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Abstract— We study communication networks of arbitrary size
and topology and communicating over a general vector discrete
memoryless channel. We propose an information-theoretic con-
structive scheme for obtaining an achievable rate region in such
networks. Many well-known capacity-defining achievable rate
regions can be derived as special cases of the proposed scheme.
A few such examples are the physically degraded and reversely-
degraded relay channels, the Gaussian multiple-access channel,
and the Gaussian broadcast channel. The proposed scheme also
leads to inner bounds for the multicast and allcast capacities.

Applying the proposed scheme to a specific wireless network of
n nodes located in a region of unit area, we show that a transport
capacity of ©(n) bit-meters/sec is feasible in a certain family of
networks, as compared to the best possible transport capacity of
©(4/n) bit-meters/sec in [16] where the receiver capabilities were
limited. Even though the improvement is shown for a specific class
of networks, a clear implication is that designing and employing
more sophisticated multi-user coding schemes can provide sizable
gains in at least some large wireless networks.

Index Terms— Discrete memoryless channels, Gaussian chan-
nels, multiuser communications, network information theory,
relay networks, transport capacity, wireless networks.

I. INTRODUCTION

The last few decades have seen a tremendous growth
in wireless communication. The most popular examples are
cellular voice and data networks and satellite communication
systems. These and other similar applications have moti-
vated researchers to extend Shannon’s information theory for
a single-user channel to some that involve communication
among multiple users. A few such examples are the multiple-
access channel, the broadcast channel, and the interference
channel. The exact capacity region is, however, known in the
most general case only for the multiple-access channel, while
the broadcast capacity region is known only for few specific
channels, like the additive white Gaussian noise channel and
the deterministic channel [7], and even fewer results are
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available for the interference channel [23]. It should be further
noted that the above applications as well as the channel models
used for analyzing them involve mainly single-hop wireless
communication.

Lately, there has been considerable interest in another class
of wireless networks, namely, ad hoc wireless networks or
multi-hop wireless networks. These networks consist of a
group of nodes that communicate with each other over a
wireless channel without any centralized control. Examples
of such networks are in coordinating an emergency rescue
operation, networking mobile users of portable-yet-powerful
computing devices (laptops, PDAs, smart-phones) on a campus
using, for instance, IEEE 802.11 wireless LAN technology
[20], sensor networks [3], automated transportation systems
[10], Bluetooth [17], and HomeRF [24]. Ad hoc wireless
networks differ from conventional cellular networks in that
all links are wireless and there is no centralized control. As
every node may not be in direct communication range of every
other node, nodes in ad hoc networks cooperate in routing each
other’s data packets. Lack of centralized control and possible
node mobility give rise to a number of challenging design
and performance evaluation issues in such wireless networks,
many of which have no counterparts in the cellular networks
or in the wired networks like the Internet.

An important performance analysis issue is to determine
what the traffic-carrying capacity of such multi-hop wireless
networks is. An attempt to address this issue was made in [16]
under certain models of communications motivated by current
technology. For this, an important notion of the transport
capacity of a network was introduced. Consider a network of
n nodes. Suppose the network has U source-destination pairs,
communicating independent information over the network. Let
(Ry, Rs, - .., Ry) be a vector of feasible rates for the source-
destination pairs and r, be the distance between the wu-th
source and its destination. Then, sup 2521 R, - ry, Where the
supremum is taken over all feasible rate vectors, is defined
as the transport capacity of the network. In other words,
the transport capacity of a network is the maximum bit-
distance product that can be transported by the entire network
per second and is measured in bit-meters/sec, where a bit
transported over a distance of 1 meter toward its destination is
counted as 1 bit-meter. It was shown in [16] that under some
models of noninterference motivated by current technology,
the transport capacity of a network of n nodes located in a
region of unit area is O(y/n) bit-meters/sec, even assuming the
node locations, traffic patterns, and the range/power of each
transmission, are all optimally chosen. (A specific network
construction that achieves a transport capacity of @(+/n) bit-



meters/sec was also given.) If the network’s transport capacity
were to be equitably divided among all n nodes, then each
node could only obtain O(in) bit-meters/sec. An implication
of this scaling law is that an ad hoc wireless network furnishes
an average throughput to each user for non-vanishingly far
away destinations that diminishes to zero as the number
of nodes increases in the network. This suggests that only
small ad hoc networks or networks supporting mainly nearest
neighbor communications are feasible with current technology.

A natural question is whether the above constriction on the
average throughput provided to each node with the size of the
network is a limitation of current technology, or whether it
can be overcome by employing more sophisticated multi-user
coding schemes. In other words, what are the fundamental
information-theoretic limits on the traffic-carrying capacity of
multi-hop wireless networks? This paper aims at taking a
step in addressing this challenging question. As mentioned
earlier, the exact information-theoretic capacity region is not
known for even simple networks like a general broadcast
channel or an interference channel. Thus, here we will only
attempt to obtain an achievable rate region in general networks.
Even though the obtained rate region will not be capacity-
defining in general, it will nevertheless include many well-
known capacity-achieving rate regions as special cases. A
few such examples are the physically degraded and reversely-
degraded relay channels, the Gaussian multiple access channel,
and the Gaussian broadcast channel. Furthermore, the pro-
posed scheme will achieve a transport capacity of ©(n) bit-
meters/sec in a specific wireless network of n nodes located
in a unit-area region, which will be motivated by the multiple-
input multiple-output architecture.

Consider a set of nodes N' = {1,2,...,n} =: [1,n].
Let X;,; denote the signal transmitted by node j in the i-
th transmission, and Yj; be the signal received by node
j in the ¢-th transmission. Let the range space of Xj;;
be X;, and the range space of Yj,; be );. Nodes in N
communicate with each other over a general n-user vec-
tor discrete memoryless channel (V-DMC) that is specified
by p((y1,92,--- ,yn) | (1,22, ... ,2,)), the joint probability
that {Y;; = y; € V; : j € [1,n]} is received in the i-th
transmission given that {X;; = z; € &; : j € [1,n]} was
transmitted.

Suppose N has U source-destination pairs {(s,,d,)
u € [1,U]}. We propose a constructive scheme to
determine an information-theoretic achievable rate region
{(R(1),R(2),--- ,R(U))} in N. As a communication strat-
egy, consider a feedforward flow graph G(s,,d,) for each
s-d pair (sy,dy),u € [1,U], in A/. (One can subsequently
optimize over the choice of all such feedforward flow graphs).
In each such flow graph G(s,d), nodes in N are grouped
into disjoint level sets Lg,L1,...,Lar, Lary1, as follows:
Ly = {s}, Lyy1 = {d}, and, for m € [1,M], nodes in
L,,, will receive information only from nodes in levels L,
for k € [1,m], while they will send information only to nodes
in levels Ly, for k € [1, M +1—m]. Thus G(s,d) will only
have arcs of the form (L,,, Lyyy), for k > 0, m € [0, M].
Finally, let L := N\ {UMZ. L, }.

To illustrate the main idea, let us first consider the case

of U = 1, i.e, when N has a single source-destination
pair (s,d). Let G(s,d) be a flow graph for (s,d) as above.
Let X,, ; denote the signal transmitted by L,, ;, j-th node
in level L,,, in one usage of the channel, and X,, :=

(Xm1,Xmz2,--- » Xm.nm), Where n,, denotes the number of
nodes in level L,,. Also, let Y,, ; denote the signal received
by Lm,j-

Our main result is the following.

Main Result: Rate Ry is achievable for source-destination
pair (s,d) in a network A of nodes communicating
over a V-DMC whenever there exists a flow graph
G(s,d), zr € Xp, and a joint probability distribution
p(Xo,X1,...,Xm|Xr = zp) corresponding to G(s,d),
such that, for some {(Ri,R2,... ,Rpm): Ro > Ry > -+ >
Ry > 0}, Ry satisfies

Ry < I(Xr3Yy41,1|7r),

R, < min{ min I(Xm;Ym+1,j|X[m+1,M],xp),
JE[L,nm 1]
Rm1 + ke[z,rﬁi-ﬂ_m] I(Xm; Ym+k,j|X[m+1,M],iL'F)},
J€M oy 4]

1)
form=M-1, M-2,...,0. Above X(p 11,1 = (Xmy1,
Xm+2,---,Xn) and I(X;Y|Z) is the conditional mutual
information between X and Y given Z.

Later in Theorem 3.1 we will apply the above result to
obtain achievable rates for the additive white Gaussian noise
channels with and without fading. We will also extend the pro-
cedure in Section 1V to obtain an achievable rate region for a
network with multiple source-destination pairs communicating
over the Gaussian channels.

The basic idea behind our main result, which will be
made precise in the sequel, is as follows. As nodes in
Lr cannot relay any information from s to d, they con-
stantly transmit some symbol zp that facilitates transmis-
sions by nodes in L,,, m € [0, M]. Now if in each level
Lytiyk, k € [1,M — m], every node Lyti4k,j,J €
[1,nmy14k], Can receive information at rate R,,; from the
component of its received signal Y, 14k ; that is correlated
with {X,11, Xm42,--. , Xmyr}, the signal vectors trans-
mitted by the nodes in levels {L4+1, Lmt2,--- > Lm+k}
then level L,, will be able to simultaneously send common
information at rate R,, to every node in each L4+, k €
[1, M + 1 — m], whenever the following are true:

o In level Ly, 41, every node L1, § € [1,nmt1], Can
receive information at rate R,, from the component of
its received signal Y;,,41,; that is correlated with X, the
signal vector sent by the nodes in L,,, (first term within
minimum in (1)).

o In each level L4k, k € [2,M + 1 — m], every node
Luntk,js j € [1,nmtk], can obtain additional information
at rate (R, — R,+1) from the component of its received
signal Y,yr,; that is correlated with X, (minimum in
the second term in (1)).

It should be noted that in the above scheme the infor-

mation sent by source s at rate Rq reaches not only des-
tination d but also all the nodes in the intermediate levels
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Fig. 1. A 2-level relay channel.
{L1,Ls,...,Ly}. Hence the scheme also leads to an inner

bound on the multicast capacity from source s to a set of
destination nodes A, for any A C Uff:ﬁlLk.
We next illustrate the main result on a 2-level relay channel.

