
as unreliable manufacturing systems with failure prone machines operating under hedging
point policies, or wafer fabs with batch tools and set up times, fit within this framework. For
this class of Markov chains we develop a method for obtaining performance bounds. These
bounds allow a greater expressive power for system modeling. In addition, the bounds also

improve on some earlier methods, as we illustrate in the sequel.

As an example of the type of situation that our approach can be applied to, consider a
manufacturing system with failure prone machines. In a pioneering work, [1] modeled the
system by aggregating it as a single entity in which the capacity region is subject to random
changes, and elucidated very coherently the role played by hedging point policies. There are
few examples of such systems which can be explicitly solved. Reference [2| showed how to
solve a simple example of one unreliable machine making one product under a discounted
absolute value type cost criterion, while [3] showed how to solve the average cost case by the
computing steady state distribution and also how to verify the optimality of the result. Over
the years these approaches have been exploited to solve some additional scenarios, see [4, 5, 6,
7, 8,9, 10]. The methods developed here allow us to obtain bounds on system performance
for hedging point policies as well as linear switch curve policies (see for example [6]), for
systems with random production times as well as random inter-demand times. The methods
allow us to model the internal network details of the production system (as for example
in [11]), without requiring us to view the system as an aggregate. Thus, details of scheduling
within the factory can also be modeled. These methods thus allow us to more routinely model

the types of complexities often present in manufacturing systems, and one therefore hopes



that methods such as these will be incorporated into the arsenal of methods for studying

manufacturing systems, alongside the more established simulation modeling.

As noted above, the methods developed here allow us to obtain bounds for queueing net-
works. In this field too, the class of systems for which such explicit solutions are known is very
limited [12], being essentially limited to the class of “product form networks” where certain
buffer levels are independent in steady state. Motivated by this, [13] and [14] developed meth-
ods to computationally obtain upper and lower bounds on the performance. These methods
allowed the treatment of certain complexities such as buffer priorities and closed networks.
These methods have also been extended over the years; see [15, 16, 17, 18, 19, 20, 21, 22].
The methodology we develop here allows us to analyze a richer class of systems modeling
several complexities which arise in applications. It allows us, for example, to model the
presence of batch tools which are common in wafer fabs. It also allows us to analyze man-
ufacturing systems where set-up times are incurred in changing between part-types. The
types of scheduling policies that can be modeled is also rich, allowing for example affine

index policies, which dovetail naturally with our methodology, as shown below.

All this is made possible via a recognition of the underlying structure in the inequality
relaxation of the average cost equation. We show that common to all these formulations is a
certain polyhedral translation invariance of the transition probabilities. Since polyhedra can
be described by the conjunction of several linear inequalities, a common bound for a set of
polyhedra covering the state space is obtainable by employing a performance-to-performance
duality which guarantees the satisfaction of the desired average cost inequality. The power
of the bounds is also enhanced by the consideration of piecewise quadratic functions, one for
each polyhedron, which are naturally accommodated by the duality mentioned above, and

elucidated in the sequel.

The rest of this paper is organized as follows. In Section 2, we recall the average cost
inequality which is the starting point for the development of the LP performance bounds.
For discrete-time Markov chains whose transition probabilities are translation invariant on

polyhedra we propose a certain form for the surrogate of the differential cost function. The



unifying LP performance bound theorem is obtained by appealing to a performance-to—
performance duality to ensure the average cost inequality on the polyhedra. The application
of the general theorem to queueing networks operating under affine index policies is pre-
sented in Section 3. Here we define the affine index policies and demonstrate how they
subsume many stationary policies of interest, including those addressed in the previous LP
performance bound works mentioned above. We also mention some techniques which may be
applied to improve the bounds thereby obtained and reduce the computational complexity of
the LPs. In Section 4, we analyze the quality of the bounds for an unreliable manufacturing
system with random production times and random demands. In Section 5 we show how to
analyze batch tools which are important for the modeling of wafer fabs, and in Section 6 we
show how to obtain bounds for systems with set-up times. The treatment of potential appli-
cations is far from exhaustive as the unified LP performance bound theorem applies to any
discrete-time Markov chain exhibiting polyhedral translational invariance of its transition

probabilities. Finally, concluding remarks are presented in Section 7.

2 Performance bounds for discrete—time Markov
chains with translation invariant transition proba-
bilities on covering polyhedra

Consider a discrete-time, time-homogeneous Markov chain with state space S C Zf , tran-
sition probabilities [p,,,], a one-step cost function ¢(z), with z(k) denoting the state at time
k. Throughout we suppose that x(0) is deterministic, and that E|c(z(k))| < +oo for every
k. By relaxing the average cost equation of dynamic programming to an inequality, one can

obtain a bound on the performance.

Lemma 2.1. Average cost inequality performance bounds.

