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Abstract— We analyze the spatial smoothing al-
gorithm of Solis, Borkar and Kumar [1] for clock
synchronization over multi-hop wireless networks. In
particular, for a model of a random wireless network
we show that with high probability the error vari-
ance is O(1) as the number of nodes in the network
increases. This provides support for the feasibility
of time-based computing n large wireless networks.
We also provide bounds on the settling time of a
distributed algorithm.

I. INTRODUCTION

In a wireless network, nodes must often act in coordi-
nated or synchronized fashion. This is true especially for
applications such as mobile target localization and event
detection. It is also true for the underlying network tasks
such as packet scheduling for medium access control, and
sleep scheduling in the case of low duty cycle sensor
networks. Some of these applications or tasks require
global clock synchronization, wherein all nodes in the
network are synchronized to a common clock. Such global
synchronization is likely to be essential wherever the
network as a whole is required to act in coordinated
fashion.

For concreteness, we consider two examples. The first
is a problem of tracking the trajectory of a moving object
using directional sensors [2]. Each sensor has a fixed line-
of-sight beam, and can detect the time at which the line
is crossed by the moving object. The trajectory must
be estimated based on the sensor crossing times noted
by all the different sensors. Clearly, the performance
of any tracking algorithm is limited by the accuracy
of clock synchronization. Another example is in the
domain of wireless sensor networks. Consider the case of
a habitat monitoring network [3], which is deployed in an
infrastructure-less environment for an extended period of
time. To conserve power, nodes would need to be oper-
ated on very low duty cycles. In such a scenario, it may be
necessary to carefully design a timed schedule in which
nodes turn on their radios at designated times, transmit
to other nodes which are also simultaneously awake, and
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then go back into sleep mode. Tighter synchronization of
wake periods would typically allow greater power savings.

The purpose of a clock synchronization algorithm is to
provide correction factors to each node in the network,
thus enabling the node to convert its own clock value to
that of a unique common global clock. These correction
factors could be specified in different ways. The simplest
choice would be a single correction factor specifying clock
offset from the reference clock. Alternatively, offset and
skew, which measures the relative speed of the node’s
clock with respect to the reference clock, could be calcu-
lated.

There have been a number of methods proposed to
obtain estimates of such correction factors or parameters.
A well known method of obtaining estimates of clock
differences between pair of nodes which can directly com-
municate is based on exchange of time-stamped packets.
Viewing the network as a graph, this corresponds to
finding estimates of clock offsets across the edges of the
graph. These estimates must then be processed by the
network to obtain estimates of the clock offsets of all
nodes from a common reference clock.

One way of carrying out the latter task has been
proposed in [4]. The approach consists of designating a
certain node’s clock as the reference clock, building a tree
rooted at that node and spanning the entire graph, and
simply adding up the estimated edge differences along
the unique path to each node to obtain nodal offset
estimates.

Karp, Elson, Estrin and Shenker [5] have considered
the problem of minimum variance estimation, particu-
larly for the reference broadcast synchronization scheme
of [6], and have shown that it satisfies the transitive
property of offsets, i.e., the sum of the optimal estimate
of the offsets between the node pairs (i,7) and (j, k)
is the optimal estimate of the offset between the node
pair (i,k). They have also anlayzed the optimal error
variance and related it to the resistance distance in a
corresponding graph.

Solis, Borkar and Kumar [1] have proposed an ap-
proach, based on the concept of least-squares smoothing,
to smooth the set of estimates obtained by a packet
exchange procedure. The problem that results can be
formulated, under a simple noise model on the edge
estimates, as a distributed parameter estimation problem
on graphs.

The contribution of this paper is an analysis of this
least-squares approach. We provide an alternate proof of



the connection between the least-squares optimal set of
estimates and electrical resistances in an equivalent resis-
tive network. This allows us to compare the performance
of the least-squares optimal estimate with the previously
proposed tree based solution. This analysis indicates that
the least-squares solution provides a substantially better
performance, measured in error variance, for a range
of typical network graphs. In particular for a model of
a random wireless network that is connected, we show
that the error variance is O(1) as the number of nodes
increases to infinity, with high probability. This provides
support for the feasibility of time-based computing in
large wireless networks.