Example: 2-level Relay Channel

Consider a network A of four nodes: source s, destination
d, and two relays, 71 and r,. Consider a flow graph G(s,d)
for N such that Ly = {s}, Ly = {ri}, Ly = {r2}, and
L3 = {d}; see Fig. 1. Let X,, and Y,, denote respectively
the signal transmitted and the signal received by the node in
Ly, m = 0,1,2,3. Then a rate Ry is achievable from s to
d with vanishingly small probability of error whenever there
exist rates Ry, R» and probability distribution p(xo,z1,x2)
such that the following hold (which again will be made precise
in the sequel).

1) Relay r; can receive information at rate Ry from the

transmission of source s. This is achievable if

Ry < I(Xo;}/i|X1,X2). (2)

2) Relay r, can receive information at rate R, from relay
r1, and an additional information at rate (Ry — R1) from
the transmission of source s. To achieve this, ro employs
successive cancellation decoding. Thus, it first decodes
information at rate R; from the signal component of
its received signal Y, that is correlated to the signal
transmitted by relay =, X5, treating the uncorrelated
component of the transmission of s as noise. It then
cancels from its received signal Y5 the component cor-
related to X; and decodes additional information at rate
(Ro — Ry) from the remaining component of Y5 that is
correlated with the signal transmitted by s, Xo. This is
feasible if

R < I(X1;Y2|X2)
Ry < I(Xo;Y2|X1,Xo) + Ry. )
3) Destination d can receive information at rate R from re-

lay ro, and additional information at rate (R, — Ro) from
relay r; and at rate (Ro — R;) from the transmission
of source s. Again employing successive cancellation
decoding, this is achievable if

Ry, < I(X5;Y3)

Ry < I(X1;Y3|Xs)+ R

Ry < I(Xo;Y3|Xy,X2)+ Ry. 4

For each m = 0,1,2, collecting the bounds on rate R,, in
(2-4), we obtain the expression given by (1) for the 2-level
relay channel. m

We next identify some special cases of our general model
that have been considered in the literature.

When N has only three nodes — s, d, and one additional
node, r — the resultant network is commonly referred to as a
relay channel, which was introduced in [22]. The capacities of
two special types of relay channels — the physically degraded
and reversely degraded relay channels — were obtained in [8].
The achievable rate given by our result for a relay channel is
exactly the maximum of those in Theorems 1 and 2 of [8].
Specifically, two flow graphs are possible for a relay channel:

1) Lo = {s}, Ly = {r}, and L, = {d}. For a given joint

distribution p(X,, X,), we have

R, < I(XT;Yd)
Ry < min{l(XsY,|X,), R +I(XsYe|X,)}.

Hence

Ry < min{I(X,;Y,|X,), I(X,;Ys) + I(X,; Y| X,)}
= min {I(X,;Y,|X,), I(X,, X,; Ya)} .

2) Lo ={s}, L1 = {d}, and Lg = {r}. For 2, € X, and
probability distribution p(X,|X, = z,), we have

Ry < I(XS;Yd|XT=1'T).

Choosing the maximum of the suprema of the above two over
p(Xs, X;), and z,. and p(X| X, = =..), respectively, our main
result states that a rate R is achievable in a relay channel,
whenever

R < max{ sup min {I(X,; Y| X,), I(Xs, X5 Ya)},

P(Xs,Xr)

max sup (X Yy | X, =$r)}7

2r€Xr p(X, | X,=z.)
which is exactly the maximum of the achievable rates given in
Theorems 1 and 2 of [8]. Hence our result is a generalization
of the achievable rate for the one-relay channel in Theorems 1
and 2 of [8] to networks having more than one relay node.

A network having four nodes — s, d, and two relays, r;
and rp — with G(s,d) being Ly = {ry,r2}, is analyzed in
[25] when the network is communicating over the Gaussian
channel. In this case, one of the achievable rates obtained there
is a special case of our result.

Later in Section IV we will extend our main result to net-
works having multiple source-destination pairs. We will also
then discuss how the capacity-defining achievable rate regions
of the Gaussian multiple-access and broadcast channels can
be obtained as special cases of our constructive scheme.

The rest of the paper is organized as follows. In Section 1l
we obtain an achievable rate for a source-destination pair in
a network of nodes communicating over a general vector dis-
crete memoryless channel. We apply this result in Section 111 to
determine an achievable rate over the additive white Gaussian
noise channels with and without fading. In Section IV we
extend the procedure given in the previous section to obtain



an achievable rate-vector region for networks with multiple
source-destination pairs. We apply this result in Section V to
arrive at a better achievable bound on the transport capacity
of wireless networks than in [16]. In Section VI we discuss
a specific wireless network of n nodes located in a region of
unit area in which the proposed scheme achieves a transport
capacity of ©(n) bit-meters/sec.

Il. ACHIEVABLE RATE FOR A SOURCE-DESTINATION PAIR
OVER V-DMC

Consider a set of nodes N' = {j : j € [1,n]} commu-
nicating over a general vector discrete memoryless channel
(V-DMC) specified by p((y1,y2,--- ,Yn) | (1,22, .. ,Zp)),
the joint probability that node j receives Yj,; = y; € V), in
i-th transmission, j € [1,n], given that {X;; = z; € X},j €
[1,n]} was transmitted.
Suppose that N has a single source-destination pair (s, d).
In order to specify when a rate R is achievable from source s
to destination d, we next provide a few definitions.
Definition 2.1: A (T, b)-code for the network with source-
destination pair (s, d) consists of the following:
1) Anindex set of integers 7 = {1,2,...,T} =: [1,T].
2) An encoding function =z, : 7 — X? for the source,
yielding codewords z,(1),zs(2),...,zs(T), each of
length b. The set of codewords is referred to as codebook
Cs.

3) Encoding functions f;;; : ;' — Xj,j € [L,n]\
{s,d}, i € [1,0], s.t.

Xy = J5(Y5, V2o oo Vi)

4) A decoding function g : Y — T.
The above definition, and those to follow, are straightforward
generalizations of the ones for the single-relay channel ana-
lyzed in [8].

If the message w € T is sent, let

Mw) = P(9(Ya1,Yao,---»Yap) Zw | Xs = z,(w))

denote the conditional probability of error in the message
decoded by destination d. Then the maximal probability of
error, A(®), for the (T, b)-code is defined as

A = max A(w).
weT

The rate of a (7', b)-code is % bits per transmission.
Definition 2.2: A rate R is said to be achievable for source-
destination pair (s,d) in A if there exists a sequence of
(T® b)-codes with T(* > 2b% gych that the maximal
probability of error A®®) — 0 as b — oo.
Given the set of nodes A/ with source-destination pair (s, d),
we construct a feedforward flow graph G(s, d) as follows. As a
communication strategy, let us group nodes in A/ into disjoint
level sets Lo, L1, ..., Ly, Las+a, L such that the following
hold:
1) Lo = {s}, Lm41 = {d},
2) For m € [1, M], nodes in L,, will receive information
only from nodes in levels L,,_ for k € [1,m], while
they will send information only to nodes in levels L., 1 g

Fig. 2. A feedforward flow graph G(s, d).

for k € [1, M +1—m]. Thus G(s,d) will only have arcs
of the form (L,,, Ly k), for k > 0,

3) L =N\ {U,",{L}Lm}.l
Fig. 2 illustrates such a feedforward flow graph. Let n,, be
the number of nodes in L,,, for m € [0, M + 1], and nr be
the number of nodes in Lr. We will use L,, ; to indicate the
j-th node at level m, according to some arbitrary but fixed
numbering of nodes in L,,.

We will denote by X,,; the signal transmitted by
node L, ; in one usage of the channel, and by X,, =
(Xm71, Xm72, . ;Xm,nm) c Xm71 X /Ym’Q XX Xm,nm the
signal vector transmitted by all the nodes in L,,. Similarly,
let Xp € Xp := Xpy X Xp2 X -++ X Xpp, denote the
signal vector transmitted by the nodes in L. Let X |, oy ) ==
(X, Xmt15--- » Xmar). Finally, let Yy, ; denote the signal
received by node L, ;.

Then an achievable rate in network A/ of arbitrary size and
topology and having a single source-destination pair (s,d) is
as follows.

Theorem 2.1: A rate R from source s to destination d
in network A/ of nodes communicating over a V-DMC is
achievable whenever

R < max max sup

RO;
G(s,d) TFEXF p(Xo,X1,...,Xn1 |2F)

where, for some {(Ri,R2,...,Rum) :
Ry > 0}, Ry satisfies

Ry > Ry > --- 2>

Ry < I(XMQYM+1,1|~7:F);

R, < min{ ~ min I(Xm;Ym_H’j|X[m+1,M],arF),
JE[L,nm41]
Rm+1 + ke[z,%i-ﬂ—m] I(Xm§ Ym+k,j |X[m+1,M]; xF)};
J€Mmopy 4]
®)
form=M-1, M -2,...,0.
Proof: See Appendix II. [ ]

INodes in Lz are those nodes in A which will not participate in “relaying”
information from s to d (but they may “facilitate” the relaying process by
constantly transmitting symbols independent of x, that “open” the channel
for other transmissions).



I1l. ACHIEVABLE RATE OVER GAUSSIAN CHANNELS

We next obtain an achievable rate for a single source-
destination pair (s, d) in a network A/ of n nodes communicat-
ing over the additive white Gaussian noise (AWGN) channels
with and without fading.

For I € [1,n], let X;; be the signal transmitted by node !
in the i-th transmission. Then the signal received by node [ at
the end of the i-th transmission is given by

Z hy g Xvy + Zy (6)
Ue[l,n)\l

le;z' =

where hyr; is the channel gain from node !’ to node [ and
Z, = (Z11,Z2,. .., Z1p) is a sequence of i.i.d. Gaussian
random variables with mean 0 and variance Ny, for [ € [1,n].
An example of the channel gain term Ay ; is to model the
signal power path loss from node I’ to [, i.e.,

[y

hvg = —=, )
Tﬁ,l

where 7, ; is the distance between nodes !’ and ! and «
is the signal power path loss exponent. This is the physical
model studied, for instance, in [16]. For this model of the
channel gain, X;.;, ¥.;, and Z;,; will all be real-valued random
variables.