(i) If W bounded above and a real J are such that

J+W(z) < c@)+ > psyW(y), foralzesS, (1)

yeS
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then

T-1

J < 11Trgi£f%§E[c(x(k))]. @)

(ii) If W is instead bounded below, and the inequality in (1) is reversed, then

T-1

J > lim sup% > Ele(z(k)))- (3)

T—00 k=0

Proof: The inequality of (1) can be rewritten as

J+W(ak) < c(z(k))+ EW(zk+1)) | z(k)]-
Taking the unconditional expectation,

J + E[W (x(k))] < Elc(z(k))] + E[W (z(k +1))]-

If E[W(xz(k + 1))] = —oo, then one will have E[W (z(k))] = —oo too, and by recursion
E[W(x(0))] = W(x(0)) = —oo, which is a contradiction. Hence, E[W (z(k))] is finite for all

k. Now, summing the above inequalities, and telescoping from £ =0 to k =T — 1 we have

] < o S clalh) + EW(a(T) — W(z(0),

Since W (z(T')) is assumed bounded above in (i), we may take the limit to yield the result
of (2). The proof of (ii) is similar. O

The subclass of the above Markov chains which we address is detailed below. Let e; =
(0,...,0,1,0,...,0)T denote the K dimensional unit vector with a 1 in the ** position for
i=1,...,K, while ex; will be taken as the 0 vector. Let H™ := {x € S : A™z > b™} for
1 < m < M be polyhedra which cover the state space, i.e., UM_ H™ = S; see Figure 1, and
such that the “relative” transition probabilities are the same for all states in each polyhedron;
that is, for some f™(-), pzy = f™(y — ) for all z € H™. We say that the Markov chain
exhibits translation invariance of its transition probabilities. We will suppose throughout

that c(z) = c’x.
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Figure 1: The relative transition probabilities are constant on polyhedron m.
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Suppose for simplicity that we seek a quadratic surrogate W(z) = pTz + (1/2)z7Qz,
where p and Q = Q7 are to be determined. As a consequence of the translation invariance
of the transition probabilities on polyhedra, by substituting in (1), we obtain

1
J < z+ > ™(2)p" 2 + izTQz +2'Qx], for z € H™,
{2€2Km(2)£0}

Thus,
J<d™+r™ g, forallz € H™, form=1,2,..., M. (4)
where
1
"= Y R Q) 6)
{z€2K:fm(2)#0}
r™ o= c+ > ™(2)Qx. (6)

{z€2K:fm(2)#0}
To proceed further, one should note the following features. The constant d™ and the vector
r™ depend linearly upon the variables p and ) to be determined. Additionally, the right
hand side in (4) depends linearly on x. The inequalities in (4) thus have an overall form
which is bilinear in x for x € H™, and in (p,Q), for each fixed m € {1,2,..., M}. Now
our problem is to choose J and (p, @) such that (4) is satisfied. To find (p, @), we exploit

the structural feature that the average cost inequality (4) has a single fized linear form in
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x, for all states x € H™. It is this invariance of the form of the average cost inequality on

polyhedra which is the key to obtaining the bounds, and this fact will be further exploited

later when we allow piecewise quadratic surrogates for the differential cost function. To solve

the above problem and to render it into a purely linear problem which then allows us to use

linear programming to obtain bounds, we invoke duality.

Theorem 2.2: Polyhedral translational invariance LP performance bounds.

(1) Let (J,p,Q, and vectors y™,form € {1,..., M}) be the decision variables in the following

linear program T :

subject to

AmT y™
T

bm ym

m

Y

IN

>

>

Maz J (7)

r’™,

J—dn (5)
0, forallme {1,...,M}.

If W (x) corresponding to a feasible solution is bounded above for all x > 0, then J is

a lower bound for the average cost as in (2).

(ii) Let (J,p,Q, and vectors y™,form € {1,..., M}) be the decision variables in the follow-

ing linear program T:

subject to

AmTym
T

bm ym

m

Y

IN

v

>

Min J 9)
_/rm’
dm —J, (10)

0, forallme {1,..., M}.

forallm e {1,...,M}. If W(x) corresponding to a feasible solution is bounded below

for all x > 0, then J is an upper bound on the average cost as in (3).
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Proof: For the lower bound (i), consider the following inequality in the region H™:
J<d"+ rme, Ve € {z: ATx > b,z > 0}. (11)

Note that we relax z to allow it to lie in the real nonnegative orthant RX, rather than just
the nonnegative integer lattice. The inequalities of (11) hold if and only if J, d™, and r™ are
such that the linear program {M;n (rm"z +d™ — J) : A"z > b™ x> 0}, has value greater
than or equal to 0. Note that this latter LP is feasible since H™ is nonempty. Its value is

therefore nonnegative if and only if the following feasible linear program, denoted by L, has

value VL > J — d™:
Min rme, subject to A"z > ™ and x > 0.

This in turn will hold if and only if the following dual of the linear program L, which we

shall denote by D, has value VD > J — d™:

Max meym, subject to AmTym <7r™and y™ > 0.

We have thus demonstrated that the inequalities of (11) hold if and only if there exists
a y™ > 0 such that A™ y™ < 7™ and b™ y™ > J — d™. Similarly, repeating the argument
for each H™, for all m € {1,..., M}, we deduce that the average cost inequalities (4) hold
for all z € S if and only if there exists, for each m € {1,..., M}, a y™ > 0 such that
AmTym < r™ and meym > J —d™. Thus, the average cost inequality will hold if there exist
J, p, @ (symmetric), and vectors y™ > 0,Vm € {1,..., M}, such that the constraints of (8)
are satisfied, i.e., for any feasible solution (J, p, @ (symmetric), and y™ for m € {1,..., M})
of (8). If the resulting W (z) is bounded above, then the result follows from Lemma 2.1. A

similar proof shows (ii). O

3 Queueing networks operating under affine index
policies

To illustrate the applicability of the above approach we first turn to open re—entrant line

models. We consider a class of stationary scheduling policies, which we term affine index
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Figure 2: An open re-entrant line.

policies. Such policies subsume many policies of interest including buffer priority policies
[23], the Fluctuation Smoothing Policy for the Mean Cycle Time (FSMCT) for scheduling
wafer fabs [24], some policies based on Brownian motion models [25, 26], some policies based
on fluid models [27, 28, 29, 30, 31], policies based on hedging point policies [1], and those
based on linear switching curves [6]. We show how one can identify polyhedral regions with
translation invariant transition probabilities. We also show how to improve the bounds via

consideration of piecewise quadratic functions.

