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Abstract

Unlike wired networks, wireless networks do not come with links. Rather, links have to be fashioned
out of the ether by nodes choosing neighbors to connect to. Moreover the location of the nodes may be
random.

The question that we resolve is: How many neighbors should each node be connected to in order that
the overall network is connected in a multi-hop fashion? We show that in a network with n randomly
placed nodes, each node should be connected to ©(logn) nearest neighbors. If each node is connected to
less than 0.074 log n nearest neighbors then the network is asymptotically disconnected with probability
one as n increases, while if each node is connected to more than 5.1774log n nearest neighbors then the
network is asymptotically connected with probability approaching one as n increases. It appears that
the critical constant may be close to one, but that remains an open problem.

These results should be contrasted with some works in the 1970s and 1980s which suggested that the
“magic number” of nearest neighbors should be six or eight.

1 Introduction

Unlike wired networks, wireless networks do not come with ready-made links. Rather, links are formed by
nodes choosing the power levels at which they transmit. This raises the question: How many neighbors should
each node be connected to, in order that the overall network then becomes connected? This question arises
naturally in mobile multi-hop radio networks, also known as ad hoc networks. All nodes cooperate in routing
each other’s packets, so that packets are transported in a multi-hop fashion from source to destination.

The problem of how many neighbors is desirable was considered in a series of papers [1, 2, 3, 4, 5, 6, 7]
beginning in the 1970s. The wireless network is modeled as nodes located randomly on the plane according to
a Poisson point process [1, 3, 4, 5, 6, 7] or on a line [2]. The focus in [1, 2, 4, 5, 6] is on the issue of maximizing
the one hop progress of a packet in the desired direction under different transmission protocols. Based on
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the analysis of the slotted ALOHA protocol and requiring that the transmission powers are the same for
all nodes, it was first proposed by Kleinrock and Silvester in [1] that six was the “magic number,” i.e., on
average every node should connect itself to its six nearest neighbors. Later, the magic number was revised to
eight in [5]. In the same paper [5], Takagi and Kleinrock also considered other transmission protocols, which
resulted in some other magic numbers five and seven. Hou and Li [6] considered the situation when each
node is allowed to adjust its transmission range individually, and obtained the magic numbers six and eight.
When considering the maximization of the transmission efficiency, defined as the ratio between the expected
progress and the area covered by the transmission, Hajek [7] suggested that each node should adjust its
power to cover about three neighbors on average. Mathar and Mattfeldt [2] analyzed the wireless network
generated by a Poisson point process on a line, and also obtained some magic numbers.

However, the above analyses did not resolve the issue of connectivity. Although simulations in [3] sug-
gested that six to eight neighbors can make a small size network connected with high probability, it turns out
that as the number of nodes in the network increases, the network becomes disconnected with probability
one whether one connects to six or eight neighbors, as we will show. In fact, we show that there are no
magic numbers if one takes connectivity also into consideration. Specifically, for every finite number, the
probability of network disconnectivity converges to one as the number of nodes in the network increases.

We also show that the number of neighbors of each node needs to grow like ©(logn) if the network is to
be connected, where n is the number of nodes in the network. We can even bound the constant involved. If
each node connects with less than 0.074logn nearest neighbors, then the network is asymptotically discon-
nected. However, if each node connects to greater than 5.1774logn nearest neighbors, then the network is
asymptotically connected.

The problem of choosing how many neighbors to connect to affects not only the connectivity of the
network, but also the capacity of the network, i.e., how much traffic it can carry. In wireless networks, the
presence of a link (4,5) can be an advantage in that it enables node 4 to send a packet on one hop to node
j. However, it can also be a disadvantage in that, when ¢ broadcasts, it causes interference at j. Thus the
presence of a large number of links means the possibility for lots of interference, which reduces the capacity
of the network.

Hence one needs to examine the tradeoff between the presence and absence of links in a more careful
manner. When many links are present, a packet can get to its destination in a fewer number of hops.
This means that the relaying burden on other nodes is reduced. Thus while interference is larger when the
number of links is larger, the relaying burden is smaller. This problem has been addressed in [8] for the case
of connectivity based on distance. It is shown there that if r is the range of a broadcast, then the relaying
burden grows like O (%), but the interference grows only like O(r?). Thus, the net effect, the product, is a
growth of O(r), implying that the smaller the range the better. However, if one chooses too small a range,
then the network can get disconnected. This motivates the study of connectivity based on distance. This is a
different method of connectivity where one simply connects to all nodes within a range r. This connectivity
problem was studied in [9] when the points are distributed as a Poisson process on a square. It was shown

that if n is the intensity of the Poisson process on a unit square, then a choice of radius r(n) = (1-1%

would lead to probability of connectedness converging to zero, for every € > 0. In [10], for the case of n

points uniformly iid distributed in a disk of area A it was shown that a range chosen as r(n) = %

will lead to the probability of connectedness converging to one as n — oo if and only if 7, — +00. This
result can also be deduced from a result in Penrose [11] where the length of the longest edge in a minimum
spanning tree, suitably centered and normalized, is shown to converge to a double exponential distribution.