Here, we will also consider a more general model that, in
addition to the signal-power path loss, also incorporates chan-
nel variation due to Rayleigh flat fading [6], [28]. Specifically,
the channel gain from node I’ to node [ is given by

hyy = &;’l, )

2
Ty

where {&; € C: I',l € [1,n]} is an i.i.d. complex Gaussian
collection with & ; ~ N¢ (0,1).2 Furthermore, each use of
the channel involves independent {¢;: ;}. Under this channel
model, X;,;, Y;.;, and Z;; will all be complex-valued random
variables, with noise Z;; ~ N¢ (0, N).

As is by now a standard practice [6], we will analyze the
Gaussian fading channel under two scenarios concerning the
availability of the channel state information at various nodes
in the network:

1) CSIR: For each I € [1,n], the channel gains H; :=
{h,, : 1" € [1,n]} will be known to the receiving node

2) CSIRT The channel gains H := {hy,; : I',l € [1,n]}

will be known to each node in A/.3

Let P, denote the constraint on the average transmission
power available to node I, i.e., X;;; needs to satisfy

E[1x4] < B, ©)

2A  random vector gc € CF is said to be complex Gaussian if
(Re(¢),Zm(¢)) R2* is Gaussian. 9 ~ Ng (i, X) denotes that 9 is
a complex cncularly symmetric Gaussian random vector with mean u and
covariance matrix 3.

SAlternatively, one can consider a block-fading channel model where the
fading coefficients remain fixed over a block of transmissions and take i.i.d.
values from block to block [6], [18], [26]. If the length of the blocks over
which the fading coefficients remain constant is sufficiently long, the above
scenario holds by learning the channel gains implicitly or explicitly.

where the expectation is also over ‘H under CSIRT if node !
varies its transmit power with the channel state information.

For the above network channel settings, we next obtain
an achievable rate from a given source node s to a given
destination node d in N. For this, recall the definitions of
flow graph G (s, d) and the associated variables from Section 1.
In addition, let by ), (m,j) @aNd 7 i) (m,;) denote respec-
tively the channel gain and the distance from node L., j to
node L,, ;. Also, for the sake of simplicity in notation, let us
relabel the transmission power constraint and the noise power
at node L, ; as P, ; and Ny, ;, respectively.

An achievable rate from s to d in A/ is obtained as follows.
Each node L,, ;, m € [0, M], j € [1,n,,], assigns a fraction
Brm,j,m+k Of its power Py, ; to aid level L, in transmitting
its information, for each k € [0, M — m]. This is done in
a “coherent” way so that the square roots of the powers
received from different nodes in aid of the transmission of
the same level add up at each node. Let P Jzk .m— denote
the total “coherent” power received by node Lm+k ,j from the
transmissions of level L,,_; as well as those aiding them
(made precise in the sequel). Then, the following holds.

Theorem 3.1: i) In network A" of nodes communicating
over the AWGN channel without fading given by (6) and (7),
rate R is achievable from source s to destination d whenever

R < max sup
G(5:d) {Brmj,m+k mEI0,MLIEM,nm] kEQ,M=m]:

Bom,j,m+k €10,1) and TRTO™

Ry, (10)

Bm,j,m+k <1}

where, for some {(Ri,R2,...,Rm) : Ro > Ry > --- >
Ry > 0}, Ry satisfies
pB
Ry < C M+1,1,M )’
R
NM+1,]_ +klz: PI&—‘,)-I 1,M—k'
P(R)
R, < min{ [{nin ]C( mtLgm >;
i€[L,nm R)
IE N, +EPT(TL—|—1,JTTL k!
(R) ,
Ryt + ke[zrﬁiﬂ— ]C( m+k’J’ ) }a
B N+ 5 P
(11)
form=M-1, M —2,...,0. Above,
(R)
Pm—i—k,],m k'
2
_ z /Bm—k”,j”,m—k’Pm—k”,j” (12)
k' e[k’ ,m] T.Elm_k”’j”)7(m+k7j)
ielln,, il
and
1
Cl) = ;logy(1+2). (13)

ii) For the AWGN channel with fading given by (6) and (8)
and the channel state information known only to the receiving
nodes (CSIR), an achievable rate R from s to d in A is also



given by (10) and (11), except that now

R Z
Pf,(n_jzk’j,m_kl = ’\/ mfk”,j”,mfk’mek”,j”
k! ek! ,m]
J'”E[l,"m_kl/]
2
“Pm—r 1) (mtkg) | > (14)
and

Clz) = Eflogy(1+1)],

where the expectation is taken over the variation in the
respective channel gain coefficients.

iii) For the AWGN channel with fading and CSIRT (i.e.,
the channel state information 7 is known to each node in
N), a rate R is achievable from s to d whenever there
exist a flow graph G(s,d) and complex transmission gains
{VYm,jmte(H) € C,m € [0,M], j € [1,np], k € [0,M —
m]} such that, for each m € [0, M], j € [1,ny,),

>

k€E[0,M—m]

and, for some {(R1,R2,... ,Ry) : R> Ry > ---> Ry >
0}, Ry = R satisfies (11) with

(15)

By W gomtk(H)?| < Puy, (16)

R
Pv(nJr)k,j,mw = ‘ Z Ym—krt it sm—kt (H)
k' ek’ ,m]
j”E[l,ﬂm_k//]
2
“hgm—rr gy (mtngy | 5 (A7)
and

C(z) = Ey [logy(1+1)]. (18)
Proof: See Appendix IlI. [ ]
As stated earlier, in the above scheme, information from
source s at rate Ry not only reaches destination d but also
reaches all the nodes in intermediate levels {L1, Lo, ... , Las}.
Hence, the above scheme also leads to an achievable bound on
the multicast capacity. Nevertheless, it may sometimes be more
profitable to send different information over different paths, or
in general over different subnets. In the sequel we will give
an approach that will allow splitting the rate of information
transfer from s to d over different flow graphs between them.
The approach will be a special case of a network with multiple
source-destination pairs, discussed next.

IV. NETWORKS WITH MULTIPLE SOURCE-DESTINATION
PAIRS

Consider a set of nodes N' = {j : j € [1,n]} com-
municating over the AWGN channel with or without fading,
described in the previous section. Suppose A has U s-d pairs
{(s1,d1), (s2,d2),... ,(su, duy)}. As for the single s-d pair
case, we next provide a few definitions to specify when a rate
vector for the s-d pairs in A is said to be achievable.

Definition 4.1: A ((Ty,Ts,...,Ty), b)-code for N con-
sists of:

1) Index sets of integers 7, = [1,T,], v € [1,U].

2) Encoding functions f;,; : <Hg:1 (7;)‘51'(“)) x Yitt -
X;, j € [1,n],i € [1,b], where §;(u) =1ifs, =4, 0
otherwise. R

3) Decoding functions g; : Y2 — []_ (T)%®, j €
[1,n], where §;(u) = 1 if d, = j, O otherwise.

Corresponding to each s-d pair (sy,d,),u € [L,U], is a
message W, € 7,, which is assumed to be independently
and uniformly distributed over its range. Then the probability
of error that the message W,, is not decoded correctly, is given

by
POW) = P((90. Vs Yauszs -+ s Yaun)), # W)

and the maximal probability of error for s-d pair (s,,d,) is
given by

/\(b)(u) = ma%g P((gdu(Ydu;ly . 7Ydu;b))u7é wu|Wu = wu)

Definition 4.2: A rate vector (Ry, Ra,... ,Ry) is said to
be achievable if there exists a sequence of ((Tl(b),Téb),
i ,T,(Jb)), b)-codes with T > 2bRu 4 € [1,U], such that

max A% (u) — 0 as b — .
u€[1,U]

Next, recall the definition of flow graph G(s,d) from Sec-
tion 1l. For each u € [1,U], let G(sy,d,,) be a flow graph for
source-destination pair (s,,d,). Suppose that G(s,,d,) has
levels Lg, LY,... Ly Ly . Let mj(u) € [0, M, + 2]
denote the index of the level to which node j belongs in
G(8y,dy), where m;(u) = M, + 2 denotes that j does not
participate in relaying information from s, to d,. Let U;
denote the set of all s-d pairs for which node j does relay
information, i.e., U; = {u € [1,U] : m;(u) < M,+2}. Then,
an achievable rate-vector region in A for source-destination
pairs {(s1,d1), (s2,d2),...,(sv,dv)} is as follows.
Theorem 4.1: An achievable rate-vector region R in
network A of nodes communicating over a Gaussian
channel and having U source-destination pairs {(s1,d1),
(s2,d2), ..., (su,dy)} is given by the closure of the convex
hull of the set of all rate vectors (R1, Ra, ... , Ry) such that,
for some flow graphs {G(sy,d,) : w € [1,U]}, intermediate
level rates {(Ry,1, Ru,2,--- , Rum,) @ Ruo =Ry > Ry1 >
-+ > Ry,m, > 0,u € [1,U]}, and random variable ¢ with
probability distribution {p(q) : ¢ € Q}, for some finite |Q],
the following constraints are satisfied for each node j € [1, n]:

P_(R)IEQ)
R, < EQ[C( Lt & )],
’ Z Q
NJ + Pj(,u’),(k’)

{(ul,k!): ggQ)(uI!kI)

> o (@ 101

for each u € U; and k = m;(u) — 1, and

(R(@)
Pj,u,k

c( )]
R Y
N; + > PR

HORUMSHARD

Ru,k < Ru,k+1 + EQ

> (@ k3

for each v € U; and k € [0,m;(u) — 2]. Above, for each
g€ Q {0\ (uk) € {0,1,2,...} : k € [0,M,], u € Us}



are some successive decoding orderings satisfying

o (u,myi(u) — 1) < 0§ (u,mj(u) —2) < -+ < 0§ (u,0),
and
R
00 = | T At
i’ #i
i'€l1,n]

for some transmission gains {%(qgk tke0,M,+2),u €
[1,U]} with E[|7J 2l = 55‘2 Pj, for some power alloca-
tions {Bj(qu « €10, 1) k€ [0, M, +2] u € [1,U]} satisfying
{ Mk—O u & U; ork<mj(u)} and

S0 Y Y

qeEQ u€U; k=m;(u)
Proof: See Appendix V. [ ]

It is worth noting that the achievable-rate regions given
by Theorem 4.1 for the U-user Gaussian multiple-access
channel and the U-user Gaussian broadcast channel are exactly
the capacity-defining achievable rate regions given for these
channels in [1], [21] and [4], [14], respectively.