3.1 Open re—entrant lines

Consider an open re-entrant line as in [14], shown in Figure 2. It consists of E stations
{01,...,08}, and L buffers {b,...,br}. Customers in b; are serviced at a station o(i) €
{o1,...,08} (we use i € o to indicate that o(i) = o), with an exponentially distributed
service time of mean 1/y;. Customers arrive to the network at buffer b; as a Poisson process
of rate A. After receiving service in buffer b;, it next moves to buffer b;,1, unless i = L, in
which case the customer exits the network. We assume that all service times and interarrival

times are independent.

Let z(t) = (z1(t),...,2.(t))" denote the state, where x;(t) is the number of customers
in buffer b; at time ¢ including any in service. Let u;(t) = 1 if a customer from buffer b; is
receiving service, and u;(t) = 0, otherwise. A station can serve at most one customer at a

time. We assume that the scheduling policy is stationary, i.e., u(t) is of the form u(xz(t)),



nonidling, i.e., a station must work on some customer if any are present in its buffers, and
priorities are implemented in a preempt-resume manner. We denote the class of such policies
by U. One can convert this into a discrete time controlled Markov chain by uniformization
[32]. Rescale time so that A+~ , u; = 1, and suppose that every buffer not receiving service
has a fictitious virtual customer in service. Sample the system at the times {73} with 7y = 0,
corresponding to arrivals, real service completions, or virtual service completions, and define
z;(k) = x;(1%), ui(k) := u;(7:) (= us(z(k)). Letting e; be the unit vector with a 1 in the 5%
coordinate, and ey be the zero vector, the transition probabilities are py zie, (u(z)) = A,

Pag—eiteirs (U(T)) = wiui(x) for i =1,2,..., L, and py.(u(z)) =1 - A — S () s
3.2 Affine index policies

Many well known policies are special cases of the following class of affine index policies.

Definition 3.1: Affine index policies. Assign to buffer b; an affine index n;:

L
ni(x) == k; + Z m;-xj,

i=1
where k; and m; are given constants. A station o must work on a customer in its constituent

buffers whose index is greatest. Ties may be settled arbitrarily.

Example 3.2: Buffer priority policies. Let 0 = {0(1),...,0(L)} be a permutation of the
buffer indices {1,...,L}, and set n;(x) := —0(i). a

Example 3.3: Fluctuation smoothing policy for mean cycle time (FSMCT) [24].

L L
i) = T = 2%,
=i g
where T; is an estimate of the mean number of customers in buffer b;. O

Example 3.4: Linear switch curve policies. 7;(z) = m;x;. O
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3.3 Linear programming performance bounds

The key issue is to identify polyhedral regions of the state space for which the average
cost inequality has a single form. As a station can work on a customer in a nonempty
buffer, we first partition the state space into regions where specific buffers have at least
one customer. For z € 8, define ¢(z) = (¢1(20),...,¢r(z))" by ¢i(z) = 0 if z; = 0, and
¢i(z) = 1, if z; > 1. Denote by ® the set of all such vectors. Now, define X?¢ C Zf by
X?:={z € ZL: ¢(z) = ¢}. Note that Usee X?* = S. Now we also partition the state space
according to the buffers receiving service. Let €2 denote the set of all vectors w = (w1, ..., wg)
with w; € {0} U {i: 0(i) = 0,}. w; = ¢ will denote that buffer b, is receiving service, while
w; = 0 denotes that no buffer is in service at ;. Now define the composite index ¢ := (¢, w)
and set S¥ := {z € S? : u,, (z) = 1,Vj with w; # 0,u,,(z) = 0,Vj with w; = 0}. Let ¥
denote the set of 1) for which S¥ is nonempty. Finally, we define the elements of the partition
for ) = (¢, w) € ¥ by,

S” = {z € 8% :ny;(x) > nelx), V€ € 0 with ¢ = 1,Vj with w; # 0}.

Note that U¢eq,§ = 8. Clearly, S¥ C 8%, so that if we ensure that the average cost
inequality holds on the set S¥ with w dictating which buffers are working, then it will also
hold on S¥. We will thus ensure that the average cost inequality will hold no matter how

ties for the maximum affine index are broken.

Let [(w):={ie {1,...,L} :i =w;j, for some j € {1,..., E}} denote the indices of the
buffers in service, and define for x € S¥, f¥(e1) := A, f¥(€is1 — €) 1= p;, for all i € I(w),
FP0,...,0)") ;=1 =X = Ticp) i, and f¥(z) := 0 for all other z. Now note that in each
region SY the transition probabilities exhibit translational invariance. Clearly, the regions
S? are polyhedra, as substitution of the form of the affine index reveals: Y = {rel z=
0if ¢; = 0,2; > 1if ¢y = 1,20 mu’m, — Sh_ mbwn > ke — ku,, VL € 0 with ¢, = 1, and

Vj with w; # 0}. This is of the form SY = {x € S: A%z > b¥}. We associate the vector of

dual variables y¥ with the inequality constraints of S¥.