We also analyze the convergence properties of the
distributed synchronization algorithm proposed in [1],
which seeks to converge to the least-squares optimal
vector of estimates. We prove convergence and establish
bounds on convergence time of these algorithms in terms
of standard graph parameters.

The rest of the paper is organized as follows. Section 2
describes the model and assumptions. Section 3 describes
formulation of the least-squares estimation problem. Sec-
tion 4 presents and analyzes a distributed algorithm to
compute the least-squares estimate. Finally, Section 5
describes the conclusions and proposed extensions.

II. MODEL AND ASSUMPTIONS

The network is modeled as a directed graph of n + 1
nodes {0,1,2,...,n}, where each edge represents the
ability to transmit and receive packets between the cor-
responding pair of nodes. Given an edge e connecting
nodes i and j and oriented from i to j, ¢ is referred to as
the head and j as the tail of edge e.

The incidence matriz A of a directed graph of n + 1
nodes and m edges is the m x n 4+ 1 matrix with entries
given by the following:

1 if node 7 is the head of edge j
A;; =< —1 if node i is the tail of edge j (1)
0 otherwise

For a connected graph, the rank of the incidence matrix
is n, or one less than the number of nodes. Thus, deleting
any row from the incidence matrix yields a full row rank
matrix, which is called the reduced incidence matriz.
Here, we will work with the n X m matrix obtained by
deleting the row corresponding to the root node 0. For
notational convenience, we use A to henceforth signify
the reduced incidence matrix.

Each node ¢ has a clock ¢;(t), where t represents the
reference time variable of node 0, which is the designated
reference node, and ¢;(+) is some unknown function. A
simple first order model of such a function would be

Cz(t) = t+0i. (2)

The clock synchronization problem would then consist
of finding the offset o; of each node i from the reference
node 0.

Alternately, one could employ a two parameter model
for the node clock:

C; (t) = dzt + 04, (3)

where the skew parameter d; represent the clock drift
relative to node 0. In reality, these parameters will be
time-varying. Thus, it is necessary to re-compute their
values periodically in order to maintain a bounded es-
timation error. There is an inherent tradeoff here in
that computing parameters of a higher order model is
more complex, but will ensure that the synchronization
remains accurate over a longer timescale.

In this paper, we will focus only on the one parameter
offset model. In fact, our approach can be extended to
the two parameter drift+offset model as well (see [1] for
details). However, the essential technique in estimating
each parameter is the same.

III. LEAST-SQUARES CLOCK SYNCHRONIZATION

We now describe the least-squares synchronization
approach for estimating the clock offsets of all nodes from
the reference clock. For a detailed description, see [1].

The first step consists of estimating the clock dif-
ferences across every edge of the network. Recall that
edges signify the bidirectional ability to exchange pack-
ets. Therefore, each pair of nodes connected by an edge
send packets to each other, while noting the time of
transmission and the time of reception. The differences
between the time of transmission and the time of re-
ception is the sum of the propagation delay, the clock
offsets of the respective clocks, and random effects due
to uncertainty in noting the exact time of transmis-
sion/reception. The effect of propagation delay can be
eliminated by subtracting the one-way difference from
the reverse-way difference. Further, this process can be
repeated to average out the random effects. At the end,
we are able to obtain for each edge 75 in the network, an
estimate

0ij = 0ij + Nij, (4)

of the true clock offset o0;;. N;; is the sum of random
effects, and therefore can be modeled as a normal random
variable with mean 0 and variance 2. We make the
simplifying assumption that this noise is i.i.d. across all
the edges of the network.