We next extend Theorems 3.1 and 4.1 so as to allow differ-
ent information to be sent over different flow graphs between
a source-destination pair (s, d). The basic idea is to colocate
virtual source-destination pairs at the same pair of nodes s and
d, in the above scheme. We illustrate this with an example.
Consider a network with a single source-destination pair (s, d).
Suppose that (s, d) sends information at rate R, over path, or
more generally, feedforward flow graph, G,, v =1,2,...,V.
Then we replace (s,d) by {(s1,d1), (s2,d2),...,(sv,dv)},
where s, and d, are located at s and d, respectively, for each
v € [1,V]. Now the rate partition {R, : v € [1,V]} is achiev-
able for (s, d) if (Ry, Ra,- .., Ry) belongs to the rate region
R given by Theorem 4.1 for {(s1,d1), (s2,d2), ..., (sv,dyv)}
with flow graphs G(s,,dy) = Gy, v € [1,V]. Generalization
of the approach for the case where there are multiple source-
destination pairs is straightforward.

A limitation of the above approach is that it does not use
network coding [2]. That is, since intermediate nodes handle
information sent by different virtual source-destination pairs
independently, they do not perform coding of bits received
over different paths. It is shown in [2] that such coding strictly
increases the achievable rate in multicasting, i.e., when the
same information is to be sent from a source to multiple
destinations. Generalizing the network coding scheme of [2]
for a network of independent DMCs to the more general
channel model that we consider is a challenging problem.

< L

V. ACHIEVABLE BOUND ON TRANSPORT CAPACITY OF
WIRELESS NETWORKS

We next apply Theorem 4.1 to obtain an achievable bound
on the transport capacity of arbitrary wireless networks (cf.
Section 1). Even though the achievable bound is not in an
explicit form, it nevertheless improves upon that given in [16]
for networks with limited receiver capabilities. In fact, in the
next section we will construct a specific wireless network of n

nodes located in a unit-area region where the proposed scheme
will achieve a transport capacity of ©(n) bit-meters/sec, as
compared to the best possible transport capacity of ©(y/n)
bit-meters/sec in [16].

Consider n nodes located in a disk D of unit area. Let ¢;
be the location of node j in D, for j € [1,n]. For notational
convenience, let ® := (¢1,¢2,...,¢,) and r;; = |¢; —
¢;|. Also, let R = {R(i,j) : 4,j € [1,n]} denote a rate
vector in the network, where R(i,j) denotes the average rate
of information transfer (in bits/transmission) from node ¢ to
node ;.

Suppose that the bandW|dth available to the network is

W Hz. Also, suppose tha
at node j. First consider the case when the channel has no
fading. Let R(®) be the set of all achievable rate vectors R
in Theorem 4.1 for the node-location vector &, the power-
constraint vector {P; : j € [1,n]}, and the noise-power vector
{N; = N(O)W Jj € [1,n]}. Now fix a rate vector R =
{R(i,j) : H ,j € [1,n]} € R(®). Employing by-now standard
characterization of transforming rates from bits/transmission to
bits/second for a band-limited AWGN channel without fading
(see, for instance, [9] and references therein), we obtain that
2W R(i, §) bits per second can be sent from node ¢ to node
j, for each 4,5 € [1,n], with vanishingly small probability
of error. Thus, the total bit-meters transported by the network
per second is >, >27_, 2WR(i,j)r;. For the AWGN
channel with fading, the above continues to hold except that,
since inputs and outputs are now all complex, the rate from
node 4 to node j in bits/second is given by W R(3, j). Hence,
we obtain the following:

Theorem 5.1: The transport capacity of a wireless network
of n nodes communicating over a Gaussian channel of band-
width W Hz is lower bounded by

sup ZZ nWR(i,5)r; ; bit-meters/sec, (19)

RER(®) =7 =1

where R(®) is the achievable rate region given by The-
orem 4.1 for the node-location vector & with the spatial
separation between nodes ¢ and j being r;;, the transmit-
power constraint vector {P; : j € [1,n]}, and the noise-power
vector {N; = N(O)W :j € [1,n]}, and iy is 1 (resp., 2) when
the channel has fadlng (resp., no fading).

We next construct a specific wireless network of n nodes
where a transport capacity of ©(n) bit-meters/sec is achieved.

V1. FEASIBILITY OF TRANSPORT CAPACITY OF
©(n) BIT-METERS/SEC

Our constructive example is motivated by the multiple
transmit-receive antenna architecture [11], [12], [29], and the
basic idea is as follows. Consider a network of n nodes, where
5 source nodes (for notational simplicity, let n be even) are
placed “close” to the origin and % destination nodes are placed
“close” to (1,0); see Fig. 3. Now since the source nodes
are close to each other, they can exchange among themselves
all the information that they have to send to their respective
destinations in a “short” time. Similarly, the % destination
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Fig. 3. Placement of nodes.

nodes will be able to exchange among themselves all the
information that they will receive from the % source nodes
in a “short” time. Thus, % source nodes act as % transmit
antennas and 3 destination nodes act as § receive antennas.
Under appropriate conditions on the channel characteristics
and specific choices of flow graphs and power allocations, we
obtain that ©(n) bits/sec can be sent from the source nodes
to the destination nodes. Since the source-destination pairs
are ©(1) meters apart, we obtain that ©(n) bit-meters/sec is
feasible. We make the construction precise in the following.

Consider a set A/ of n nodes communicating over the
AWGN channel with fading given by (6) and (8). Here, we
consider CSIRT, i.e., the channel gains H := {hy; : [,l' €
[1,n]} are known to each node in . Suppose the bandwidth
available to the network is W Hz. Further, suppose the average
power available to each node in A for transmission is P and
the noise power at each node is V. For the sake of brevity, we
discuss here the case where A/ has a single source-destination
pair (s,d); the extension to the multiple source-destination
case is straightforward. The placement of nodes in N is as
given in Fig. 3. Source node s is placed at the origin, while
destination node d is placed at (1,0). Additionally, (3 — 1)
nodes are uniformly placed, together with s, on the circle
centered at (r,0) and of radius r, where

r o= e . (20)

The remaining (% — 1) nodes are similarly placed on the
circle centered at (1 —r,0) and of radius r.* Now information
from source s is sent to destination d over a set of (§ — 1)
flow graphs {G;}, each having M = 2 levels. Flow graph g;
has level L; consisting of all (% — 1) nodes close to s and
level L, having only node ¢ from among the nodes close to d,
for some arbitrary but fixed ordering of the nodes; see Fig. 4.
Let R; be the rate at which destination d receives information
over G;. Thus, the cumulative rate of information flow from s
todis R = E?;ll R;.

We next apply Theorem 4.1 to obtain the feasibility of
R = ©(n) bits/transmission. Since s and d are 1 meter apart,
Theorem 5.1 would then allow us to show that a transport
capacity of WR = ©(Wn) bit-meters/sec is feasible. In order
to use Theorem 4.1 in the current setup, we treat information
flow from s to d over different flow graphs G; as information
transfer between co-located virtual source-destination pairs (cf.
Section 1V). With this we next give specific choices of various
parameters that will allow the rate-constraint conditions in
Theorem 4.1 to hold for R; = ©(1) and thus R = ©(n);

14Note that nodes in A are located within the unit-area disk centered at
(5: 0)-
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Fig. 4. Flow graphs.

since Theorem 4.1 actually optimizes over these parameters,
the feasible rate it will obtain can only be better. We start by
specifying how the transmissions are scheduled in the network.
Let @ be a random variable that takes values in [1, 2 4-1] with
probability distribution: p(1) = p(2) = § and p(i) = 1 =5,
fori = 3,4,...,% + 1. Now, when Q = 4, for i =21,2,
only the nodes in level L;_; transmit, while, for ¢ > 3, only
node Lo ;_» transmits. Then, the rate-constraint conditions in
Theorem 4.1 are satisfied for information flow at rate R from
s to d when the following hold:

1) Source s can send information at rate R to nodes in L.
This is achievable with high probability if

1 Plhg 1.5
min - By [log2 (1 + 7| (19)| )] ,

R <
jell,3-11 3 N

where h, (1 ;) is the channel gain from source s to the
j-th node in level L;. This is feasible if

.1 P(2r)~%|&s,1.5)
- E¢ |1 1 o
R<m$ﬁn3gka(+ N ﬂ
= i (S
sefidty O
= 0O(n). (21)

2) Nodes in L; can simultaneously send independent in-
formation at rate R; to node ¢ in Ly, for i € [1,5 —
1]. To achieve this, nodes in L, perform zero-forcing
beamforming [6]. Let H denote the matrix of channel
gains from the nodes in L; to those in L,. Then,
almost surely H has full rank, as the channel fading
coefficients between all pairs of nodes in L; and L,
are statistically independent. Thus, H~! exists almost
surely. Now, when @) = 2, the nodes in L, transmit the
signal vector X = (X1,1,X12,...,X1,2 1), where
X1 = 0 for the zero-probability event that H does not
have full rank, while otherwise

n H'T
X, = Pl——-1) ————
VSV

where ¥ = (¥, T5,...,T2_1)" ~ N (0, I). Then,
E[|X,[?|Q = 2] = P(2 — 1), and thus E[|| X, |12] =
%P(% — 1), which, by near symmetry, ensures that
the constraint on the average transmission power at the
nodes in L, is satisfied. Furthermore, when @ = 2, the



signal vector received by the nodes in L is
Yo = HXy + Z»
P(3-1)
= ===V + 7
[ H-1 @]
Thus, rates R;,4 € [1, § —1], are simultaneously feasible
from nodes in L; to node ¢ in L, respectively, with high

a.s.

probability if
. P(gl—n2
=192
R; < 3 Egy|logy | 1+ %
1 P 1
=-F 1 1+ —=————|[(22
2

Now, recall that & ~ N¢ (0, I) and the entries of H are
independent complex Gaussian with mean zero and vari-
ance close to unity for large n (since r is given by (20),
(1—4r)=> ~ 1, for large n). Thus, (=15 ||H~* ¥||?)~!
is nearly distributed as Fj oz _y), *which has mean
(1+ =55) and variance (1 — =—) 2(1 — =25) ' (see
Theorem 3.3.28 [15] and its gzeneralizatiotho complex
vectors, for instance, in [19]). Furthermore, it is easy
to show that, for n ~ F52x, K > 1, and any p > 0,
E,[logy(1+ pn)] > e llog,(1+ p). Hence, (22) holds

if
1/ P
R, < 3 (e log, (1+ N) - 0(1)).