We now turn our attention to the form of the average cost inequality in the region

11



SY, assuming that w is the list of working buffers for all z € S¥. Recalling W(z) =
p'z + (1/2)27Qx, we have

1 1
J < ApTer+ EGTQQ] + Y wilp (eip1 — ) + §(€i+1 — ) Qeir1 — &)
iel(w)

e+ AQer + > Qe — €)'
{iel(w)}

= d’+r¥"z, forall z € 8Y. (12)
The fixed linear form is evident, and we note that d¥ and r¥ are linear in p and Q (symmetric),
respectively. Application of Theorem 2.2 yields LP performance bounds.

Theorem 3.5. LP performance bounds for open re—entrant lines under affine

index policies.

(i) Let (J, p, Q (symmetric), and vectors y¥,Yi € W) be the decision variables in the

following linear program T':

Maz J
subject to
AT < Y,
Wyt > J—dv,
y > 0,

for ally € V. If the W (x) resulting from a feasible solution (J, p, @ (symmetric), and

y¥, Vb € W) is bounded above, then J is a lower bound on the average cost as in (2).

(ii) Let (J, p, Q (symmetric), and vectors y¥,¥i € W) be the decision variables in the

following linear program T:

Min J

12
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Figure 3: An open re—entrant line under the FSMCT policy.

subject to
AT < Y,
vyt > dh -,
y' >0,

for all p € V. If the W (x) resulting from a feasible solution (J, p, @ (symmetric),

and y¥,Yip € ) is bounded below, then J is an upper bound on the average cost as in

(3)-

Example 3.6: Polyhedral translational invariance for a re—entrant line operating
under the FSMCT policy. Consider the network of Figure 3. There are two stations
o1 and oy and four buffers. We will demonstrate the linear constraints for S where o =
(1,1,1,1)7 and w = (1,3)" The ¢ = (¢,w) index indicates x; > 1,Vi, and m(x) > nu(z),

ns(x) > mo(x). Let k; := ZJL:Z- Z;, where T; > 0. Note that ki1 < k;,Vi. The constraints

characterizing this region are given by

1 0 00 1

0 1 00 1 1

0 0 10 T > 1

0 0 01 T3 - 1
-1 -1 -1 0 T4 k'4 - k‘l

0 1 00 ko — k3

O

Example 3.7: Reduced complexity performance bounds for linear switching

curves. Consider a re—entrant line operating under an affine index policy given by n;(z) =

13



m;xi, Vi, with m; > 0,Vi. Let ¥ = (¢,w) be as before and define
SV i={zeS : m>0ifd;i=12=0if ¢; =0,Vi,
My, T, — My Ty > 0,V with w; # 0,Yn € o; with ¢, = 1}.

These sets are supersets of the regions defined in the development of the affine index policy
LP bound theorem, since x; is only required to be nonnegative rather than > 1 when ¢; =1,

and we still have U{wg\p}gw =S.

If we require the average cost inequality of (12) to hold for all z € §w, for all Y € U,
we will obtain a performance bound as in Theorem 3.5. The utility of considering these
supersets is that we are then able to eliminate certain 1’s from consideration, as the con-
straints resulting from the average cost inequality on those S'**) are implied by another
(¢, w). Let y(o) := (n(0),...,7.(0))! be a vector (depending upon the station argument
o) with v;(oc) = 1 if i € o, and 0 otherwise, (i.e., vi(0) = Ijics}). One can see that only
those ¢’s which may be constructed as a sum ¢ =3, wyy(0), where w, € {0,1}, need to be
considered in constructing the linear program. Further, one can see that an explicit form for
J in terms of QQ can be obtained by setting

L L1
pi= Y ¢+ (1/2)gii — D g1
j=it1 j=i

The result is that every inequality in which J appears is satisfied with equality such that

L L1
J = /\Z%,i - A Z ii+1-
i=1 i=1
This corresponds to the cost function of the duals of the linear programs of [14], and thus

suggests a connection which may be worth pursuing.

For the example in Figure 4, let py = pg = ps = pg = 4 and ps = us = 2, and consider
the linear switch curve policy described by my = 10, mo = 1, mg = 10, my = 1, my = 1,
and mg = 10. The maximum sustainable throughput rate is \* = 1. Upper bounds for the
mean number of lots (or WIP) are given in Figure 5. Note the superiority of our new upper

bound.
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Figure 4: An open re—entrant line under a linear switch curve policy.
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Figure 5: Upper bounds on mean WIP for Example 3.7. The solid curve denotes the upper
bound obtained through the reduced complexity approach given here. The dashed curve
denotes the upper bound obtained through the approach of [14] by incorporating linear
constraints arising from the linear switch curve policy.
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3.4 Improved bounds via piecewise quadratic surrogates of the
differential cost function

The bounds obtained in Section 3.3 can be improved by allowing piecewise quadratic forms
for the surrogate of the differential cost function. Piecewise linear functions have been
employed for stability analysis in [34] and in performance analysis [20]. For a proposal for
constructing a control law based on a connection between the differential cost function and
the piecewise quadratic fluid total cost viewed as an o(|z|?) approximation, and other related
references, we refer the reader to [31]. For performance bounds, piecewise quadratic functions
allow for tighter bounds than attainable with a fixed quadratic function, as shown in [18, 21].
Such piecewise quadratic functions dovetail very naturally with a polyhedral decomposition,
allowing us to separate the resulting quadratic form obtained for the average cost inequality

into quadratic and linear terms, as we demonstrate below.