Yet another area where the connectivity issue arises is in random graphs. Specifically, the problem has
been considered for Bernoulli random graphs where an edge (4, j) is inserted with probability p. It is shown
(Theorem VII.3 in [12]) that if p(n) = l‘)g"%, then the probability that the graph is connected goes to one



as n — +oo iff v, = +o00. It should be noted that Bernoulli random graphs are not appropriate models
for connectivity in wireless networks since edges are introduced independent of the distance between nodes.
Thus such a graph may have a link from a node to a faraway node, without a link to a nearer node.

Connectedness has also been considered in the field of continuum percolation theory [13, 14]. There, the
model for the points is a Poisson point process on the infinite plane, and the focus is on the existence of an
infinite size connected component under different models of connections. Recently, [15, 16] have addressed
wireless networks and covering algorithms by the methods of continuum percolation. Under connection based
on the number of neighbors, [17] considers the central limit theorem. The issue of uniqueness of the infinite
component is addressed in [18].

The rest of the paper is organized as follows. In Section 2, we provide the problem formulation and present
the main result. In Sections 3 and 4, we give the proof of the main result. We provide some simulation
results in Section 5, and conclude in Section 6.

2 Formulation and main result

Let S be a unit square in R?, and suppose that n nodes are placed uniformly and independently in S. Denote
by G(n, ¢,) the network formed when each node is connected to its ¢, nearest neighbors. More precisely,
there exists an edge (i,j) if either j is one of the ¢, nearest neighbors of 4, or i is one of the ¢, nearest
neighbors of j.

We are interested in the following question:

For what choice of the number of nearest neighbors ¢, will the resulting graph G(n, ¢,) be connected as
n goes to oo ?

Our main result is the following theorem:

Theorem 1. For G(n, ¢,) to be asymptotically connected, ©(logn) neighbors are necessary and sufficient.
Specifically, there are two constants 0 < ¢y < ¢ such that:
lim Pr{G(n,c;logn) is disconnected} = 1, and

n—oo

lim Pr{G(n,cslogn) is connected} = 1.

n—oo

Remark 1. From the calculations in the proof of the Theorem 1 one can choose ¢; = 0.074 and any
¢y > 2/log(4/e) = 5.1774.

3 ©(logn) neighbors are necessary for connectivity
In this section we will give the proof of the necessity part of Theorem 1.

3.1 A scenario for disconnection

Definition 3.1. Square tessellation T&. We split the unit square equally into M, = [, /#gn? small

squares as depicted in Figure 1, where K > 0 is a tunable parameter, and [xz] is the smallest integer larger



Figure 1: The square tessellation 7.".

than or equal to x. This tessellation of the unit square will be denoted by Tg'. We name the small squares
as S!',i=1,2,---, My, from left to right, and from top to bottom.

Denote by N;*, the number, among the n nodes, that fall into square S}*.

Definition 3.2. Trap of size d. We call the structure in Figure 2 a trap of size d. It is composed of 21
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Figure 2: A trap of size d.

small squares all of the same size placed in a larger square of size d. Twenty of the small squares are at the
periphery of the square, while one is located at the center.

Definition 3.3. k-filling event. We say a k-filling event occurs if there are at least k nodes in each of the
twenty-one small squares, and there is no node in the space between the center and the other twenty squares;
see Figure 3.
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Figure 3: A k-filling event.

The significance of a (¢, + 1)-filling event is that the nodes in the central small square are disconnected
from the other nodes. This is because the ¢, nearest neighbors of the nodes in the center square are all
within the central square itself. Also, the nodes in the side squares cannot have a node in the center as one
of their ¢,, nearest neighbors since they will have enough neighbors close to them. Finally, the nodes outside



the square of size d are also blocked away from the nodes in the central square by the nodes in the side
squares.

Thus, if a (¢, + 1)-filling event occurs in a trap in G(n, ¢,), then the center nodes contain a connected
component. A similar, but not the same, localization construction is used in [17] in their study of the Central
Limit Theorem for certain geometric random variables.