The second step consists of obtaining nodal offset
estimates from these edge offset estimates. Observe that
the network graph may in general have several cycles.
For each of these cycles, the true edge clock differences
must satisfy the natural Kirchhoff-like constraints:

>0 =0, (5)
ijeL
for every loop L. That is, the differences must sum to
zero around loops.
These constraints may be expressed in matrix form as

follows:
o= A, (6)



where v is some n dimensional vector, and the orientation
of the graph is chosen according to the sign of the
corresponding edge offsets. Thus, the offset vector o must
belong to the range space of the (reduced) incidence
matrix A. However, this will in general not be true for
the vector of offset estimates 6, because each of its entries
are corrupted with random noise. Also note that what
we want to compute is the vector v, which is the vector
of nodal clock offsets. Thus, we can compute a least-
squares fit of the offset estimate vector to the range
space of Af, i.e., the space of offset vectors satisfying
the network Kirchhoff constraints. This is given by the
following quadratic optimization problem:

v* = argmin || A'v —6 || (7)

Thus, the clock-synchronization problem is effectively
reduced to an unconstrained quadratic optimization
problem. Under the assumption that the edge errors are
i.i.d. normal random variables, this optimization problem
is equivalent to determining the maximum-likelihood
vector estimate of the true edge offsets.

The solution to (7) has some interesting structural
properties, outlined in the following result, observed also
in [5].

Theorem 1: Given a connected graph with reduced
incidence matrix A,

1) The unique optimal solution of (7) is given by
v* = (AAH) 1 Ab. (3)

2) The error variance E[v} — v;]? of node i is equal
to o2 times the resistance distance between node i
and the root node in the electrical network defined
by replacing each edge in the connectivity graph by
a unit resistor.

a) Proof:: The proof of part (1) is fairly trivial, since
(7) represents a simple quadratic optimization problem
of with objective function x!Qz + b, where Q = AA®.
The matrix AA? is an n X n matrix, which is the principal
sub-matrix of the Laplacian matrix of the graph, which is
known to be positive semi-definite. AA? is in fact full rank
for connected graphs, and so is a positive definite matrix.
Thus, setting the gradient of the objective function to
zero yields the unique solution, which is given by (8).
We proceed to part (2). Let v be the true vector of
node offsets, and N the noise vector. The error vector is
thus given by

e = v —w (9)
= (AAHYTTA(A'w + N) —wv (10)
(AAHTTAN, (11)

with covariance Elee!] = o?(AA!)~1.

The diagonal entries of E[ee!] are the variances of the
errors of the estimated offsets. Thus, part (2) is the
statement that the diagonal elements of (AA!)~! are
the resistance distances between the corresponding nodes
and the root node in the equivalent electrical network

obtained by replacing edges of the connectivity graph by
unit resistors. This fact is known in electrical network
theory, and can be deduced by computing the voltage
values in the network resulting from the addition of a
set of current sources between every node in the network
and the root. For details see [8], Chapter 2. W

The benefit of relating the performance of least-squares
synchronization to electrical resistance, as in [5], is that
we can evaluate this approach for any network graph in
which the resistance between two nodes can be computed
or bounded. Furthermore, we have a more intuitive basis
for understanding how the least-squares synchronization
error will depend on the structure of the graph. In
particular:

o More edges, i.e., more bilateral estimates, means
better estimates. Adding more resistors to a network
can only reduce the resistance between any pair
of points. In particular, this proves that the least-
squares based estimates will be better than the tree
based estimates.

o Resistance is additive along a path, whereas the
inverse of resistance (conductance) is additive over
parallel paths. In terms of our estimation problem,
having using estimates from parallel paths improves
the resulting estimate due to noise averaging, while
over a single path, the noise variances add up along
the edges of the path.

e When the graph is a tree, resistance between any
two nodes is the distance between them. Thus, the
error variance will grow linearly with the distance
of the node from the root. Note that the same is
true for the tree-based synchronization approach of
[4], in which the offsets, and consequently the noise
variances as well, are added up along the unique
path from the root to every node. This similarity is
not coincidental, because for a tree graph the least
squares solution in fact specializes to the tree-based
solution. To see this, note that if the graph is a tree,
the reduced incidence matrix is a full rank square
matrix (because the number of edges is one less than
the total number of nodes, which is n + 1). In this
case, the offset estimate vector will in fact belong
to the range space of A!, which in effect means that
no smoothing can be achieved, and that the least-
squares optimal vector can be obtained by adding
the edge offsets along paths.