Consider an open re—entrant line operating under an affine index policy. With ¢(z) :
2% — {0,1}" defined as earlier, let ¢ denote an element of {0,1}", and use ® to denote the
set of all ¢’s for which X% := {z € S : ¢(z) = ¢}. Let the function £(z) : ZX — {0,1,2}*
be defined as &(z) =0, ifz; =0, §&(z) =1, ifz; = 1, &(x) = 2, if x; > 2. Let £ denote
an element in the range of the function &£(-), so that & = (&,...,&.)T is a vector with
& € {0,1,2}. Define V¢ := {z € S : &(x) = &}, Let We(x) = ¢? + p*"z + La7Q%z, where
(@ is a symmetric matrix, and define the surrogate of the differential cost function as the

composite piecewise quadratic function
W(z) = W?(z), Vo € X°.

The goal here is to identify polyhedral regions of the state space for which the average cost
inequality has a fixed quadratic form.

As before, let w = (w1, . ..,wg) be a vector with w; € {0}U{i: o(i) = 0;}. Let ¢ = (£, w)
and use S? to denote the region of the state space in which z € }¢ and the buffers indicated

by w are in service (or no buffer from a particular station o, is in service if w; = 0). We let

16



U denote the set of 1 = (§,w) for which S¥ is nonempty. Define the following subset of S:
SV i={zeS : 2;=0if&=0,2;=1if&=1,2; > 2if & = 2,

L L
Z My’ T, — Z mflxn > kg —ky,,
n=1 n=1
Ve € o; with & > 1,Vj with w; # 0},
so that S¥ C S”. If we can ensure that the average cost inequality holds for this set with

the working buffers given by w, then the average cost inequality will hold on SY.

Notice that each z € S can be written as z = z + &, where 2 is an element of

7' ={z€ 2l : 5=0if&=0=0if§=1,2>0if§ =2,
L

L
Z(m# - mf;)zn 2 kﬂ - kUJj + Z(mi - m‘ﬁj)fn,

n=1 n=1
Let the matrices A¥, and A¥ and the vectors b, and b¥, characterize the set Z’, in the
same manner as in the previous section. Using this substitution and the function £(x), one
can see, as in [18] and [21], that there is a constant d¥, a vector r¥ and a symmetric matrix
MY, all linearly dependent upon the variables ¢?, p?, and Q?, such that the average cost

inequality for a lower bound on 5? will hold if one ensures the following inequality:
o7, Lo
J<d¥+r¥ z+ 52 MYz,

for all z € Z°. Hence, the average cost inequality has a fixed form in the region. This

argument can be repeated for each ¢ € W.

In order to ensure that these constraints hold, we first require that the quadratic terms
hold and then apply the theory of Section 2.2 to the remaining linear inequality on the
polyhedron 7". We thus have the following theorem, which provides tighter bounds though

at the cost of increased computational complexity.

Theorem 3.8: Improved LP performance bounds via a piecewise quadratic sur-
rogate for the differential cost function for re—entrant lines under affine index

policies.

17



(i) Let (J,c?,p?, Q¢ (symmetric) V¢ and vectors ygﬁl,ygﬁq,vw € U) be the decision variables

in the following linear program T :
Mazx J
subject to

ALyl 4+ ATy
bT/’ ym + b@b yeq
M¢

Yin

AVARRRAVARRNVAN

Vv

or a e V. If the x) resulting from a feasible solution (J, c?,p?, symmetric
for ally € V. If the W [ fi feasible sol J,c?, p®, Q¢

V¢ and vectors yi’i,yg’q,vw € W) is bounded above, then J is a lower bound on the

average cost as in (2).

(ii) Let (J,c?,p?, Q% (symmetric) V$ and vectors yp,,y%, V1 € ¥) be the decision variables

in the following linear program T':
Min J
subject to

AT/) ym Ad} yeq
bT/’ ym + b¢ yeq
MY

IAN IV IA

AV

for all+p € . If the W (x) resulting from a feasible solution (J,c?,p®, Q% (symmetric)

V¢ and vectors ym,yeq,V@b € V) is bounded below, then J is an upper bound on the

average cost as in (3).
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For the class of buffer priority policies, Theorem 3.8 is equivalent to the LPs of [18] for

open re—entrant lines and to the LPs of [21] for closed re-entrant lines.

To obtain bounds for the class of all non-idling policies one needs to ensure that the
average cost inequality holds at each state in the state space no matter which buffer is
chosen for service. Thus one must construct an LP which provides that the average cost
inequalities hold no matter which buffer receives service. The result is more constraints. The
bounds for the class of all non-idling policies are naturally looser than a bound for a specific

scheduling policy.

If one can deduce regions of the state space which are transient, then those regions need
not be included when verifying the average cost inequality. The bounds are thereby improved
(fewer linear constraints result) and the complexity is reduced. See [18] and [21] for some
ways to identify transient regions of the state space. Also, [21] suggests methods for reducing
the computational complexity of LP performance bounds. The simplifying assumption that
the service time distributions are exponential and arrivals are Poisson may be relaxed via

the method of stages [33], see [14].