Before presenting the full proof of the necessity part of Theorem 1, we sketch the basic ideas involved
and outline it. We first show in Section 3.2 that, if we tessellate the unit square by small squares with
area of order liiﬂ, then, with a very high probability, there are ©(logn) nodes simultaneously in every such
small square. Then we calculate the probability that a k-filling event happens within such a small square
containing about ©(logn) nodes. This allows us to calculate a lower bound on the probability that a k-filling
event happens within the unit square. Our calculation shows that, if & < ¢; logn, then a k-filling event will
happen in the unit square with high probability, thus proving the necessity part.

3.2 Not quite the Law of Large Numbers: A uniformity result

What we now show is that every square S in the tessellation 7&' has about ©(logn) nodes in it with high
probability. This result is uniformly true for all squares Sj*. However, it is not quite a law of large numbers
for the following reason. The mean number of nodes in any S} is

E[N!] = Klogn.

However the bound allows for a deviation in the actual number of nodes of order ©(logn), and not o(logn).
In fact we cannot apply the Vapnik-Chervonenkis Uniform Law of Large Numbers to deduce the result, since
it deals with a resolution higher than what the uniform law of large numbers can provide.

Lemma 3.1. Let K > @, and let pu* € (0,1) be the sole root of the equation

(L) log(L4 ) = 1)

If we tessellate S by T&, then the following limit holds for any p > p*:

lim Pr{max;|N— Klogn| < pKlogn} = 1.

n—oo

Proof. The basic idea of the proof is to consider the problem under a new assumption that the nodes are
generated in the unit square by a planar Poisson point process with intensity A,, = n, instead of having a
deterministic numbers of n nodes thrown into it. The main reason for doing so is that the numbers of nodes
in disjoint sets are then independent random variables. This will allow us to compute the probability that
all squares have K logn + uK logn nodes by taking the product of the probabilities. To compute the result
we will show that the number of nodes in a square is more or less the same whether we have a fixed number
of nodes n in the unit square, or a random number given by a Poisson process of intensity n.

So consider a unit square on the plane with a Poisson process with intensity A, = n. Denote the number
of the nodes that fall into square S* by N;*. The total number of the nodes that fall into the unit square is
M,,, which is also a random variable.

We also introduce a sequence of iid rv’s {Xy, k = 1,2,---}, which are uniformly distributed in a unit
square.



Remark 2. We have used the ceil function [-] to truncate a real number into an integer. For clarity of
presentation we ignore this and treat , /ﬁgn as an integer since it is nearly so, i.e.,

2
n n
= 1 1 .
[ Klogn-‘ Klogn( +0(1)), asn— +oo

Lemma 3.2.1. Suppose we tessellate the unit square by T&'. Then for any deterministic integer sequence
{m?,m%,n=1,2,---} satisfying 0 < m% —m7 < +/nlogn, Vn, we have:

my v/nlogn
(1) Pr ma,xlSiSMn z Is;n (Xk) S 2 Z Pr max; Z Isln (Xk) S 2 ) (2)
k=m7 k=1
v/ nlogn
(i)  lim Pr{max; kz Lsn(Xp) <2} =1 (3)
=1

Proof. The statement (i) is obvious. Let us prove (ii). Let 1 £ vnlogn and m = My, = giogy- First we
want to show that
i logn
Pr{kz:IIS{L(Xk)SQ} = 1+o< > ) as n — oo. (4)
We have
i 1\° N 1\! N 1\2 R
Pr{ Lsn (X3) < 2} = 2 (E) (1-1/m)" + CA (E) (1-1/m)" ' +C2 (E) (1—1/m)"2
k=1
2 Po + p1 + pa.
We can compute that:
Kl
po = exp {nl/Q(logn)l/Qlog (1— ngL)}
Klogn K2%(logn)? logn)?
= exp{nl/Z(logn)l/2 (— ng - (275 ) +o<( 52) ))}
K(logn)®?  K?(logn)5/? logn

= exp{— /3 — 32 +o "

_ K(logn)*/?  K?(logn)®/? logn 1 (K2(logn)® logn logn

= - Y e I U n Tl tol T,

K(logn)*/?  K?*(logn)? logn
= 1-
iz T 2n tol )

Kl Kl
pp = +/nlogn- zgnexp{(\/nlogn—l)log(l— 2gn)}
K (logn)3/? K1 K?(logn)? logn)?
— OO e { (vrogn —1) (- o - GRSy (B )

n 2n2 n2




K (logn)®/? K(logn)*? K1 1
_ K(logn) exp{_ (ogn)®* Zgn+o<ogn>}

/2 /2 n
_ K(lo%g)w2 (1 3 K(IO%/ZL)WZ N Klogn N K?(logn)? to (logn))
n n n 2n n
K(logn)3/?  K?(logn)? (logn)
= 172 - Tol——)
n n n

and

1 1 -1 2 2
rlogn (Vilogn —1) | K*ogn) exp{(m_z) g (1- K6

nlogn —+/nlogn K?(logn)? Klogn
= . (n2 ) exp (\/nlogn—2 log

)

2

- %exp{(m_ )10g< n)}+0<logn)

_ K"’(lgfn exp{(m_ )( Klogn (10 n))} <1oin)

_ K2(120§n)3exp{_1((1;)§;7/nz)3/2+ (105323/2)}+0<10gn>
K2(logn)? (

Adding them up, we get (4).