We now evaluate the performance of the least-squares
solution on some canonical graphs, using the metric of
maximum error variance over all nodes of the graph.

b) Tree:: As mentioned above, the resistance dis-
tance from any node to the root is the distance of
that node to the root. Thus, the least squares solution
specializes to the standard tree based solution of adding
up estimates along edges of a tree. The error variance is
proportional to the diameter of the graph.

¢) Cligque:: The resistance distance between any two
nodes in a clique of n nodes is 2/n (this can by easily de-



rived using Kirchhoff voltage-current calculations). Thus,
the error of the least squares solution decays inversely
with the size of the network.

d) Lattice:: The resistance between two adjacent
points in an infinite lattice is a well known problem in
classical electrical circuit theory. Finding the resistance
between points in a finite lattice has been addressed
in [10]. In particular, it can be shown that the resistance
between opposite corners of a square lattice of n nodes
s O(logn). Note that for the tree-based algorithm, the
maximum error would be proportional to y/n.

e) Random Planar Network:: This is a network in
which nodes are scattered uniformly at random over some
fixed area. It can be shown that if all nodes have a
common transmission range, the network graph will be
connected if and only if the range is large enough so
that the average number of neighbors of each node is
Q(logn) [11]. Thus, this network has a higher density of
edges than the lattice network. For such a network, it
can be shown that the maximum resistance distance is
in fact O(1) [12].

These examples indicate that the performance of the
least-squares algorithm, measured in terms of maximum
error variance, is substantially better than that of the
tree-based approach.

IV. A DISTRIBUTED ALGORITHM BASED ON
COORDINATE DESCENT

As shown in the previous section, the solution to the
optimization problem (7) is easily computed analytically.
However, it is not clear how such a solution would
be computed in practice. In a randomly deployed self-
organized network, the knowledge of the graph structure
which is reflected in the incidence matrix A, is not likely
to be known. Thus, we need a distributed algorithm
which relies only on locally available information.

There are many iterative techniques for solving a
quadratic optimization problem. One of these is coordi-
nate descent. This involves choosing a coordinate i (i.e., a
node) at each step and minimizing the objective function
F(v) with respect to v;.

Let F(v) :=| A'v — 6 ||?. Then,

dF(v)

dvi
To simplify this, we can exploit the structure of the
matrix AAt. From the definition of the reduced incidence

matrix A, it is easy to deduce that AA! has the following
structure:

= (AA") v — Ajo. (12)

D, ifi=j
(AAt)Z'j == -1

0 otherwise,

if 7 and j are neighbors (13)

where D; is the degree of node 4. Therefore, (12) can be
written as
dF (v) .
do; = Divi = D (5 +650).

Jjet

(14)

Setting dF(U)

node 1

= 0 leads to the following iteration for

vi= 5 Z v + 0ji)- (15)

](—)’L

This admits a very simple interpretation. Each node
computes its updated estimate as the average of all its
neighbors estimates plus the corresponding offsets, i.e.,
the average of its neighbors estimates of its own estimate.
The advantage of implementing such an iteration is
clear: Nodes need only communicate with their neigh-
bors. Thus, no knowledge of global topology is needed,
and the iteration is completely decentralized as well as
asynchronous.