Therefore, rate R is feasible from s to d with high

probability if
1
R = > R
i=1
n 1/ P
< (5 -1) 3 (e log, (1 + N) - 0(1))
= 0O(n). (23)

3) Lastly, destination d should be able to successfully
decode all the information that is being sent over flow
graphs {G;}. This is achievable with high probability if

1 1 P(27')7a|§(2z’)d2
< - Ee |log, [ 1 ),
i < ga_yfe °g2< + N
= 0O(1),

where the last step follows from (20). Thus, rate R is
feasible with high probability if
n_1

R = QZRZ < O(n).

=1

(24)

Hence, from (21)-(24), we determine that a rate of ©(n)
bits/transmission is achievable from s to d. Since s and d are
1 meter apart, we obtain from Theorem 5.1 that a transport
capacity of @(Wn) bit-meters/sec is feasible.

The above improvement in the transport capacity is for a
specific class of networks. Whether such a favorable scaling
law for the transport capacity holds for a network with
randomly located nodes is a challenging open question.

VIlI. CONCLUSIONS

We have constructed an information-theoretic scheme for
obtaining an achievable rate region in a network of arbi-
trary size and topology. Many well-known capacity-defining
achievable rate results can be derived as special cases of our
scheme. A few such examples are the physically degraded
and reversely-degraded relay channels, the Gaussian multiple
access channel, and the Gaussian broadcast channel. The
proposed scheme also leads to a better achievable bound on
the transport capacity of wireless networks than previously
obtained. In fact, the scheme allows a feasible transport
capacity of ©(n) bit-meters/sec in a specific wireless network
of n nodes located in a region of unit area, as compared to
the best possible transport capacity of ©(,/n) bit-meters/sec
shown earlier [16] for less sophisticated receiver operation.
Even though the improvement is shown for a specific class of
networks, a clear implication is that one may obtain sizable
gains by designing and employing more sophisticated multi-
user coding schemes in at least some large wireless networks.
Quantifying the gains in a general network is an important
subject for future work.

APPENDIX |
SOME DEFINITIONS AND BACKGROUND RESULTS

In this appendix, we recall some standard definitions and
results from the literature.

Let {X;,X>,...,X} denote a finite collection of dis-
crete random variables with some fixed joint distribution,
p(x1, %2, ... ,Tk), (T1,%2,...,2k) € X1 X Xy X -+- X X
Let S be a subset of {X1,X>,...,X}. Consider b indepen-
dent copies of S, {S1,S52,...,S}. Let S denote the vector
(51,52, . ,Sb). Thus, for s = (81,82, ... ,Sb),

Then, by the law of large numbers,

b
1 1
—Elong(S) = —Zzlong(Si) — H(S),
i=1

where the convergence takes place simultaneously with prob-
ability 1 for all 2% subsets, S C {X1, Xa,..., Xk}

Next recall the definition of jointly e-typical sequences
[9]: The set AE”)(XI,XQ,... ,Xg) of e-typical b-sequences
(X1,X2,... ,Xg) € XY X XL x --- x X} is defined by

Agb)(Xl,Xz,... ,Xk) = {(Xl,XQ,... ,Xk) :

1

blogzp(s) —H(S)‘ <€ VS C{X;1,Xs,... ,Xk}}.

Let AE”)(S) denote the restriction of A (X1,Xs,...,Xg)



to the coordinates of S. For example, if S = (X1, X»),

AL(S) = {(xa) = | loga o) = (D) <

1
‘_E log, p(x2) — H(X2)| < ¢,

< e}.

We recall the following well known fact (see for instance
[9D).

Lemma 1.1: For any e > 0, for sufficiently large b,

() P(AY(S))>1—¢, VSC{Xy,Xs,..., X}

(i) s € AD(S) > |~ L log, p(s) — H(S)| <.

(i) (1 — )20HS-9 < 14D(g)| < 22EHE)+O)  where
|A(b)( S)| denotes the cardinality of the set A(b) (9).

To bound the probability of error, we will use another well
known result on the probability that conditionally independent
sequences are jointly typical. Let S, S and S be
three subsets of {Xy, X,,..., Xy }. Let (M, 8 §B3)Y pe
such that S and S are condltlonally independent given
S®) but otherwise share the same pairwise marginals of
(8™, §(2) 5(3)) as shown below. Then the probability of joint
typicality of (S, 82 §(®) is as follows (see [9]).

Lemma 1.2: Let

1
‘—5 logy p(x1,%2) — H(X1, X2)

b
P(S(l) = 81, S(2) = 83, S(S) = S3) = H p(slia 824, 331')

i=1
and

P(g(l) = 81, §® = S2, S® = s3)
b

H p 511|53z

i=1
Then for b such that P(AY (SM),S@), 5(3))) > 1 ¢,
(1—e)2"

< p((gu),g@),gw)) € Agb)(g(l)’5(2)’5(3)))
< 9-bI(8M;5P|S®)—7¢)

(s2i]s3i) p(s3:)-

b(I(SM;8() 534 7¢)

We next discuss the proof of Theorem 2.1, which obtains
an achievable rate in a network of nodes communicating over
a general V-DMC and having a single source-destination pair.

APPENDIX Il
PROOF OF THEOREM 2.1

The proof is a generalization of the one given in [8] for the
single relay channel. As Theorem 2.1 deals with a network of
arbitrary size and topology, its proof discussed next is rather
involved. A prior study of the much simpler case in [8] may
aid in understanding this proof.

The basic approach of the proof is similar to [8]. Relay
nodes at a particular level in a given flow graph perform
successive cancellation to decode the information transmitted
by the nodes in the previous levels, including the source node.
They then employ random conditional codebooks and random
partitions to encode their own information as well as aid the
transmissions by the nodes in the subsequent levels, in order
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to jointly relay information from the source node to the nodes
in the levels even further down, including the destination node.
Complication in the proof arises due to multiple levels of
relaying, with each level possibly having multiple nodes, all of
which need to perform many levels of decoding and encoding
jointly in order to achieve the rate given in Theorem 2.1. This
requires that the random codebooks, the random partitions,
and the encoding and decoding procedures for various nodes
in the network are carefully chosen. We make this precise in
the following.

Fix a flow graph G(s, d). For this flow graph, fix xp € Xp
and a probability mass function p(zg,z1,...,zm|2F), for
(o, 21,---,xp) € Xy X Xy X --- x Xp. Consider a rate
R, satisfying (5) for some {(R1, Ra,... ,Rm): Ro > Ry >

-+ > Rar > 0}. As in [8], we use block Markov encoding to
achieve rate Ry. Consider B blocks of transmission, each of b
symbols. A sequence of (B— M) messages w; € [1,20F0] i =
1,2,...,(B — M), will be sent from source s to destination
d in bB transmissions. As B — oo, for fixed b and M, the
rate ZoB=M) s arbitrarily close to Ro.

Generation of random codebooks

In each b-block ¢ = 1,2,...,B, node j in level L,,
of G(s,d) uses the same random codebook, denoted by
Cm,j, to determine the codeword to transmit in block ¢, for
Jj € [1,ny], m € [0,M]. Now, all the random codebooks
employed by nodes in a particular level L,,, denoted by
Cm = {Cm,; : j € [1,nn]}, are generated according to a
specific joint conditional distribution, as follows:

o First construct the codebooks Cj,s for nodes in level
Ly by generating at random 2°F»  independent
and identically distributed b-sequences xa(sp) =
(zmi(sm), zm2(sm), - sz (smr)), s € [1,200],
drawn according to

b

p(xM(sM)|mp) Hp(li(sM)‘a:F).

=1

o Next construct the codebooks Cps—1 for L, as follows.
Consider a node at Ls—1. It selects a codeword to trans-
mit that depends not only on the index of its own level,
denoted by spr—1, but also on the index sjs transmitted
by the higher level L. Specifically, Car—1 is obtained
as follows. For each xps(sar), sp € [1,2°FM], generate
2bRm-1 conditionally independent b-sequences, denoted
by XM,1(8M71|SM), Sm—1 € [1,2bRM_1], drawn ac-
cording to

p(XMA (sm—1l|sm) ‘ xm(sm), mp)

H (x(M vi(sm— 1|3M)‘$MI(SM), :cp).