Now we have

v/nlogn n
Primax; Y  Ien(X)<2p = 1— Pr{max;» Lsn(X;)>2}
k=1 k=1

A%

-3 Pr{iIsr (X1) > 2}
k=1

%

~

= 1-M,- Pr{d_Isp(X}) > 2}

k=1
n logn
= 1— 1—-(1 e =Rt
o (1~ (17 (5))
= 140(1), asn— oo. O

Lemma 3.2.2. lim,, o Pr{|Mn —n| < \/nlogn} =

Proof. Since EM,, = n and var(ﬁn) = n, by Chebyshev’s inequality,

~ Var(JT/fn) n 1
Pr{|M, —n| > y/nlogn} < = = —0, :
r{|M, —n|>+/nlogn, < nlogn nlogn Tognn asn — oo



Lemma 3.2.3. Consider any K > 0 and p € (0,1). Iflim,_, Pr{max,-|ﬁi" — Klogn| < uK logn} =1
then for any pi > p, we have

?

lim Pr{max;|N]'— Klogn| < mKlogn} = 1. (5)
n—oo

Iflim,_,,, Pr {max,|]vz" — Klogn| < uKlog n} =0, then for any ps < p, we have

lim Pr{max;|N]'— Klogn| < usKlogn} = 0. (6)

n—oe

Proof. First we prove (5). By Lemma 3.2.2, we know

Pr {maxi|ﬁf — Klogn| < ,uKlogn}
[ee) — —~ —~
= Pr Mn = ]} - Pr {maxi|Nz~" — Klogn| < uKlogn|M, = j}

7=0

Z Pr{Mn :j} - Pr {maxﬂﬁf — Klogn| < pKlogn|Mn = j}

li— n|< nlogn otherwise

J
Pr {M J} - Pr {maxi| ZIS? (Xg) — Klogn| < pKlogn} + o(1).
li— nIS\/nlogn k=1

By Lemma 3.2.1, we know that for any j such that n + v/nlogn > j > n, and n large enough,

J
Pr {maxi| ZIS? (Xg) — Klogn| < uKlogn}
k=1

J J
= Pr {max,| ZIS? (Xr) — Klogn| < uK logn; max; Z Ls» (X)) < 2}
k=1 k=n+1
+o(1)

< Pr {max,| ZIS? (Xr) — Klogn| < lelogn} +o(1), asn — oo.
k=1

Similarly, for any j such that n > j > n — +/nlogn, and n large enough, we have
J
Pr {max,-| ZIS? (Xg) — Klogn| < ,uKlogn}
k=1

< Pr {maxi| ZIS? (Xk) — Klogn| < ulKlogn} +o0(1), asn — oc.
k=1

So we get

Pr {maxdﬁz." — Klogn| < uKlogn}



IN

Z Pr {Mn = j} - ( Pr {maxi| ZIS? (Xr) — Klogn| < ulKlogn} + o(l)) +o0(1)
li—n|<y/nlogn k=1

Pr {max,-|ﬁn —n| < \/nlogn} - ( Pr{max;|N]' — K logn| < p1 K logn} + o(1)) + o(1)
(14+0(1)) - ( Pr{max;|N]» — Klogn| < p1 Klogn} + o(1)) + o(1).

Since lim,,_,o, Pr {max,-|Ni" — Klogn| < uK logn} =1, we deduce

lim Pr{max;|N]'— Klogn| <y Klogn} = 1.

n—oe

The proof of (6) is similar and so we omit it. O

Lemma 3.2.4. For y € Rt, define

Ya (1)
V(K

p+ (1= p)log(l — p),
—p+ (14 p)log(1 + p).

e e

Then

(1) Yalp) > p(p) >0,V € (0,1).
(ii) For any K > m, there is one and only one root p* of the equation ¢5(u) = %. Alsotps(p) > ¥e(u*),
V€ (p*,1).

Proof.

(i) Let 9(s) = o () — 15(1). Then
YP'(p) = l-log(l—p)—1—(=1+log(l+pu)+1) = —log(l—pu®) >0, Vue(0,1).
Also lim, o+ 1(p) = 0. So we know o (1) > 1g(p) > 0,Vp € (0,1).

