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Abstract— We study the distributed averaging problem on by (3,3,4),(3,4,3) and (4,3,3). For z[0] = (2,3,4), the
arbitrary connected graphs, with the additional constraint that  only such vector i€3,3,3).
the value at each node is an integer. This discretized distsuted The problem described above is a discretized version

averaging problem models averaging in a network with finite o . o
capacity channels (and in this form has applications to distbuted of the distributed averaging problem. Distributed averag-

detection in sensor networks) and load balancing in a procesr ing and consensus have been studied in many forms re-
network. cently [1], [2], [3], [4], [5], [6], in all of which, the valus

We describe simple randomized distributed algorithms whiéi  are assumed to be real numbers. In its simplest form, such a
afg‘g?;’; Coer:;‘?tnssus to the extent that the discrete nature ofie (yag| valued) distributed averaging algorithm consisteath
P P ' node forming, at each time, a weighted average of the values

I. INTRODUCTION AND PROBLEM STATEMENT of its neighbors,

We consider a network a¥ nodes, numberetithrough.V, alt +1); = Z wij [t)a;[t],
the connections between which are specified by an undirected JAtjreE
connected grapd = (V, E), whereV' = {1,..., N}. Thereis which can be represented as a linear-time varying system,
an integer value associated with each node. Time is assumed
to be discrete. We denote the value at nadat time ¢ by zt + 1] = Wt]=[t], 2
x[t];, and the vector of values in the network hyt] = o NxN 1o :
(x[t]i,...,z[t]n). Let.S =", x[0];, wherez[0] is the vector where W[t] = [w;[t]] € R - It is well known [1] that

of initial values for such an algorithm, under mild conditions on the sequence
' W t] (even with further relaxed assumptions on the degree of

We study the problem of devising distributed algorithmg chronization between nodes [1]), the value at each node

. : n
through which nodes update their values based on the Val%%%verges to the average of the initial value] — ur o,

of their neighbors inG in a manner such that: _ : N
g v ) ) where 1 is vector of length/NV all the entries of which are
1) The value at each node is always an integer. 1. This convergence is a result of the iteration in (2) being
2) The sum of values in the network does not change Withyhactive on the subspace Bf¥ orthogonal tol (see [1]
time, ZZ x[t]i =S for all t. for details).

3) For anyx[0], there is a (random) tim&,n ([0]) sUch A jinear description such as the one in (2) is not possible

that for ¢ > Teon(2[0]), [t]; € {L,L + 1} forall i \hen the node values|t]; are restricted to be integers at
and some integeL. HereL is such thats = NL + R, gach step. Yet, discretization is crucial to some appbaj
with 0 < R < N. So, we require that eventually thereyg \ye giscuss in Section II. In this paper we describe a
are N — R nodes with value. and 2 nodes with value |55 of averaging algorithms which achieve consensusisn th
L+1. discretized setting.

Formally, the distribution of a vector z is a list A brief outline of this paper is as follows. We discuss
{(v1,n1), (v2,n2), ...} in whichn; is the number of entries of various instances in which the problem described abovesaris
x which have valuey;. Under the constraint that node values Section Il and review some related work. We present a class
be integral the distribution described in item 3 above is th@ndomized of algorithms that converge to the set of quadtiz
best approximation to a distribution in which the value ofonsensus distributions in Section I, and provide a prafof
each node is the average of initial values. We refer to sugbnvergence in Section IV.

distributions asguantized-consensus distributions and denote
the set of all such distributions by Il. APPLICATIONS AND RELATED WORK

A. Quantized Consensus

Consider a network oV sensor nodes, the communication
For example, in a three node network, in whiclinks between which are specified by the ed@esf G. Sensor
z[0] = (z[0]1,z[0]2,2[0]3) = (2,3,5), the vectors ¢ makes a measuremeptfori=1,..., N.We are interested
which have quantized-consensus distributions are givenupdating sensor values distributedly so that the valeaah

S={z|lz;e{L,L+1},i=1,...,N}. (1)



sensor converges to the average of the measuren#@,qi. and H; otherwise, wherd.(y) = 23553 is the likelihood ratio
The average of sensor measurements is a sufficient stédisticof y. The optimal probability of error is given by
estimation problems, as studied in [3] and detection proble
as we describe below. Pe= 1 pr[i ZlOgL(Yi) > 0| Hy)