The following description summarizes the resulting
algorithm of [1].

f) Distributed Asynchronous Time Averaging:

This consists of two stages, which run in parallel.

o Each node periodically exchanges timestamped
packets with each of it’s neighbors and estimates the
bilateral offsets.

o Each node periodically transmits its current esti-
mate of its own offset v; to each of its neighbors.
When it receives all its neighbors’ current estimates,
it updates its own estimate using the update (15).

We also consider the following synchronous version of
the above algorithm.

g) Distributed Synchronous Time Averaging: : The
bilateral estimates are computed as above. However, each
estimate is associated with a sequence number n. Nodes
transmit the latest estimates along with the sequence
numbers to each of their neighbors. Each node ¢ obtains
its (n 4 1)st estimate v(nﬂ) using the equation

U§n+1 _ D Z

jei

)+ 0ji)- (16)

We now analyze the convergence properties of the
above algorithms. The first result establishes that con-
vergence does in fact occur.

Theorem 2: The synchronous as well as asynchronous
versions of the averaging algorithm converge to the op-
timal least-squares solution v*.

h) Proof:: We give the proof only for the syn-
chronous version. The asynchronous version is the stan-
dard coordinate descent approach, and is well known to
converge for quadratic optimization problems.

The synchronous iteration can be written in vector
form as the following.

D = (™ _ DTL(AAW™ — A0) (17)
Subtracting v* from both sides, we get
7™ = ™ (44140
,U(n+1) _ (AAt)71A6
= o™ — D7 AAW™ — A5) — (AAY) 1 4o
= (I -D1AAY (™ — (AAY) "1 A0)



Defining M := I — D™'AA!, we have the equivalent
iteration
ot = M, (18)

Thus, the convergence of the sequence v(") to v* is equiv-
alent to the convergence of 5("™) to 0, which is determined
by the matrix M. The necessary and sufficient condition
for this to happen is that the spectral radius of M is
strictly less than 1.

The structure of the matrix M can be determined by
inspection as the following:

ifi=j

M;; = {O e
1/D; ifi#j
The row sums of M are all equal to 1, except for the
nodes which are adjacent to the root node. For each
such root neighbor ¢, the corresponding row sum is
Di=l Thus, the matrix M is both non-negative and sub-
stochastic. It follows that p(M) < 1. B
The following theorem establishes a bound on the con-
vergence time of the synchronous averaging algorithm.
Theorem 3: Given a graph with reduced incidence ma-
trix A, let T.(A,v(?)) be the number of iterations of the
synchronous averaging algorithm to converge to within a
distance € of the optimal solution v*. Then,

(19)

n 1 1

Dy ®eo@ | = O
where Dy is the degree of the root node and k is the edge
connectivity parameter of the graph.

1) Proof:: We establish bounds on the spectral ra-
dius of the matrix Q. The result follows since the number
of iterations required for convergence is of the order
log 1} p(Q)" . . .

We map the problem into the Markov chain domain
by augmenting the matrix @) to obtain a row-stochastic
matrix. Define a matrix P as follows

Oy . "
T.(A,v'") < ?log

M;; ifl1<i,j<n

Py = 1/D; ?f]":?lz—I—l,ign, and 7 < 2 (20)
1 ifi=7=N+1
0 otherwise

The matrix P can be viewed as accounting for the up-
date equation for the root as well. Thus, the “augmented”
iteration which also includes the root is given by

@(”Jrl) —_ P@(”)7

(n)
)y _ (v
w ( . )

The states of the resulting Markov chain are the nodes
of the network, including the root. From each node ¢
other than the root, the self-transition probability P;;
is 0 and the probability of transitioning to each neighbor
is 1/D;. For the root node 0, P41 41 is 1. Thus, the
Markov chain has n states which communicate with

(21)

where
(22)

each other, and 1 absorbing state. The unique stationary
distribution of this chain is [00...01].

We wish to bound the largest eigenvalue of the matrix
Q. Now, every eigenvalue of the matrix P is also an
eigenvalue of ). To see this, let A be an eigenvalue of
@, with eigenvector v. Then, we have

r(o)=(%")=(5)

Also, we know from Theorem 2 that the spectral radius
of the matrix M is strictly less than 1. It follows that
p(Q) < |A2|, where Ay is the second largest magnitude
eigenvalue of P. We will bound this quantity.