(ii) We have ¢} (n) = —1+log(1+p)+1 = log(1+4) > 0. Also lim,,_,o+ (i) = 0,limy, 1~ Pp(u) =log (2).
So 1(p) is strictly increasing on (0,1) and its range is (0,log (2)). ]

Lemma 3.2.5. SupposeY is a Poisson random variable with parameter X, then for any K > 0 and u € (0, 1),
we have

e \A-mXr q

=2 214
(ii) Py 2 Pr{Y —A>—pA} = W . (1 + %) -(14+0(1)), as A = (8)
(iii) AETOO ie%’\ “Pr{|lY =\ > uA} =0, if K > 1/log(4/e) and pu € (u*,1), (9)

1
where p* is the root of — p* + (14 p*)log(1l + p*) = T



Proof. (i) By the definition of a Poisson random variable, we have

P1 = Z Ee
0<k<(T—)A
A2 )\(l—u)/\
— 1+/\+—+---+7>
( 2 (1= mA)!
A=A (IT-wXr (@A =-pN((A-pAr-1) (L =)
7A .- .. e A A
R (EE=TIY] (1 T X T XTI )
A(d=m)x 1 ;
Ay A@d=mA
- *ﬁ O
Since Y po (1 — p)* = L, for any € > 0, there is No = No(e) > 0 such that
No 1 €
da-pk-=| < <, and
k=0 ® 3
> a-wk < g
k=Np+1

One can also choose A\g = Ag(Ng, €) > 0 large enough such that

Np—1 j Ny €
k k
1+ Y Imh, (1_”_X) =Y -k < 3 YA
k=0 k=0
We also have for A satisfying (1 — u)A > No,
(1—p)r-1 ] 0o €
k
Z I} 0<1_N_X) < Z (1-p) <3 VA > Ao.
k=Ny k=Np+1

Hence, for any A satisfying A > Ag and (1 — u)A > Np,

1 No—1 i No
‘M1(/\)——‘ < 1+ZH§=0(1—N—X>—Z(1_N)k +
® k=0 k=0
No ) (1—p)r—1 i
_ = o (1—p—2
0 & hy
= 0
€LELE
< 4zt
- 3 3 3
So Mi(X) — - as A — co. Hence
A1=p)A 1
P, = e* . ~.(14+0(1), as\— oo
1 @=pwnt 5 W

10



(ii) Similarly we have

P2 = Z )\—ke_A
k> (14+p)A k!
B /\(1+p))\ )\(1+u)/\+1
- A(((1+u)/\)!+((1+u)>\+1)!+m>
L A2 A A2
- ((1+u)/\)‘( +(1+u)A+1+((1+u)>\+2)((1+u)/\+1)+
Y )\(1+u)>\
© e (R G
A A(14)A
R (RS

Since 1+ > 12, W =1+ %, for any € > 0, there is Ng = Ny(€) > 0 such that

1+§i#— 1+3) < € and
= (L+p)* - 3

We also have

o0 1 o0

Z H?:l((l"'ﬂ) %)

k=Njp+1

A\
=
+
z

ol
IN
wln
<
>
\Y
>
o

Hence, for any A > )\g, we have

pe=(+3)] =

”an

+

EEROVINE

+

<

3

Wl o
o::lm

This means that Ma()) = 1+ - as A = oo. So we know

P, A A (1 1) (1+0(1)) A
= € " +—]-(1+0o(1)), asA— oo.
’ (T +m)A)! Iz

11




(iii) By Stirling’s formula, we know

%e%/\'Pl = %e(é 1 )‘-m._.(l—ko(l))
G A v
\ 21(1 — p)A (—(1*;)%)(1_”” J (1+o(1))
D) 27r(11—u))\ 'eXp{<% _1+1—N)A—(1—u)klog(1—u)}-i-(1+o(1))
- X 27r(11 —5 exp { (% —(u+ (1 —p)log(l — N))) )\} . % (14 0(1))
1 1 1
= v o () e

where 1, (1) is as defined in Lemma 3.2.4.

Also by Stirling’s formula, we can compute that

Letr.p = {5~ o+ armopasm] ah-as Do,

1
A/ 2w (1 + p)A TP
————1———-wp{fl—¢)mﬂ-x}wl+1x1+dn)
A2+ )X K~ 7 ’

where 1g(p) is as defined in Lemma 3.2.4.
Now, by Lemma 3.2.4, for K,y satisfying (9), we know that

T~ Yali) < 7 — Us(i) <0.