However, both the accuracy of measurement and the ca- 2 N &
pacity of communication channels are finite, and such cenver 1
gence cannot be achieved exactly. Lgt]; = Q(¢;)denote +Pr[ﬁ ZlogL(}Q-) < O|H1]> . 4)
the quantizationevel of the measurement at nodewhere i

1 In the absence of quantization, a distributed averaging

)5, (n+ —) 5) , n€ZL. algorithm such as (2) can be used to compute the average
likelihood ratio & 3, log L(Y;) at each node, and therefore

As such, this represents an infinite rate (uniform) quantizeéhe probability of error in (4) can be achieved at each node.
However, if for someA € N, the measurementg always lie In the presence of communication constraints, this is an
in the bounded setg;| < Ad, then we can truncat@(.) as instance of the quantized consensus problem describe@abov
Q(s) = Aif s > (A—1)6 and similarly on the negative Let ¢; = log L(Y;), and as beforez[0]; = Q(g;). Then, since
half of the rgal line. The communication rate required thgen 2[0];0—q;| < &, we have L Zij\il 2[0];0 — & Zij\il ) < L.
log, A + 1 bits per channel use.

Also, for an algorithm in whichx[t] converges to a quantized-

,tb_\natl;r(azl)way to update the sensor values is then a quani,sensus distribution as in Section I, if convergence has
zation of (2),

happened by tim@ then |z[T] — L SV 2[0];| < 1, so that
2t +1] = QW [t [19), (3) PRy L 114 200 |
lx[T]é -+ 3 qi‘ < 3. Therefore, we can approximate
whereQ(z[t]) = (Q(z[t]), .., Q(x[t]n))". he optimal decision rule at the sensor nodes with one inlwhic
However in general the sum, and hence the average,\@f detectt, if z[T')§ < 0 and H; otherwise. A bound on the

values in the network is not preserved under such an aveyagiiobability of error under this decision rule is then
algorithm (see [3, Section IV.A]). The authors in [3] sudges

an alternative update scheme which involves some protocol 1 1 30
i e< = | Pr[= ) logL(Y;) > ——|H
overhead as a way around this problem (but do not analyze - 2 r[N 21: og L(Y;) > 2 |Hol

that scheme in detat)

The algorithms we _study in this paper_n_a_turally preserve +p[Hl]pr[i ZlogL(Yi) < 3—6|H1] )
the average at each time step (after the initial quantiz@atio N p 2
They lead to consensus to the best possible value: the gaant
precision average of measurements. )

1) Distributed detection: In the distributed detection prob- Let the nodes represent processors, connected as described
lem, the nodes make measuremetitsand the vecton” — bY the grap_hg, and Iet:c[O]'i be t‘he number of tasks queued
(Yi,...,Yx) may have one of two probability distributions,’or Processing at processarfor i = 1,..., N. The problem
corresponding to two different hypothesed, and H;. It of load-balancing is one of equalizing the distribution agks
is assumed that the two hypotheses are equally likely. TR¥er the processors, that is, of exchanging tasks across lin
variablesY; are assumed to be independent and identicalfy Such @ way that the distribution of tasks eventually is a
distributed (i.i.d.) conditioned on the hypothesis, and tfluantized-consensus distribution. If the tasks are isiile
probability density ofY; given hypothesist; is denoted by and of equal size, ther_l the problem described in Section |
p;i(y) for j =0, 1. models the load-balancing problem.

The distributed detection problem is usually studied in a L0ad balancing algorithms can be classified idtoension-
centralized setting [7], [8], [9]. It is assumed that eachsse ©change algorithms anddiffusion algorithms, depending on
communicates a message to a fusion center, which then maf8§ther a processor is allowed to exchange load with only
a decision as to which hypothesi, or H, has been realized. ©n€ or all, respectively, of its neighbors. _

However, one can easily think of situations in which it is, Algorithms of both types have been studied extensively un-
required that each sensor detects the realized hypotteigesy d€r the assumption that the tasks are divisible, (e.g. [[A]),

the observations at all sensors, it is well known [10] that t¥Vhich may be reasonable if the number of tasks is much

optimal decision rule is a likelihood ratio test, in which wedréater than the number of processors. The authors in [12]
detectH, if also study various discrete diffusion algorithms, and show