« Next, proceeding recursively, and supposing that
Cum,Crm—1,...,Cms1 have been generated, we use
the following procedure to construct the codebooks
C,, for L,,. As at Ly;_1, a node at level L,, selects
a codeword to transmit that depends not only on the



index s,, but also on the indices s;+1,Sm+2,--- ,8Mm
transmitted by higher levels. This way the nodes at
level L,, not only send the index of their own level
but also “aid” the transmissions of the nodes in higher
levels Lk, k € [1,M — m]. More specifically,
let s, denote the vector (sg,Sgs1,---,5Mm),
then C, is obtained as follows. For each
(Xm+1(8m+1 |S[m+2,M])a Xm+2(8m+2|3[m+3,M]); SRR
xp—1(sm—1lsm),xm(sm)), ss € [L,22H]1 €
[m + 1, M], generate 2°f= conditionally independent
b-sequences, Xm (Sm|Sim+1,m]); Sm € [1,2°%m], drawn
according to

P(Xm(3m|8[m+1,M]) | Xmt1(Sme1 |3[m+2,M])a sy

XM—I(SM—1|3M);XM(3M)7 mF)

b
H p(mml 5m|5 [m+1 M]) ‘ x(m+1)l(5m+1|5[m+2,M])7
=1

T 1)1 (Sm—1lsm), Tai(sm), JCF)-

Random partitions

We next construct a nested set of random partitions
89,8, ... ,8M of [1,2%F0]. These nested random partitions
will allow us to recursively use the random binning argument,
introduced in [27] and used in [8] for the single-relay channel,
to show that Ry is achievable.

Let S° = [1 2”R0] Having obtained S™ ! =
{sm-t sm-t .. 8™ me . }, we generate a random partition
={S, 52 - 2,,Rm} of ™~ by randomly and inde-

pendently assigning Sm .k € [1,208m-1] to S™ according
to a uniform distribution over the indices I = 1,2, ., 2bFm,
That is, all the indices in the set S;*~" are made members of
the set S;™.

Encoding

The above random codebooks and nested random partitions
are employed to do encoding as follows. Let w; € [1,2%F0]
be the new index to be sent from source s in block ¢, for
destination d. As indicated during the codebook generation
step, node L., ; at level L,, transmits in block ¢ a codeword
from its codebook C,, ; that depends not only on its estimate
of sy, the index that Ly, has to send, but also on its estimates
of {Smtk;i = k € [1, M —m]}, the indices that higher levels
{Lm+r : k €1, M —m]} send in block s.

To make the above precise, we will use the following
notation:

1) §m’J := Estimate by node L, ; of s, the index that
Ieve_l L,, needs to send in block i.

2) 8,k = "k-step forward” estimate by node L., ; of
Sm-+k;i» the index to be sent by level L, in block i.
This estimate is obtained by L., ; using “set inclusion,”
defined in the sequel, at the end of block (i — k — 1),
for k € [1, M —m].

3) 8,k = “k-step backward” estimate by node Ly,

of sm_r;i, the index sent by level L,,_j in block s.
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This estimate is made by L,, ; using joint typicality at
the end of block (i + k — 1), for k € [1,m] (details will
be given in the sequel).

In order to initialize the encoding procedure, as well
as the decoding procedure described in the sequel,
{w_(pm—1), w_(p—2),--- ,w_1,we} are independently and
uniformly chosen from [1, 2%F°], and are made known to all
the nodes {L, ; : m € [0,M +1],j € [1,n,,]} before the
beginning of block 1.

Now the indices {57/ e [1,208=] :

[1,ny,]} are obtalned as follows:
20,1

€ [0,M],j €

o 55; = w;, i.e, the source node simply chooses the
symbol w;, _
o Form € [1,M], j € [L,ny), 5, is the index of the

cell in partition S™ which contains ST, }

Sm = 1;i—1
8™~ indexed by § Az’fl .i—1)- How the node L,, ; obtains
the one-step backward estimate 877, ;_; at the end of
block (i — 1) will be specified in the sequel.

Next, node L., ; obtains the forward estimates {ﬂiki},

(the cell in

based on {AZ{ «}» using set inclusion, as follows. For each
i gl
k € [1,M — m], Ly, ; estimates Sy, y; as Stk = 8

where s € [1,2°%=+¢] is such that ST, ;

mz)c

C S™m+k. Note

"ma]
mz k’

that § A’”’jk .; depends only on 3§ which in turn depends

only on AZ”l i k_1- Thus the estimate sm;ﬁk ; can be made
by node L, ; at the end of block (i — k — 1).
Let
gmsd — gmg  am,jg g™ g
Sm¥1L,Mp;i T <8m+1;z” mi25i0 ’SMz)

Then, having obtained the estimates above, which one should
note can be made at the end of block (i — 1) node Ly, ;
transmits in block ¢ the codeword x,, ;(§,

d S(mor1,m) €
Cm,j-

Decoding

The decoding will be defined in an iterative fash-
ion Suppose that at the end of block (i — 1), node
Ly,j has estimates (A$7J1 L Am, 2 8m21i1), Bman,
am,J

am,j am,j ] )
S92y - ’Sm—2;i—2)7"'7 (80:175 805 5+ 1 80:m)- DE

coding at node L,, ; at the end of block i then proceeds as
follows:

e L, ; first obtains the one-step backward estimate 3, md y
of sy,—14, the index sent by level L,,,_, in block ¢, as foI-

lows. Using the forward estimates 377, 577 80

m 17 9m—+1540 - -
and upon receiving the signal y, ., node Ly, ; estlmates
"maJ

8 1.; = s iff there exists a unique index s € [1,20fm-1]
such that s € Lo, j1;i, Where

Lomjasi o= {8 € [1,2°fm1] (Xm—1(8|§mM];i),

"ma] Amv]
SCH L

) XM (éz’fz)’
TF, Ym,j;i) are jointly e-typical}. (25)

In the usual fashion of information theory, an error event
captures situations where there does not exist any such



estimate s, or there is more than one such s. This
contingency will be taken into account in the probability
of error calculations in the sequel.

o Next L, ; iteratively decodes the indices
sent by levels L, ;,k = 2,3,...,m, as
follows. Having obtained backward  estimates

7.7 .7 am,J] .
S 1500 Sm 2z Voo 3 8m kitiokp2  hode Ly

estimates 877, ., ., = s as the index sent by Ly, in
block i — k + 1 iff there exists a unique s € [1, 20Fm-¥]

such that s € ST+ N Lo, j,k;i, Where
Sm = k+1 i—k42

Lm,j ki
= {36 [I,Qme—k]: (Xm—k( |8m k-1, M]5i— k+1)

Xm—k+1 (3, me k+lz k+1| [m k+2,M];i— k+1)

) XM(SM’;FkH); TF, Ym,j;i—k+1) are

jointly e—typical}. (26)

As above, an error occurs when such a unique s does not
exist.

Probability of error calculations

Let w; be the index to be sent from source Lg ; in block i,
for destination Ljs1,1. Define the “ideal” indices to be sent
by levels {L,, : m € [0, M]} as follows:

e S0;i = Wj,

o For m € [1,M], 8,,.; = 5, where 5 € [1,2%Fm] is such

that S7*—%  C SP.

For the random coding scheme described above, we will
declare an error in block 4 if the following event occurs

M+1 nym m

U U U B,

m=1 j=1 k=1

F(i) (27)

where

1) Eo(i) is the event that ({xm, ;i (8] s[rfan I ERIS
[O,M],] S [l,nm]},:cp, {ym”jl;i :m' € [].,M+
1], j' € [1,nm]}) are not jointly e-typical,

2) En (i) is the event that node L., ; fails to obtain
one-step backward estimate 8™, . at the end of block
1 that matches the ideal symbol Sm—1;i, 1.6., either
Sm—1;i € Lm,j1; Or there exists s # 5,_1;; such that
5§ € L j1in

3) For k € [2,m], Ey, ;x (i) is the event that node L, ;
fails to obtain k-step backward estimate §’"’:’sz7,6+1

at the end of block ¢ that matches the ideal symbol

Bm—kyi—kt1, 1€, €Ither 3p_pi g1 & ST FH! n

Sm—k41;i—k4+2

Lo, ki OF there exists s # Spm_kickt1 such that

s €SI Fal N Lo

Sm = k+11 k42
Now let

m,j,k;i

Fy(i—1)

UF

Thus F§(i — 1) is the event that aII the decoding steps at all
nodes till the end of block (¢ — 1) are error free.

(28)
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We will now show that P(F'(i) N F§(i— 1)) is small. This
will lead to a recursive proof that P(UZ | F(i)) is small. We
begin as follows.

Lemma 2.1: For b sufficiently large,

P(Eo(i) N F5(i—1)) < e (29)
Proof: The event F¢(: — 1) implies that the following
hold:

s ksl— k41 (30)
foreachm € [1, M +1], j € [I,ny], k € [1,m], 1 € [1,i—1].

Furthermore, ({xu, j.1(377 Sihia) - m € [0,M], 5 €

(1, nm] }s p, {¥me jry : .m' € [1,M +1], j' € [1,nn]}) are
jointly e-typical, for each [ € [1,i —1].

= Sm—kjl—k+1,

Now §7, . is a forward estimate that depends only on
sm;{_k, which in turn depends only on Az’fl k1 Made at
the end of block (¢ — k — 1). Hence s[ +1 My, depends only
on the estimates {Am’] 1 <i—-2} made by the end of
block (i — 2).

Hence

FOC(Z - 1) = Ain:n’il M];i = g[m—l—l,M];i-
Moreover, by (30), we get that
Fsi=1) = 8ty = Smovin
= §:Z’f = Smsi,

1 7.7
since the dependence of 8™ on 8™ ;1 18 in the same way
as 5p,;; depends on Em—1,z—1
Thus

P(Eo(i) N F5(i — 1))
< P(({Xm,j;i(gm;i | g[m+1,M];i) tme [O,M], JjE€ [l,nm]},

zp, {Ym ji:m €[L,M+1],5 € [l,nmf]}) are not

jointly e-typical>.
Hence, from Lemma 1.1(i), we get that
P(Eo(i) N F5(i—1)) < &

when b is sufficiently large. This completes the proof of
Lemma 2.1. ]
Next let

EO(Z.)7 .
E()(Z) U lyl Em,j,l(i),

k=1,

Fonjia 0) = k € [2,m].

Hence Fy, .. (i) is the event that all the decoding steps
conducted at L,,; at the end of block ¢ for layers
{Lm-k+1,--- s Lm—2,Lm_1} are error free, as well as the
joint typicality property holds.