Hence we have,

1 1

7€M Pr{Y = A > A} = eXX . (P, + Py) — 0, as A — oo. O

> =

Proof of Lemma 3.1. According to Lemma 3.2.3, if we can show that for any K > 1/log(4/e),

lim Pr {maximfi" — Klogn| < ,uKlogn} =1, Vpe (1),

n—0o0

where p* € (0,1) is the sole root of the equation —p* + (1 + p*)log(1 + p*) = &, then Lemma 3.1 is true.

Recall M, 2 ﬁgn. By invoking the independence property of the Poisson process for the random
variables N{L,N;, e ,JVZ o, We have
ogn

Pr {maxlSiSMn |NZ" - Klogn‘ < ,uKlogn} Hg"l Pr{‘]vz" - Klogn‘ < uKlogn}

M,

= ( Pr{‘ﬁl" —Klogn‘ < uKlogn})

<1 - Pr{‘ﬁln —Klogn| > NKlogn})#“"

= eXp{KIZgn -log (1— Pr{|ﬁ1"—Klogn‘ > uKlogn})}.

12



If we let py, 2K logn, which is the mean value of N7, then

P
Pr{maxi Nz" - Klogn‘ < uKlogn} = exp {ep—K -log (1 - Pr{‘NI” — pnl| > upn}) } .
n
Since by Chebyshev’s inequality,
~ var(N™) Pn 1
Pr{‘N"—p >up} < L) — = —0, n— oo,
v " (Bon)®>  (upn)®  12pn
we have
~ e ~
Pr {maxi N} — Klogn‘ < uKlogn} = exp {—p— - Pr{‘Nln — pn| > upn} -1+ 0(1))} .
n
Hence, by Lemma 3.2.5 (iii), we deduce that
Pr {max,|Nf — Klogn| < ,uKlogn} — 1, as n — oo. O

3.3 Proof of the necessity part of Theorem 1

Suppose we connect each node in G, to its elogn nearest neighbors. Denote the resulting graph by
G(n,elogn). Then it suffices to show that for some € > 0,

lim Pr{G(n,elogn) is connected} = 0.

n—oo

Let us tessellate G(n,elogn) by T&, with K, u satisfying Lemma 3.1. Put a trap of size \/a I, at the
center of each square of 72, where a € (0,1) is a parameter and [,, is the size of the squares SI*. See Figure 4.

Si

Figure 4: A trap in a small square.

According to Lemma, 3.1,
lim Pr{max;|N]— Klogn |< pKlogn} = 1. (10)

n—oo

So, if we let
Am
Q”L

{ No (elogn + 1)-filling event occurs in the trap of SI'},
{(k1, k2, kar,) : K1+ ka+---+ Ky, =n, and k; >0, Vi},

e e

13



then we have

Pr{G(n,elogn) is connected }

< Pr{A},Vvi}
= > Pr{A",Vi; NI =k;, Vi}
(k1,ka,-kar, )EQ™
= > Pr{A?, Vi|N} = k;, Vi} - Pr{N] = k;, Vi}
(k1,k2,- -k, )EQ™
= > + > | Pr{A}, ViIN} = k;, Vi} - Pr{N}' = k;, Vi}
max;|k; — Klogn| < uKlogn Otherwise
< 3 (X5 Pr {A7INT = ki) - Pr N7 = ki, Vi}

max;|k; — K logn| < uKlogn
+ > 1-Pr{N} =k, Vi}

Otherwise

> (X5 Pr{AF|N? = ki}) - Pr{N] =ks, Vi} + o(1), (1)
max;|k; — K'logn| < uKlogn
where (11) comes from Lemma 3.1.

Now, suppose N;* = k; where k; € [(1 — p)K logn, (1 + p)K logn]. Note that actually k; i.i.d. nodes are
thrown into S7; see Figure 4. For (K, u) with (1 — u)K > 21e, we have

Pr{A?|N] = k;}
=1— Pr {An (elogn + 1)-filling event occurs in the trap of SP* | N* = k;}

S 1— kz ) (i)2l(elogn+1) ] _ a)ki721(610gn+1)
elogn+1,---, elogn+1, k; —21(elogn + 1) 36

(1-pKlogn ) - ( a )21(elogn+1) (11— a)k,-—21(elogn+1)_

<1 —
36

=0 (elogn+1, -y elogn+1, (1 —p)Klogn —21(elogn + 1)

By Stirling’s formula, we know

( (1—-u)Klogn )
elogn+1, -, elogn+1, (1—p)K log n—21(elog n+1)
(Ologlogn) (1= WK logn)!

(elogn!)?' (((1 — p)K — 21€) logn)!