1 that all such algorithms may fail to converge to a quantized
szg L(Y;) <0, consensus distribution. They devise an algorithm that con-
i verges to a quantized-consensus distribution, which, tiewe
1The model in [3] differs somewhat from the above model. Nostaints re%uwes gl%bal mforrﬂatlon 0:;. th(.:"b gradph tolpology a.t ea'l(ff:l
are assumed on the accuracy of measurement, and on the matreegsor NO0E€, an oes no_t ave a distribute |mp ementatlorj. ¢
nodes in [3]. authors in [13] obtain a bound on the deviation of a particula

Q(s)=nif se [(n—%

B. Load Balanci ng



discretization of diffusion from its real valued approxitoa. 1Q 2 (L 3
However, in general this bound does not make it clear whether gﬁg gﬁg
x[t] would eventually reach the set of quantized-consensus
distributions or not. There is also some work on thesign 2 1 1
of networks which allow fast load balancing [14], and on é&@ 3@&@ é&?}
load balancing algorithms for particular graph topologies
(e.g. [15], [16]). g. 1. Anon-randomized scheme may fail to converge. Thebmiradjacent
We have recently come across [17], [18] and [19] WhICh: a circle denotes the value at the node corresponding tauheer inside
are closely related to the work in this paper. In these papd?§ circle.
load balancing algorithms that rely only on local infornoati
are presented which converge ltcal consensus, that is, to
a vector of valuest in which |z; — z;| < 1if {i,j} € E.
However, it is easily seen that local consensus can be far frg 0 <, update the values of nodesand; respectively as:[t +
guantized consensus (which is by definition global). [titalt); e[t]; +alt];
Our algorithms converge to the set of quantized consensllls { 2 J anda[t +1; = [7W This scheme
distributions for arbitrary networks, and utilize only &ic Satisfies all properties except property 2 (whe#); = x[t]; +

quantized gossip algorithm, but the following method isduse
for updating node values: if edde, ; } is selected at timeand

topology information. 1). Now, consider a linear network,—2 —--- — N, in which
z[0]; =i for i = 1,..., N. Independently of the sequence in
Il. CONVERGENCE TOQUANTIZED CONSENSUS which edges are selected, under this algorithfr];, = i for
We consider a class of distributed averaging algorithmall . One can come up with similar examples in which the
which we callquantized gossip algorithms. network fails to reach a quantized-consensus distribufon

In a quantized gossip algorithm, at each time, one edgeais update method that does not satisfy property 3.

selected at random, independently from earlier instantsnf  Further, in the absence of randomization, an algorithm with
the setF of edges ofg, and the values of the nodes that than update method satisfying properties 1-3 above may fail to
selected edge is incident on are updated. A quantized gossimverge to a quantized-consensus distribution. Thisisése
algorithm is completely described by the method of updatireyen when all edges i@ are activated within any interval of
values on the selected edge, and the probability distohutisome fixed lengthB, unlike in the non-discretized setting [1].
over £ according to which edges are selected. Further, viior example, consider the three node cyclic network cangist
require that the method used to update the values satisfy tfenodes{1, 2,3} in which z[0]; =i for i = 1,2, 3. Consider

following properties. a non-randomized averaging algorithm in which the update
Say edgdi, j } is selected at time and letD,;[t] = |z[t];— method satisfies properties 1-3, which updates values at the
z[t];|. Then, if D;;[t] > 1, we require that vertices of edg€ 1,2} at time 1, edge{1, 3} at time 2, edge
1) [t + 1); + z[t + 1); = z[t]; + z[t], {3,2} at time 3, and thereafter repeats this cycle. As shown
2) if unode = argmax; ;(z[t];,z[t];) and dnode = in Figure 1, the distribution of values in the network does
argmin; ; (z[t];, z[t];), then [t + ]anode > @[tJanode MOt Change. Randomization, however, ensures that there is a
and z[t + 1]unode < Z[t]unode, and positive probability of any two values in the network being
3) if Dy;[t] > 1 then D;;[t + 1] < Dyj[t]. averaged in finite time, and therefore guarantees consémsus