4 Bounds for unreliable manufacturing systems

Consider a system as in [3] or [2] with the additional complications that the demand for
finished goods as well as the production process are themselves both random. As shown in
Figure 6, there is a machine which can either be in an “Up” state or in a “Down” state,
wandering back and forth between the two as a continuous time Markov chain with rates
go and ¢;. When the machine is up it can produce goods as a Poisson process of rate y,
with the proviso that if we wish we can idle it, which means no goods are produced. When
the machine is down, no goods are produced. The demand for finished goods is a Poisson
process of rate A. Let x(t) denote the inventory of finished goods, defined as the cumulative
production up to time ¢ minus the cumulative demand, which indicates a backlog when it

is negative, and a surplus when it is positive. Positive inventory incurs a holding cost of ¢,
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per unit time, while negative inventory incurs a backlog cost of ¢ per unit time. As in [1],

we consider a “hedging point” policy with NV as the “produce up to” level:

If (z(t) < N and machine is up), then produce at rate u
(z(t) > N or machine is down), then there is no production.

Unreliable machine

ol

u € [O,u] q u=0

x(t)

Figure 6: An unreliable machine

Figure 7: The Markov chain modeling the unreliable manufacturing system under a hedging
point policy.

The cost of any such policy can be explicitly solved by analytically computing the steady
state distribution of the Markov chain shown in Figure 7. The necessary condition for
stability, i.e., finite mean inventory level, is qo‘i—oql - > A, as can be seen from comparing the
mean production capability and demand rates. Denote by

Ago + 1)
H1qo
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the load on the system. Let

LT du(g+ )

S+ = 9 .

If mo(é) = Prob (System is “Down” and inventory level is i), and (i) = Prob (System is

“Up” and inventory level is i), then it can be computed that

: N—t [ s =1  N—i_ 1-s4+  N—i
[ 7TO(Z) ] _ < A ) S_—s4 Sy —t S_—Ss4 S- L
N - S+—p—q1  s——1 . N-1 S——p—q1  1=s4  N—i .
T (7’) :u(qO + )‘) q1 S_—84 St + q1 S_—s4 S

From this, the average cost J* can be computed as

oo s s-—1 [N+O¥* (0, — 01" N c_gV+t
@ s-—sp | 1-04 (1+65)2 (1-6.)
il 1—sy Jey(N+OVH) ey (- — 082 N c_ N1
¢ S_— sy 1-6_ (1—6_)2 (1—-0_)?
sy —p s —1 1 LS 1—sy 1 !
a1 s-—sy 1—-04 a1 s_—sy 1—-6_ ’
where
0 L /\S:t
T e+ N

Since the explicit solution is known, this example allows us to compare the performance of
our bounds. Figure 8 presents the results for g =9, ¢ =1, and ¢, = c_ =1, as a function

of the system loading p. The optimal value of the hedging point is N =6 at p = 0.9.

For N = 0, the upper bound is exact. As N is increased, the exact solution initially
hugs the lower bound for small system loading p, while for large p it hugs the upper bound.
When N is very large, it is the lower bound which is nearly exact for p = 0,0.1,0.2,...,0.9,
the range for which computations were done). It should be noted that for N = 0, the exact
cost increases with system loading which is captured by the upper bound. However, when
N is very large, say N = 100, the exact cost decreases as the system loading is increased
since machine failures actually decrease the buffer size from the high value of 100 until p is

fairly large, which is in fact captured by the lower bound.
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Figure 8: A comparison of the lower and upper bounds in relation to the exact value.

5 Bounds for manufacturing systems with batch tools

To model features important to semiconductor manufacturing plants, we need to consider
stations which may feature batch or serial tools. A serial station (or serial tool) can process

a single lot at a time as in the basic re—entrant line model. However, a batch tool o, can
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process up to M]'** lots at a time. Thus a serial tool o is equivalently a batch tool with
M™* =1, and so we will use M*** =1 to denote a serial station o. All lots loaded into
a batch tool are served concurrently with a common exponentially distributed service time
of rate u;, depending upon the buffer b; from which they are loaded, and independent of the
number of lots loaded. We allow lots to be loaded from different buffers, as can happen in
some wafer fabs. Upon completion of service, the lots are released to their next appropriate

stage of processing.

For a batch tool, the critical scheduling decision is to choose how many lots to load into
the tool. One common policy is to choose a minimum batch size M™" and to idle the
tool until that many lots are present at the tool. At that time, all the lots available (at
least M™") are loaded into the tool for processing. If less than M™" lots are available
for processing, the station o is allowed to remain idle. Again, for a serial tool o, we let

M =1,

The state space of this model (employing uniformization as before with A+ Y2, p; = 1),
may be considered as the vector z = (z1,...,77)T, where z; is the number of lots in buffer
b;. Again, we allow the stationary scheduling policy to be an affine index policy assigning to
each buffer an index n;(z) = k; + Z ., mk sz;. The implementation of such a policy is clear
when the batch size is one. However, for batch sizes greater than two, there is the additional

issue of how to decide when multiple lots are to be loaded.