We first show that the conditional probability of error in
obtaining the one-step backward estimate, P(Ep, ;1(i) N
Fg i o(i) N Fg(i — 1)), is small.

Lemma 2.2: If

Rmfl < I(mel;Ym,j |X[m,M]7'Z'F) - 76)



then for sufficiently large b

P(Epja(i) N FS, (')ﬁFC(i—l)) < e

Proof: Recall from (25) that L j1;: is the set
of all s € [, 20Rm-1] such that (xp,1(s |81n,]M]'z)
Xm( |8 [m+1,M];i ) XM(éler} z) TF; ¥Ym g,z) are jOintIy
€- typlcal Let ,Jl( i) = Em]l( i) U Ey, ;1 (i), where

o Ej, (i) is the event that 5, 1.; & Lo j,1,6, and

o Ep, ;1(i) is the event that there exists s # 5,,—1;; such
that s € »Cm,j,l;z'-

As in Lemma 2.1, the event F§(: — 1) implies

that E, ;,(i) s the event that (Xpm—1(Sm—1sil

81, M151)s Xm (Smsi Smey1,M054)5 - - - > X0a (503), Ty Ymojii)

are not jointly e-typical.

Also, Fg(i — 1) implies that Fy, .,(i) = E§(i) is
the event that ({zm ji;i(GmilSpmrg1, M) @ m €
[O,M],jl € [1 nm]} TF, \Ym",j"i : m' €

[1,M + 1], 5" € [1,n,]}) are Jomtly e-typical. In

particular, the event Fg(i — 1) N Fy, . (i) implies that
(Xm—l(gm—l;i|§[m,M];i),Xm(gm;i|8 [m~+1,M];i ) . aXM(gM;i),
TF, Ym,j;i) are jointly e-typical.
Thus
P(Ep, ;.(0) N Fg(i—1) N Fy0() = 0. (31)

Hence

P(Em,j,l(i) N Frcn,j,

o(i) N F5(i —1))
(i) P(EII

m.g1 (1) N Fr j0(0) N FG (i — 1))

® P({Else [1,208m =11\ {51} st
€ L} N Fipa@ N 3G - 1)

>

sESm —1;i

se[1,2°®

,\
N

P ((Xm—l (8|§[m,M];i)7

m—1]
Xm(gm;i|§[m+1,M];i)a ey XM(EMSi)a TF,

Ymgsi ({Xm (il Smr-1,m1,4) + m' € [0, M1},
.’L'F)) are jointly e-typical>

(<) 90Rm—1 . Ob(~T(Xm—15Ym 5 | Ximr11,07)+7€)

where (a) uses (31), (b) is from the definition of Ey, ., (i),
(c) follows from an argument similar to Lemma 2.1, and
(d) holds due to Lemma 1.2 since Xp,—1(8|3[m,m];:) and
Xm—1(5m—1;i|51m,m;:) are conditionally independent given
(Xm(gm;ilg[m-i-l,M];i); ey XM(EM;i), QSF) for each s #
Sm—1;i-

Thus if
Rm—l < I(Xm_l;Ym’j |X[m,M],IL'F) —76,

then for sufficiently large b,

G0 NFE-1)) <

which completes the proof of Lemma 2.2. [ ]

P(Epj1() N F,
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We next show that the conditional probability of error
in obtaining the k-step backward estimate, P(E,, (i) N
Fy, i k-1(i) N Fg(i — 1)), can also be made small for each
k €[2,m].

Lemma 2.3: If

Rk < Ryp—k41 + I(Xm—k;Ym,le[m—kJ,-l,M];-'EF) — Te,

then for sufficiently large b
P(Bn ki) 0 Fiyya ) 0 Fi 1)) < 6,

fork=2,3,...,m
Proof: Recall that L., jr: Iis the set

s € [1, gme ] such that (xm k(s |3m’ k4+1,M];5i— k+1)

K-kt 1 (8 oy im ket S k2, )i 1) XM(SM,z—kJrl)’
TF, Ym,jsie k+1) are jointly e-typical. Let E, ;x(i) =

of all

E;njk()UEka() where
o Ej, (1) istheeventthat Sp_pi—k+1 & ST k1 n
SmZ k+1;i—k+2
Lom,j ki and
o By ;1 (i) is the event that there exists s # 8m—k;i—k+1
such that s € Sm Fak O Lo jotsi

Sm= k+11 k42

Now
P(Eln,j,k( )NFE ;4 1(i) N Fg(i—1))

< P({sm-kittt # Lmgss} N Foy ga () N Fs (i = 1))

+ P({gm_k;i_kJr1 ¢5m k1

—k+41;i—k42
nF,ka)n%@—n)

We next evaluate the two terms on the RHS of (32) separately.
For the first term, arguing along lines similar to (31), we get
that

({Sm kiyi—k+1 €£ ,],kz} N F,
= 0.

(32)

g () N Fg(i = 1))
(33)

Now consider the second term in (32)

({Sm k;i—k+1 ¢Sm k+1

k+1 i—k42

}0F e ()N FE G- 1))

(a)
k+1
< P(Sm kyi—k+1 €S?:L 1:11 k+2)

—~
I~

2 o, (34)
where (a) follows from the definitions of Fy, ;x—1(i) and
Fy(i — 1) and an argument similar to Lemma 2.1, and the
equality (b) follows from the definition of 5,,_k41;i—p42-
Substituting (33) and (34) in (32), we get

k@O NEL 5k 1()0FOC(73—1)) -

Hence we obtain the bound given at the top of the
next page, where (a) uses (35), (b) is from the defini-
tion of Ej .,.(i), (c) follows from an argument similar
to Lemma 21 and (d) follows from the fact that each
s € [1,2%8m-+] is independently and uniformly assigned
to Sk 1 € [1,20Fm-k+1]) and from Lemma 1.2, as,
for each s # 5 ki k410 Xk (8|5m—k+1,M];i—k+1) and

P(E;n 0. (35)
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P(Epn i) OV Fly 1 () 0 Fg(i— 1))
S P( ) 0 FS(i= 1) 0 Fy 1)

® Else[ 1,2t 8 piokr St8 € Lo N Sh }an(i—l) ﬂan,j,kl(i))

m k+11 k+2

_ ( s € §mk+1 } NEFS(i—1) N FS (i )) N ({s € cm,,,k;i} NESG—1)N an,j’k_l(i))>>
Sm— kz k+1

Sn Zk41;i—k+2

s€(l, 2P Bm— k]
(2) Sm— k+1 = = =
= 5 € O3, _ k1 kt2 n xm—k(5|3[m—k+1,M];i—k+1);xm—k+1 (Sm—k+1;i—k+1|5[m—k+2,M];i—k+1)7
Sm— k si—k41
se(l, o0 Fm — k]

XM (5Myimk41), TF, Ym, jii—k+1 ({Xm' (gm’;i—k—i-l|§[m’+l,M];i7k+1) :m' € [OyM]},mF)) are jointly e-typical}>

m—k+1

S Z P({SES —k41;i— k+2})

SFESm—kyi—k+1

se[l,Qme—k]

: P({ (Xm—k:(3|§[m7k+1,M];i7k+1)aXm—k+1(§m—k+1;i—k+1|§[m7k+2,M];z'7k+1)a cee XM(EM;i—kH), TF,

Yrmjsi—kt1 ({Xms (Smtsie k1 8imrs1,Mpsi—pg1) : M € [O,M]},SUF)) are jointly e-typical} ‘ {8 S k+2})
(4) bR b(I(X Yo | X
< Z 9= bRm k41, 9= b(I(Xm—k;¥m j | Xm—rt1,m]:2F) 7€)

SES _ki—k+1

sg(1,2m—k)

_ (Zme—k _ 1) .9 bRm ki1, 9=b(I(Xm—k;¥m j | Xpm—kt1,0m),2F) = T€)

— — - - B
Xk (Sm—kii—h+1]8[m—k+1,M);i—k+1) are conditionally inde- _ Z (F(z‘) N e — 1))
pendent given (Xm—k—i—l(gm—k—i-l;i—k-i-l|§[m—k+2,M];z’7k+1)a = 0

P
v X (BMyimk41)s TF). 5 Ml me m

Thus if ® ZP((EO(i) vUJuUuuy Em,j,k(i)> NF§(i — 1))
Rt < Ryt + I Xt Yo j| Xpm— ks 1,m], TF) — 7€, - = M
then for sufficiently large b, < Z (P(EO(i) N Fg(i— 1)) + SN

P (B () N F, g () N FSG=1)) < 6 P(Ep i) 0 Foc(i—l)ﬂFﬁl,j,k_l(i))>
and the proof of Lemma 2.3 is complete. [ ]
Now we bound the probability of error over the B blocks (? B(l +n(M + 1))6 — ¢,
of size b sent from source s to destination d, for rate Rg -
satisfying (5). Let W = (W1, Wa,... ., Wp-a,0,...,0) where (a) and (b) follow from the definition of F(i) in
be the sequence of indices transmitted by source s N (27) () uses the definition of Fojx—1(i), and (d) uses
B b-blocks. We assume the indices {W;} are iid. ran- | emmas 2.1-2.3 and that n is the total number of nodes in
dom variables uniformly distributed on [1,2%0]. Let W = /.