We also assume that each edg@dfas positive probability arPitrary connected graphs.
of being selected. This is only for simplicity: for converge "€ main result of this paper is the following:
to consensus we only require that the set of edges whichiheorem 1. For any given initial vector:[0], if the values
have a positive probability of being selected form a coreeect®[t] are updated using a quantized gossip algorithm, then
spanning subgraph . lim Pz[t] € S] =1,

Let us examine the above properties in detail. The re- t—o0
quirement that node values at the vertices of only one edgberesS is as in (1).

be updated at a time might appear unnatural. However, asthe following are two examples of quantized gossip algo-
discussed in [4], in a continuous time setting in which eaGithms. Here we assume that at each time an edge is selected at
node asynchronously updates its value based on the valggdom fromE, with each edge having a positive probability

of one of its neighbors this requirement is naturally met igf being selected.

for example, the updates are performed at random times ang\igorithm 1: Perfect balancing: If edgg, j} is selected at

the inter-activation time of each edge is a continuous ramd@ime ¢, then withdnode andunode as above, we update the
variable. We refer the reader to [4] for a detailed discussiggode values as follows:

of the relation between the continuous time and discrete tim [t]: + z[t];
systems. z[t + 1anode = { 5 -‘
Property 1 is required for the sum of values in the network
to be constant. To see the significance of property 2, conside [t + 1unode = {MJ ) (5)
an averaging algorithm in which edges are selected as in a 2



For example, consider the 3 node path 2 — 3, with z[t] = Lemma 1: Consider a finite state Markov chain with only

(2,5,6). If the edgel — 2 is selected at time¢, thenz[t+1] = one closed clas€g. Let s[t] denote the state of the Markov
(4,3,6). If edge2 — 3 is selected at time, thenz[t + 1] = chain at timet. Then,
(2,6,5), etc. . B

Algorithm 2: Quantized averaging: For some € (3, 3) Jim Prislt] € Cp] = 1.

such thatw is not a rational number with an even denominato% Proof of G
define, Wi} € RNXN ag . Proof of Convergence

We denote the state of the system at titrte be the vector

Wl =T —w(e; — ej)(e; — ;)7 of values at the nodesg[t] = (z[t]1,...,z[t]x). For any

_ ) quantized gossip algorithm, giverit] we know the probability

wheree; € RY is a vector with thei" entry 1 and the gistribution ofz[t + 1]. Therefore[t] evolves as a Markov-

remaining entrie$). Consider the update in (3), with’[t] =  chajn.
Wi} if edge {i, j} is selected at time. _ Clearly, in a quantized gossip algorithm,ft] € S, then
To ver|f_y that Algorithm 2 satisfies the above properties,; + 1] € S. Therefore, the sef of quantized-consensus

note that it corresponds to the update distributions in (1) is a closed class of this Markov chain.

o[t + 1], l—w  w 2[t]:6 Therefore, to use Lemma 1 and complete the proof, it

! = Q ! suffices to show that from any state in the Markov chain, there
z[t + 1] w  1l—w x[t];6 . o - )
is a positive probability of reaching some stateSn
= Q a[t];0 + wDi;[t]o Define
I[t]J(S —’LUDl'j [t]5 ’
m[t] = minz[t];, M[t] = maxz[t];, D[t] = M[t] — m[t].

and z[t + 1], = z[t], for k ¢ {i,5}. Now, for any integer ¢ ¢ (6)

n, Qnd +x) = n+ Q(z), and for anyw that is not |iig easy to see that for any quantized gossip algoritnin] is
rational with even denominator, it can be easily checkedl trﬁ’on-decreasing and/[t] is non-increasing. Therefore, at any
Q(—wDyj[t]) = —Q(wDy;t)). Therefore, the update can b&ime the value at any node in the network is betwegf] and

written simply as M](0], that is, there can be at maB{0] + 1 different values in
[ [t +1); ] _ [ [t ] N { Q(wDy;[t]0) ] :Ee netwl;)rk a}t atmty timet.hAsMa rEsuIt,ha.tri}ga(; uplp(]evr bound on
[t + 1 2[t]; —Q(wDj;[8)5) | e number of states in the Markov chain(i3[0]+1)" < oo.