Focusing attention on batch tool scheduling, to implement the affine index policy, one
chooses from among those buffers with at least the minimum number of lots. (If lots may
be loaded concurrently from distinct buffers, then one needs to consider the sum of the
lots in those buffers vying for contention with the minimum lot requirement M™" of the
batch loading rule). If a buffer b; which may be processed concurrently with another buffer
is scheduled to receive service (i.e., m; > ng, for all k with z, > ;7(151, or k is such that
keCy:={l:wm=po(l)=o0(k)=0(i)} and Yyec, 10 > MJT), we assume that as many
lots as possible are loaded into o from b;. If the station can still process more lots, as many

lots as possible are loaded from the next buffer b; € C; with the highest affine policy index
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from among all buffers b, € C;. Lots are loaded in this manner until station o is fully loaded
or no lots remain in the buffers in C;. As before, ties may be broken arbitrarily, or at the

dictate of some priority policy.

To identify polyhedral regions of the state space for which the transition probabilities
are translation invariant, we proceed in a manner similar to that of Section 3.3 for the
basic open re—entrant line. Let ¢ = (¢1,...,¢.)T be a vector with ¢; € {0,1,..., s -
Use ® to denote the set of all such vectors. Let n = (nq,.. .,nL)T be a vector with n; €
{0,1,..., Mz} for all 4 € {1,..., L}, M < e, my < M7 for all o with 3;e, ni # 0,
and if n; # 0 then n; = 0 for all j € o(i) with j ¢ C;. Use N to denote the set of all such
vectors. We interpret n as a list of the number of lots receiving service from each buffer. As
there may be multiple buffers receiving service at a station with different values of the affine
index 7;, we need to distinguish between states for which the same n results but different
buffers achieve the maximum 7. To do this, we need to explicitly consider the case where
multiple buffers are in service at a batch station and a particular ordering of the buffers

results from their affine indices.

Recall that C; := {k : y; = g, 0(i) = o(k)} is the set of buffers in the same concurrency
class as buffer b; (it may contain only the buffer index itself, i.e., C; = {i}). For a given
¢ € ®and n € N, let p(n,0) = (p1(n,0), ..., pin,0)(n,0)) be a permutation of the buffer
subscripts (i.e., ¢ for buffer b;) of the buffers receiving service at o, where I(n, o) is the
number of buffers concurrently receiving processing from o (if no buffers are in service, or
if only one buffer is receiving service, the permutation is empty or has only one element,
respectively). We interpret p(n, o) as the priority ordering of the buffers receiving service at
o according to the affine index policy. Let 7 (n, o) be the set of all such permutations for a
given n and o. Given ¢ € ® and n € N, for each permutation p(n,o) € T (n,o) for each o,

let ¥ = (¢, n, p(n,o1),...,p(n,0r)) and define

SVi={z eS8 : m>M" if ¢; = M™ z; = ¢; otherwise,

z =g if MJGY < Y ny < M,
JEC;
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x> M7 Vi with n; = M7,

g o

Tpi(no) = Npi(nyo)s 4 = 1,...,1(n,0) — 1, and
l(n,0)—1

maxr
:'L.pl('n.,d) (n,a) 2 MO' - Z nPi (n,(r) ?
=1

Vo with Zn, = M7’ and l(n,o()) > 2}
€0
and

?Z ={res : 77p1(n,a)(x) > 77j($),\7j € o with Z br > M;nma
keC;

npi(n,o)(x) > 77Pi+1(n;0')(‘/1:)77; =2,..., l(n: U) -1,
Vo with > ny # 0}

k€o
Let ¥ := 5V N'SY denote their intersection. These regions are polyhedra described by linear

constraints. Let W denote the set of ¥ for which 57 is nonempty.

Letting c(z) = || = ©F, 2; and W(z) = p’'z + (1/2)27 Qz, with Q symmetric, the

average cost inequalities for a lower bound for all x € 5? take the form
J < ApTer + (1/2)ef Qe

+ > pi[nip” (eivr — €i) + (1/2)n (ei1 — €:)" Q(eip1 — €;)]
{i with n;0}

+le + A\Qe; + > piniQ(ei — e)] .
{i with n;#0}

Example 4.1: Batch tools. Consider the network of Figure 9. Station oy is a serial
station, that is, M;’f”‘ = 1= M7, and station oo is a batch station with M:;m = 3 and
M =5, as indicated by the wafer—like circles. Here we assume that the stations are
operating under the last buffer first serve (LBFS) buffer priority policy, that is, ;; = 1 and
ns = 3 at serial station o1 (so that buffer by has priority over buffer by ) andny = 2 andny = 4
at batch station oo (hence buffer by is given priority). For py = uz = 10 and ps = pg = 2, the

mazimum possible throughput obtainable s A = 5. The bounds obtained given in Figure 10.

Note that the upper bound for M*™ = 3 is better than that for M>*™ =5 in light traffic,

but worse in heavy traffic. This behavior occurs because at low loading it can be advantageous

25



A M M2 O
—{bs —{h2

H3 My o
—{|b3 —{|by -

Figure 9: A re—entrant line with serial and batch servers.

to run partial loads at a batch tool. However at high loading, one needs to utilize the capacity

more fully, hence higher batch sizes are necessitated.

6 Bounds for systems with setups

Returning to the open re—entrant line model of Section 3.1, we incorporate a station feature
known as setups. Each station in a real plant may have multiple operating modes, possibly
characterized by a tool head or a calibration. Prior to beginning service on a lot in a
particular buffer, the station may have to change the tool head or calibration. To model
this phenomenon, suppose that each station o has M(o) possible setup modes, labeled
{1,...,M(0)}. We assume that the change from one setup mode i to another setup mode j
requires an exponentially distributed service time of rate y ;, during which time the station
is forced to idle (from the lot’s perspective). We use v/;(t) = 1 if the station is undergoing
setup from mode ¢ to j at time ¢, and 0 otherwise. The setup times are independent of
each other, the arrival process, and the service time processes. Again using uniformization
and letting 1 = A+ Y5, + 3, Yijeft,.,M(o)} M, We obtain a controlled Markov chain,
assuming that the scheduling policy is stationary (that is, it depends only upon the number

of lots in the buffers and the station setup modes at time ).