((l—p)Klogn) (1—p)K logn
e

eO(log log n)

(610 n)21610gn (((l—u)K—Zle) logn) ((1—p)K—21€¢) logn
e e

exp {O(loglogn) + (1 — p)K log((1 — u)K) — 21eloge — ((1 — p) K — 21€) log((1 — u) K — 21¢)) - logn}
exp {O(loglogn) + a(e,u,K) -logn} .

e

Hence, we have,

Pr{A]IN] =k} < 1-exp{O(oglogn) + e, m, k) -logn } - (51 (108m) (1 — gy 21(clogns

14



= l—exp {o(logn) + a(e,u, K) -logn + 2lelogn - log % + (ki — 2lelogn) - log(1 — a)}
= 1-—exp {o(log n) + &5\(6, u, K) -logn + 2lelog 3% logn + ((1 + p)K — 21€) logn - log(1 — a)}
= 1—exp{y(e,a, K,p) -logn- (1+o(1))},
where we define
Y(e,a, K, p) = (1 —-p)Klog((1 —p)K) —21leloge — (1 — u) K — 21¢) log((1 — u)K — 21¢)
+2lelog 2 + (1 + WK — 21¢) log(1 — a).

Let us define the set

Deary = {(ea,K,p)€RY: —1<p(e,a,K,p) <0,(1=p)K >21e> 0,a € (0,1),
and (K, p) satisfy Lemma 3.1.}

It is easy to verify that Do x,, # ¢. Note that one set of feasible choices is € = 0.074, K = 1973.9,
p = 0.032 and a = 0.001, whence we obtain ¥ = —0.9996.

For any (¢, a, K, 1) € D¢ q.k,, there are constants N o k,, > 0, and é € (0,1), such that
Pr{A?|N' =k} < 1-n"° V(ki,n): |k — Klogn| < uKlogn,n> N oK .-

Hence, by Remark 2, (11) and Lemma 3.1, for any (¢,a, K, tt) € De o,k ,u,

Pr{G(n,elogn)is connected} < z (1—=n"%M» Pr{N" = k;, Vi.} + o(1)
max;|k; — Klogn| < uKlogn

(1 — n~%)®iogm (oM L pr fmax;| N — K logn| < pK logn} + o(1)
(1 —p9)®reem (o) 11 4 5(1)

1\ " e (1Ho(1))
(1 - —) +o(1)

Il

I INA

Il
2
=

o

5]

3

1

8

O

4 O(logn) neighbors are sufficient for connectivity

In this section we prove the sufficiency part of Theorem 1.

Definition 4.1. Disk tessellation T (a,b). Suppose the unit square is located with corner at the origin,
as in Figure 5. Let r be such that nr? = K—lzgﬂ, where K > 0 is tunable parameter. We consider a grid
of squares of size 2r, with corners at (a mod 2r,b mod 2r) as in Figure 5. Inside each square, we inscribe
a disk of area K1%8™  We call the set of all the disks intersecting the unit square as the Disk Tessellation
T5(a,b) (with a minor abuse of the term “tessellation”).

Similarly to the square tessellation, we name the small disks intersecting the unit square as D}, for

t < M,,. Let the number of the n nodes that fall into disk S}* be denoted as N*, which is a random variable.

The proof of the following lemma is very similar to the proof of Lemma 3.1, in the sense that we can just
replace the small squares there by small disks here. So we omit the proof.
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Figure 5: The disk tessellation 7} (a,b).

Lemma 4.1. For any K > 1/log(4/e) and any point sequence {(an,b,) € R?,n=1,2,---},

lim Pr{N] < (1+ p)Klogn,for any disk D} in tessellation Tp (an,bn)} =1, Vu€ (u*,1),

n—oo

where p* is the sole root of

-1+ 1+ p)log(l+p") = (12)

1
7

Proof of the sufficiency part of Theorem 1. We want to prove that for any 6 > 0, G(n, (2/log(4/e) +
d)logn) will be connected in the sense of Theorem 1.

According to (12), p* = 1 as K — (1/log(4/e))*. So for any § > 0, there is a constant §' > 0 such that

K =1/log(4/e)+d§ = 1+ p*)K <2/log(4/e)+ 4. (13)

From now on, we fix the parameter K in the Disk tessellation to be the one in (13), and fix p such that

1>p>p* and (14 p)K <2/log(4/e) + 4.

Let r, 2 \/%, the radius of the disks in the Disk tessellation. Then choose two positive constants
€,m € (0,1) such that

(1+n)logn
—

2

w(r, —ery)® > (14)

Now let us tessellate the unit square by a collection of several disk tessellations:

>

1
7;” {m(i'ETn,j'éTn),i,j:0,1,2,"',2' |:_:|+1}
€

This collection of tessellations has the following property:

16
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+7— Centersof circles
of ra(%ri I

Figure 6: Tessellation collection 7.™.

e For any point (a,b) in the unit square, there is a disk in 7,* whose center is within a distance of ery,
from the point; see Figure 6.