Lemma 2: Define
and it is apparent that the sum of node values is preserved i . .
this algorithm, 17 z[t + 1] = 17 z[t]. If, further, w € (5.2), w’”[t] = [laleltl = mitl}], Nult] = [{ilztli = M{t}},

then it is straightforward to verify that the other two prds the numbers of nodes with the minimum and maximum values
are also mety > % is required for property 2, and < % in the network, respectively.

for property 3)._ - Let DI[t] > 2. Then
In fact_, Algonthm 2 can be _thought of as an ap;?flmmatlon 1) if Np[t] > 1, there is some tim¢ > ¢ such that there
to Algorithm 1 in the following sense: itv = 5355 for is a positive probability thatVy,[t'] < Nys[t].

some integerk, then it is straightforward to show that for 5y jf Nyu[t] > 1, there is some timé > ¢ such that there

D;;[t] < 2K, Algorithm 2 is the same as Algorithm 1. For is a positive probability thaiV,,,[t'] < Ny[t].

D;;[t] > 2K, Algorithm 2 may not balance node values across 3) if Nu[t] = 1 or Ny[t] = 1, then there is some timé >

the selected edge completely. As a numerical example, for * ; g,ch that there is a positive probability that’] <
_ 3 . _ . —

w = g, and Dy;[t] = 6, we haveQ(wD;;[t]d) = 4, and so D[t].

2[t+1]unode = #[tunode =4, ANAx[t+1]dnode = Z[t]dnode+4,  Proof: Say Ny[f] > 1. SinceD[t] > 2, the setl of nodes

so thatD;;[t + 1] = 2. However, by Theorem 1, Algorithm 2 ihat have value\/[t] — 2 or less is non-empty at time Let

eventually converges to the set of quantized-consenstis dis) e the set of nodes which have valliglt]. Select a pair

butions. of nodesnode from £ andMnode from M such that a path
between them is a shortest path betwegkeand M. Let this
IV. PROOF OFCONVERGENCE path beP = (Inode, v1, ..., v,, Mnode), where{vq,...,v,}

A. Background: Markov-chain theory is a possibly empty subset ¢i,..., N}. Such a path exists

i ) ) becausdj is connected. Letp be the number of edges in this
We briefly review some con_cepts from Markov chain thepath. Then, all nodes on the pathexceptlnode have value
ory [20] that are relevant to this paper. M][t] — 1 at timet, by assumption. Furthetp < oo, since
A set( of states in a Markov chain is calledctosed class  there are only finitely many nodes in the network, and each
if for any states € C, the only transitions possible fromare gqge on the path has a positive probability of being selected
to states irC. A states is called anabsorbing state if {s} is at any time. Therefore, there is a positive probability that
a closed class. in the I time units followingt, the edges of this path are
The following result is well known [20]: selected sequentially, starting with the eddeode, v; }. But



at the last step of this sequence, the valueblafde and its
adjacent node, which at that time has value at ndd$t] —2,
are updated. Therefore, by the properties of the update in a
guantized gossip algorithm, the value of both nodes beconﬁ
strictly less thanM/[t]. Therefore, witht’ = ¢ + lp, we are
done in this case. [3]
By the same reasoning as above we can prove that if
N [t] = 1, then there is a positive probability that &t= 4]
t+Ip the maximum value in the network decreases by at least
1, and therefore thaD[t'] < D]t]. (5]
Similarly, we can prove that ifV,,,[t] > 1, then there is a
positive probability that at some timé > ¢ N,,[t'] < N,[t], [6]
and if N,,,[t] = 1, there is a positive probability thd®[t'] <
D[t] < [7]
Using Lemma 2 repeatedly, and using the fact that the sungl
in the network is preserved, we get a path from any state iﬁw
which D > 2 to one in whichD < 1, that is, to a state in the
closed classS. This completes the proof of Theorem 1. o [°]
V. CONCLUSION AND FUTURE WORK [10]
We have described a class of simple, fully distributed
algorithms, which achieve consensus in the presence of didd
cretization. We have also studied various applicationshiciv
discretization is important. Some initial results on thenar- [12]
gence times of quantized gossip algorithms appear in [21]. 13]
In this paper, we have focussed on algorithms for updatirlng
node values which act on the vertices of exactly one edafe1
of the network at each time. It is clear that the same pro
for convergence holds for similar algorithms which pick @s;
matching in the graph at each time, though the latter are at
least as fast as the algorithms we have studied. 16]
We are currently investigating the convergence times EP
both quantized gossip algorithms and such matching-based
algorithms. (17]
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