The state for the resulting controlled discrete-time time-homogeneous Markov chain is
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Batch Network Performance Bounds
35 T T T T T T

N N
(=] a1
T T

Mean Number of Lots
=
(5]
T

10

I I I I I
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5
Arrival Rate

Figure 10: Performance bounds for the network of Example 4.1. The solid curves are the
bounds for when a partial load is allowed, M;;”” = 3. The dashed curves are bounds for
when a full load is required, M7 = 5.

z = (y,2) = (Y1,---,YL, %1, ---,2E), Where y; is the number of lots in buffer b; and zj is
the setup mode of station o,. We use Buff(o,k) C {1,...,L} to denote the set of buffer
indices which are enabled to receive service from station ¢ when that station is in setup
mode k € {1,...,M(c)}. We assume that these sets are disjoint and that for each station
0, Ugequ,...m@)Buff(o,k) = {i : i € o0}. We let A denote the set of all possible vectors
z = (z1,...,2g), and use 6 € A to denote such a vector. Later, we will use the notation
d(7) = k to indicate that ¢ € Buff(o (i), k). In other words, the setup mode enabling buffer
b; to receive service from station o(7) is denoted by mode k, i.e., 6(i) = k. Consider the

function
Z 2z ZT Z
W2 (y) = +p° =+ (1/2)y" Q%y,

for all y € ZL and for each z = (z1,...,2r) where z, € {1,...,M(0y)}. The composite

W(z) = W4(y) for z = (y, z) shall serve as the surrogate for the differential cost function.

Now generalize the affine index policies slightly to allow different indices to apply de-
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pending upon the setup state z of the stations. That is,
L o
ni(y) =k + m;'y;
j=1
is the index for each buffer when the setup state of the stations is z.
Similar to the preceding, let S¢ :={y € Z{' : y; =0if ¢; = 0 and y; > 1 if ¢; = 1}), for
each ¢ € ®. For each § € A, let

§9.={zecS:yeS? 2=}

Let w; € {0} U{i:0(i) =0;}, for j=1,...,FE, and w = (wy,...,wr). Use Q to denote the
set of all such w’s. For each ¢ € &, § € A, and w € Q, let ) = (¢, 6, w) and define

SV ={zes* ol (y)>nlly),

Vi € 0;,1 # j, with ¢; = 1,Vj with w;(¢) # 0}.

We suppose that for z € S¥, if w; # 0 and w; € Buff(o},d;), then u,,(z) = 1 (recall that
u(x) is the vector of indicators of buffers receiving service), and station o; is processing a
lot from buffer b,,. Otherwise, the station o; is undergoing setup from §; € {1,..., M(0;)}
to d(w,).

Use ¥ to denote the set of all indices 9 yielding nonempty SY. We then have that
Uwe‘pgw = S and the regions are polyhedra described by linear constraints. Now, use the
notation Stat(i) to indicate the station index of the station serving buffer b;; that is, if
o(i) = o, then Stat(i) = j. Also, let 6’ be the vector § with the mode of station o(7)
replaced by (¢). Let I(w) :={i € {1,...,L} :i =w; for some j € {1,..., E}}. To obtain a

lower bound, we seek to ensure the following inequality on the region 5.

J<cy + )\[PéTel + (1/2)61TQ561 + yTQdel]

+ > pilp* (eis1 — ;) + (1/2)(eir1 — €)7 Q% (eis1 — €;)
i€l(w)

{ieBUH(o(i),éstat(i)) }
+y"Q°(eig1 — €]
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Figure 11: A network with setups.

a(é) )
+ i
z M(sStat(i)"s(Z) [C

{ i€l (w
ieBuﬂ(a(i),s

i T T
4" y—p"y

Stat(i))}
+(1/2)y"Q%y — (1/2)y"Q%y],

for all # € S”. We thus see that the average cost inequalities for the proposed “parti-
tion” have a fixed quadratic form and we may apply the approach of Section 2 to obtain

performance bounds.

Example 4.2. Bounds on systems with setups. Consider the network of Figure 11,
where station o1 has one setup state and station oo has two setup states. Thus, the possible
setup states for the network are (1,2) and (1,3). The setup changeover transition rates are

po3 = 1.0 and pg% = 2.0. Let the arrival rate be X = 1 and set p; = 3, for all ©. The

scheduling policy under consideration is 771(1’2) = z; and 771(1’3) = 2x;, for all i. With these
choices we obtain the performance bound shown in Figure 12. O
Mean WIP
Upper Bound 93.03
Lower Bound 4174

Figure 12: Performance bounds for a network with setups.

7 Concluding remarks

We have shown how to exploit the property of translational invariance of the transition

probabilities on polyhedra to obtain performance bounds for Markov chains. This general
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framework allows us to model a variety of manufacturing systems featuring complexities
such as unreliable machines, set-ups, batch tools, or operating under more general classes of
scheduling policies. It is hoped that methodologies such as these will take their place along-
side the more established simulation modeling in the analysis and design of manufacturing

systems.
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