Since the number of tessellations in 7" is finite, by Lemma 4.1, we know that

Pr { Every disk of 7. contains no more than (2/log(4/e) + ) logn nodes} — 1, as n — oo.

By the choice of 7, € and T, any disk with radius (1 — €)r,, and with its center in the unit square,
will be contained in a disk in the collection of tessellations 7.; see Figure 6. So if any of the disks of
the tessellation collection 7.* contains no more than (2/log(4/e) + ) logn nodes of G,, then each node of
G(n, (2/log(4/e) +d)logn) will be connected to every node that is within distance of (1 — €)r,. To complete
the proof, we need the following theorem on connectivity based on distance.

Theorem 4.1 (Theorem 3.2 in [10]). (Let G(n,r(n)) be the graph formed by connecting every node to
its neighbors that are within distance r(n).) Then, graph G(n,r(n)), with nr(n)? = W, is connected
with probability one as n — oo if and only if ¢(n) = oo.

Now, by (14), and the above Theorem 4.1, we know G(n, (2/log(4/e) + ) logn) will be connected with
high probability.

So if we define B, 2 { Every disk of 7" contains no more than (2/log(4/e) + §) logn nodes }, then

Pr{G(n,(2/1og(4/e) + &) logn) is connected |B,} — 1, asn — oo.

Then,
Pr {G(n, (2/log(4/e) + &) logn) is connected }
= Pr{B,} -Pr{G(n,(2/log(4/e) + ) logn) is connected |B,,}
+Pr{B:} - Pr{G(n, (2/log(4/e) + §) logn)is connected |B; }
= (1+0(1)-1+0(1)+0(1) +1, asn—oo.
Hence we have proved the result. O
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Figure 7: Simulation results for connection based on c¢logn nearest neighbors.

5 A simulation study

The theoretical results of this paper are asymptotic in nature. The question naturally arises as to how
rapidly the probability of connectedness approaches one as n is increased. Our current theory is inadequate
for this task.

To investigate this we have conducted a simulation study. In each run, n nodes were placed randomly
(uniformly iid) in a unit square. For various values of ¢, it was determined whether the network was connected
when each node was connected to its clogn nearest neighbors. By repeating the simulation 1000 times, the
empirical probability that the network is connected is obtained. These empirical probabilities were plotted
for various values of n; see Figure 7.

The results suggest that the critical value of ¢ is near one. The jumps in the plots arise because clogn is
generally not an integer. What we display is the probability of connectedness for |clogn| nearest neighbors
when ¢ < 1, and for [clogn] nearest neighbors when ¢ > 1.

It is an interesting question whether the critical value of ¢ is one. In any case we see that for ¢ larger
than about 1.5, the probability of connectedness increases rapidly to one for a modest number of nodes (e.g.,
n = 30).

We also present for comparison purposes simulation results for connectivity based on distance; see Fig-

clogn
n

ure 8. Shown are the plots when nodes are connected to all others within a distance . In this case

the critical ¢ is known to be one (see [10]), and the plots clearly illustrate this.
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Figure 8: Simulation results for connection based on distance and for Bernoulli graphs.

To illustrate another instance of a problem with a critical value of the preconstant determining connec-
tivity, we exhibit the results for Bernoulli random graphs; see Figure 8. Here an edge is drawn between a
pair of nodes with probability Cl"%. Again it is known that the critical value of ¢ is one (see [12]), and the

plots illustrate this too. Note however that Bernoulli random graphs do not model wireless networks.

6 Concluding remarks

As the number of nodes participating in a wireless network increases, the number of nearest neighbors each
is connected to should not remain constant. Otherwise one obtains a disconnected network. In fact the
number of nearest neighbors needs to grow like ©(logn). This contrasts with some previous studies in the
1970s and 1980s which recommended various “magic numbers” of nearest neighbors (three, six, seven, eight
etc.). However that will result in network disconnectivity with probability approaching one as the number
of nodes increases. We have shown that asymptotic connectivity results when every node is connected to its
nearest 5.1774logn neighbors, while asymptotic disconnectivity results when each node is connected to less
than 0.074logn nearest neighbors. Simulations suggest that there may be a critical value of ¢, and that it
is close to one. However our theory is inadequate to resolve this, and it remains an open problem. In any
case when ¢ > 1.5, the probability of connectedness increases to near one even for modest n. These results
should guide schemes for power control, media access control and routing in ad hoc networks; see [19].
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