The second largest eigenvalue of an irreducible aperi-
odic Markov chain is the parameter that determines its
rate of convergence to stationarity. Geometric bounds on
the second largest eigenvalue have been derived in [14].
However, the Markov chain in our problem is not irre-
ducible but absorbing.

To make use of the results of [14], we define a new
Markov chain with probability transition matrix P€,
where 0 < € < 1/Dg. The transition probabilities from
all states excepting the root node are the same in P¢
and in P. From the root, the probability of transitioning
to any neighbor of the root is €, and the probability of
self-transition is 1 — Dge. It is clear that the Markov
chain defined by P€ is both irreducible and aperiodic.
The (unique) stationary distribution is determined by
solving the equations

(23)

emo = m;/D;, for every neighbor i of the root, and

m;i/D; = m;/D;j, for non-root neighboring nodes ¢, j.

The solution to the above equations is
1 eD;
= T, =
1+€(Z1§j§N D;)’ " Z1gj§N D;

The above calculation also proves that the Markov chain
is reversible (i.e., m; Pf; = m; Pj;).

We use Cheeger’s inequality [14] to bound M. Define
Q(i,j) = P;jmi = Pfm; for any pair of states i and j.
Define the following geometric quantity

Q(S x S°)
LG
where S denotes a set of states, 7(.5) denotes the sum of

m; over all i € S and Q(S x S¢) denotes the sum of all
Qq; with ¢ € S,j € S¢. Cheeger’s inequality states that

) ,1§Z§N

h:= min

24
w(S)<1/2 ( )

1-2h <)Xy <1-—h? (25)
To apply this inequality, we need to bound the quantity
h. Consider S =1,2,...,n. Then, the right hand side of

. moDoe __ D ..
(25) is Teloc — n(He(Zl;Sn L This is an upper bound

for h. Therefore, we have

Dy
n(l+e( <<, Di))

Ao >1-2 (26)



We now derive the upper bound. Observe that the set
S cannot contain the root node, as its probability would
then exceed 1/2. Thus, the denominator of the RHS is
maximized by S = 1,2,...,n. Also, note that for each
state, the transition probability for each of its neighbors
is equal. Therefore, Q(i,7) = ¢ for every neighbor j of i.
Together with the fact that the Markov chain is reversible
and irreducible, this implies that Q(%,J) is equal to the
constant g for every pair of nodes ¢ and j. Therefore, we
have

Q(S x 59 = qo(Q x Q°) > gk, (27)

where o(Q x Q°) is the size of the cut and k is the
minimum value of the cut, i.e., the edge connectivity of
the network graph. Thus, we have the upper bound

K

h > . (28)
n(l+ E(Z1gign D;))
Thus, by the upper bound in Cheeger’s inequality,
2
K

A2 <1—

IER S %) >

We now need to map the bounds derived for A§ to
bounds on g, the second largest eigenvalue of P®. But
since eigenvalues are continuous functions of the entries
of a matrix (see [15],Appendix 1), and the entries of the
matrix P¢ converge to the entries of P* as € goes to 0,
we have

hn’(l] A5 = Ao (30)
Therefore, we have the bounds
D 2
1—2—9§A2§1—(f) (31)
n n

The result follows by taking logarithms of the above
terms. M

V. CONCLUSIONS AND FUTURE WORK

The contribution of this paper is an analysis of the
least-squares based clock-synchronization approach, and
distributed synchronization algorithm, which was intro-
duced in [1].

Some planned extensions to this work include design-
ing a sub-optimal algorithm which improves upon the
performance of the tree-based approach but is faster
than the distributed iterative algorithm described in
this paper. Also of interest is extending these results to
scenarios involving time varying network topologies.
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