©,...,0,W1,Ws,... ,Wp_n) be the sequence decoded Now, using the standard random coding arguments, we
at_destination d at the end of block B, and let W := deduce that there exists a selection of codebooks {C, ; : m €
(WI’WZ’ ,W5_a1,0,...,0). Then the probability of error [0, M], j € [1,nn]} for every node in each level of G(s, d)

such that P(W # W | {C*, 1) < €. By throwing away the
# W)

1]

worse half of the w in {1,2,...,20801B=M and reindexing
them, we get that

||Cm
v

P(W;éwl‘{C;‘n,j},W:Wl) < 2,



for each | € [1,20Fo(B=M)=1] Thys, for ¢ > 0, and b
sufficiently large, the maximal probability of error A(®) < 2¢/,
for rates Ry = bRo(B-M)=1 ' \nhere Ry satisfies (5). First
letting b — oo, then B — oc, and finally ¢ — 0, we see
that Ry < Ro is achievable. This completes the proof of

Theorem 2.1. ®

APPENDIX Il
PROOF OF THEOREM 3.1
First consider the AWGN channel without fading (i.e., the
channel gains {h; ;} are given by (7)). Fix a flow graph
G(s,d). For this flow graph, let zr = 0, and let {fm jm+r €
[0,1), m € [0,M],j € [1,nm], k € [0, M —m]} be such that
M—m

Z /Bm,j,m+k < 17

for each m € [0, M], j € [1, 1)

Next, let V,,, m € [0,M], be i.i.d. real-valued Gaussian
random variables with mean zero and covariance one. Let

M—-—m
Xmj = Y Ymjmtk Vintks (36)
k=0
where
fym,j,m—‘,—k = V /Bmv.],m"l‘k Pm’] "

Now codebooks for nodes in G(s,d) are generated as follows.
Given a rate Ry satisfying (11) for some {(R1, Rz,... ,Rum) :
Ry > Ry > --- > Ry > 0}, generate i.i.d. b-variate normal
random vectors v;(s), s € [1,2°%], [ € [0, M], having mean
zero and covariance Ip. Then, Cy, ;, the codebook for node
Lin,j, is given by {Xum,j(sm|spmt1,0) @ 81 € [1,2°7],1 €

[m, M]}, where
M—m

Xm,j (3m|3[m+1,M]) - Z Ym,j,m+k vm—i—k(sm—l-k)- (37)
k=0

The codewords so generated satisfy the power constraint (9)
with high probability, when b is large enough. With these
codebooks, the encoding and decoding procedures described
in the proof of Theorem 2.1, and employing the standard
discretization and quantization arguments used for computing
the capacity of general memoryless channels (i.e., channels
with not-necessarily finite input and output alphabets; see [13],
Ch. 7), we deduce that the rate R, given by Theorem 2.1 is
achievable with arbitrarily small probability of error whenever
(5) holds. Now, from (6), (7), and (36), we obtain

I(me Ym+k,j | X[m+1,M]7 mF)
(R)

m+ka‘77 )
Z p) ’

m+k,j,m—Fk’

= C

m+k7J

where C(-) is given by (13) and P(R)k m—k s the total
power received by node Ly, ; for Vi,_p. From (6), (7),
and (36), we determine that pE ke jm— k! is as given in (12).

Next consider the AWGN channel with fading and CSIR.
Let G(s,d) and {Bm,jm+r € [0,1),m € [0,M],j €
[1,nm,],k € [0,M — m]} be as above. Then, the signals
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transmitted by nodes and the codewords are as in (36) and (37),
respectively, except that { Vi, 41} and {vy -k (Sm+k)} are now
all complex circularly-symmetric Gaussian. Then, as argued in
[29], since the channel gains Hyuir,; == {hm 1), (mtk.j)
Jj' € [1,np],m' € [0,M]} are known to the receiving node
Ly yk,j, the channel output for node L,y ; is ffm+k,j =
(Yintk,j» Hm—+k,j)- Thus, as above, we obtain that the rate Ry
in Theorem 2.1 is achievable whenever (5) holds with Yo, 41 ;
replaced by Y;,1.;. Now

I (X Yoik,j | Xmet1,m), TF)
= I(Xm; 7'[m+li:,j X[m—l—l,M]; :L'F)
+ I(Xm; Yinikj | Xims1,m15 8, Homey k)
@ Erfpiro.; [—7 (Xm;Ym+k,j ‘X[m-‘rl,M]: TR, Hmtk,j
= { b 3 imi 5 € [Lyng],m’ € [O,M]}ﬂ
(R)
Nm+k + E Pml?}?k,] m—k'

where (a) uses the fact that, for £ > 0, X, and Hp,4x,; are
independent and (b) follows from (6) and (8), with anli)k im
and C(-) as given in (14) and (15), respectively.

Finally, consider the AWGN channel with fading and
CSIRT. The key conceptual difference in obtaining an achiev-
able region here as compared to the CSIR case arises due to the
fact that the channel state information is now also available to
the transmitting nodes. Consequently, each transmitting node
can now do power allocation for aiding various levels in
the flow graph depending on the current channel state. More
specifically, consider a flow graph G(s,d) as above. Then,
node L, ; transmits

Xmj = Y Ymgmts(H) Vings,

where the complex gains {ym, j,m+x(H) € C, k € [0, M—m]}
satisfy (16) in order to meet the power constraint at L, ;, and
{Vmm : m € [0, M]}, as above, are i.i.d. with V,,, ~ N¢ (0,1).
The rest of the argument is now similar to the CSIR case. B

APPENDIX IV
PROOF OF THEOREM 4.1

The basic idea for showing that a rate wvector
(Ri1,Rs,...,Ry) is achievable in N is as follows. As
in the single s-d pair case, block Markov encoding is used.
A codebook for each node j is generated by applying the
random-codebook generation procedure of Appendix Il to
G(sy,dy), for each uw € U;. Now, in each block 4, node j
transmits a weighted sum over v € U; of the codewords
it would have transmitted if (s,,d,) were the only source-
destination pair in A, with the weights chosen so as not
to violate the constraint on the total power available for
transmission to node j. Furthermore, a “scheduling” random
variable @ is introduced, which allows nodes to allocate
different fractions of their available transmission power at



different transmissions to various levels of the flow graphs
that they belong. At the end of the transmission of each block
i, each node performs successive cancellation to iteratively
decode indices for the flow graphs it belongs.

We now expand on the above. Given (R;, R, ...
foreachu € [1,U], Ry := Ry and (Ry1, Ry2,. .. , Ru,m,)
be such that B, > Ry1 > -+ > Ry m, > 0. Also, given the
probability distribution {p(q) : ¢ € Q}, generate a b-sequence
(¢1,92,---,q), Where ¢, € Q,1 € [1,b], are identically and
independently drawn according to {p(q)}.

Codebook generation: The codebook for each node j in
is generated as follows. For each ¢ € Q that the “scheduling”
random variable ) can take, each node j allocates a fraction
B; (@) . Of its available power P; to aid the transmission of
level % in G(su,dy), for each u € Uj, k € [m;(u), M,]. Now,
given {R,k, k € [0, M,],u € [1,U]}, generate i.i.d. Gaussian
random variables v,k (s),! € [1,b],s € [1,20F«*], having
mean zero and variance one. Then the codebook for node j,
Cj, is given by {x;({su,x : u € Uj,k € [m;(u), M,]}) =
(xj,l({su,k u € Uk € [m,(u),Mu]}) )le[l,b] DSy €
[1,20Rwx]}, where

,RU), let,

mj,l({suk uEZ/{J,kE m;j(u), u]})

Z Z ’71:1111)16

u€U; k=mj(u)

,/ﬂ@ P; for the AWGN channel without

fading or with fading and CSIR, and EH[|7]("3,C(H)|2] =

6(" P; for the AWGN channel with fading and CSIRT. The
codewords so generated satisfy the power constraint of node
4 with high probability when

M,
Y@y Y s, <1

q€eQ w€EU; k=m;(u)

Vu, k1 Suk)

Above 7](92 e =

and b is large enough.

Random partitions: For each w € [1,U], obtain nested
random partitions {S“* : k € [0, M,]} of [1,2bF0], using
the random-partitioning procedure given in Appendix II.

Encoding: In b-block ¢, each node j transmits the codeword
X;({8) pi * k € [my(u), My],u € U;}), where, for each u €
U;, forward estimates {éi,k;z’ : k € [mj(u), M,]} are obtained
by applying the encoding procedure given in Appendix Il to
G(8us du)-

Decoding: Each node decodes using successive cancellation
[5], [9], [30]. Thus each node j defines an order in which
it successively decodes the signals received from different
levels of the different flow graphs that it belongs. While
decoding a particular level of a particular flow graph, the
signal components corresponding to already decoded levels are
removed from the received signal and the signal components
corresponding to levels with higher order act as noise.

More specifically, for each ¢ € Q, let aﬁ‘”(u,k) €
{0,1,2,...} denote the step in which node j decodes level
k of flow graph G(s,,d,), where aj(.Q)(u,k) = 0 denotes
that the information transmitted by level &£ of flow graph

16

G(su,dy) is known to j without any decoding operation
(for instance, a( )(u k) = 0,k € [m;(u), My], u € Uj).

A restriction on a](") is that, for each u € U;, the order
it assigns to decoding the signals transmitted by different
levels within flow graph G(s,,d,) should correspond to the
decoding order described in Appendix Il, i.e., for each u € U;,

o\ (u,mj(u) — 1) < o8 (u,my(u) —2) < - < 039 (u,0).
Then from straightforward extensions of the probability of
error calculations for the single source-destination pair case
given in Appendix Il and the U-user multiple access channel
in Section 14.3 of [9], we deduce that each node j will be
able to decode all the required indices with arbitrarily small
probability of error, if, for each v € U;, {Rur : k €
[0, m;(u) — 1]} satisfy

Rur < Y p(@)C

qeEQ

(R)(q)
J,u k

(Nj+ >

{(u/’k/)m;‘l)(u/’k/)

P )

ju k!
> o{Pu,my

for k = mj(u) — 1, and

(R)(q)
J,u k

Y PR )

Ju’ k'

Ru,k < Ru,k+1 + ZP(‘])C

qeQ <NJ'+

{(uhk’):a}”(uhk’)

> o4 (k)

for each k € [0,m;(u) — 2], where Pﬁ?,ﬁ") is the total power
received by node j corresponding to the signal component
transmitted by level k£ of flow graph G(s,,d,) for when the
scheduling random variable ) takes value ¢, and it is given

by

(R)(9) _
PJ,u k - Z 7] ,u k
i'#i
j'€[1,mn]

Finally, by employing time-sharing over the rate vec-
tors (Ry, Ra,...,Ry) that are achievable using the above
encoding-decoding procedure, we obtain a convex achievable
rate region. This completes the proof of Theorem 4.1. B
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