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Abstract— We study the distributed averaging problem on
arbitrary connected graphs, with the additional constraint that
the value at each node is an integer. This discretized distributed
averaging problem models averaging in a network with finite
capacity channels (and in this form has applications to distributed
detection in sensor networks) and load balancing in a processor
network.

We describe simple randomized distributed algorithms which
achieve consensus to the extent that the discrete nature of the
problem permits.

I. I NTRODUCTION AND PROBLEM STATEMENT

We consider a network ofN nodes, numbered1 throughN ,
the connections between which are specified by an undirected
connected graphG = (V, E), whereV = {1, . . . , N}. There is
an integer value associated with each node. Time is assumed
to be discrete. We denote the value at nodei at time t by
x[t]i, and the vector of values in the network byx[t] =
(x[t]1, . . . , x[t]N ). Let S =

∑

i x[0]i, wherex[0] is the vector
of initial values.

We study the problem of devising distributed algorithms
through which nodes update their values based on the values
of their neighbors inG in a manner such that:

1) The value at each node is always an integer.
2) The sum of values in the network does not change with

time,
∑

i x[t]i = S for all t.
3) For anyx[0], there is a (random) timeTcon(x[0]) such

that for t ≥ Tcon(x[0]), x[t]i ∈ {L, L + 1} for all i
and some integerL. HereL is such thatS = NL + R,
with 0 ≤ R < N . So, we require that eventually there
areN −R nodes with valueL andR nodes with value
L + 1.

Formally, the distribution of a vector x is a list
{(v1, n1), (v2, n2), . . .} in whichni is the number of entries of
x which have valuevi. Under the constraint that node values
be integral the distribution described in item 3 above is the
best approximation to a distribution in which the value of
each node is the average of initial values. We refer to such
distributions asquantized-consensus distributions and denote
the set of all such distributions by

S = {x|xi ∈ {L, L + 1}, i = 1, . . . , N} . (1)

For example, in a three node network, in which
x[0] = (x[0]1, x[0]2, x[0]3) = (2, 3, 5), the vectors
which have quantized-consensus distributions are given

by (3, 3, 4), (3, 4, 3) and (4, 3, 3). For x[0] = (2, 3, 4), the
only such vector is(3, 3, 3).

The problem described above is a discretized version
of the distributed averaging problem. Distributed averag-
ing and consensus have been studied in many forms re-
cently [1], [2], [3], [4], [5], [6], in all of which, the values
are assumed to be real numbers. In its simplest form, such a
(real valued) distributed averaging algorithm consists ofeach
node forming, at each time, a weighted average of the values
of its neighbors,

x[t + 1]i =
∑

j:{i,j}∈E

wij [t]xj [t],

which can be represented as a linear-time varying system,

x[t + 1] = W [t]x[t], (2)

where W [t] = [wij [t]] ∈ R
N×N . It is well known [1] that

for such an algorithm, under mild conditions on the sequence
W [t] (even with further relaxed assumptions on the degree of
synchronization between nodes [1]), the value at each node
converges to the average of the initial values,x[t] → 11T

N
x[0],

where 1 is vector of lengthN all the entries of which are
1. This convergence is a result of the iteration in (2) being
contractive on the subspace ofR

N orthogonal to1 (see [1]
for details).

A linear description such as the one in (2) is not possible
when the node valuesx[t]i are restricted to be integers at
each step. Yet, discretization is crucial to some applications,
as we discuss in Section II. In this paper we describe a
class of averaging algorithms which achieve consensus in this
discretized setting.

A brief outline of this paper is as follows. We discuss
various instances in which the problem described above arises
in Section II and review some related work. We present a class
randomized of algorithms that converge to the set of quantized-
consensus distributions in Section III, and provide a proofof
convergence in Section IV.

II. A PPLICATIONS AND RELATED WORK

A. Quantized Consensus

Consider a network ofN sensor nodes, the communication
links between which are specified by the edgesE of G. Sensor
i makes a measurementqi, for i = 1, . . . , N . We are interested
in updating sensor values distributedly so that the value ateach



sensor converges to the average of the measurements,1
N

∑

i qi.
The average of sensor measurements is a sufficient statisticfor
estimation problems, as studied in [3] and detection problems,
as we describe below.

However, both the accuracy of measurement and the ca-
pacity of communication channels are finite, and such conver-
gence cannot be achieved exactly. Letx[0]i = Q(qi)denote
the quantizationlevel of the measurement at nodei, where

Q(s) = n if s ∈

[(

n −
1

2

)

δ,

(

n +
1

2

)

δ

)

, n ∈ Z.

As such, this represents an infinite rate (uniform) quantizer.
However, if for some∆ ∈ N, the measurementsqi always lie
in the bounded set,|qi| ≤ ∆δ, then we can truncateQ(.) as
Q(s) = ∆ if s ≥

(

∆ − 1
2

)

δ and similarly on the negative
half of the real line. The communication rate required then is
log2 ∆ + 1 bits per channel use.

A natural way to update the sensor values is then a quanti-
zation of (2),

x[t + 1] = Q(W [t]x[t]δ), (3)

whereQ(x[t]) = (Q(x[t]1), . . . , Q(x[t]N ))T .
However in general the sum, and hence the average, of

values in the network is not preserved under such an averaging
algorithm (see [3, Section IV.A]). The authors in [3] suggest
an alternative update scheme which involves some protocol
overhead as a way around this problem (but do not analyze
that scheme in detail)1.

The algorithms we study in this paper naturally preserve
the average at each time step (after the initial quantization).
They lead to consensus to the best possible value: the quantizer
precision average of measurements.

1) Distributed detection: In the distributed detection prob-
lem, the nodes make measurementsYi, and the vectorY =
(Y1, . . . , YN ) may have one of two probability distributions,
corresponding to two different hypotheses,H0 and H1. It
is assumed that the two hypotheses are equally likely. The
variablesYi are assumed to be independent and identically
distributed (i.i.d.) conditioned on the hypothesis, and the
probability density ofY1 given hypothesisHj is denoted by
pj(y) for j = 0, 1.

The distributed detection problem is usually studied in a
centralized setting [7], [8], [9]. It is assumed that each sensor
communicates a message to a fusion center, which then makes
a decision as to which hypothesis,H0 or H1 has been realized.

However, one can easily think of situations in which it is
required that each sensor detects the realized hypothesis.Given
the observations at all sensors, it is well known [10] that the
optimal decision rule is a likelihood ratio test, in which we
detectH0 if

1

N

∑

i

log L(Yi) ≤ 0,

1The model in [3] differs somewhat from the above model. No constraints
are assumed on the accuracy of measurement, and on the memoryat sensor
nodes in [3].

andH1 otherwise, whereL(y) = p1(y)
p0(y) is the likelihood ratio

of y. The optimal probability of error is given by

pe=
1

2

(

Pr[
1

N

∑

i

log L(Yi) > 0|H0]

+Pr[
1

N

∑

i

log L(Yi) ≤ 0|H1]

)

. (4)

In the absence of quantization, a distributed averaging
algorithm such as (2) can be used to compute the average
likelihood ratio 1

N

∑

i log L(Yi) at each node, and therefore
the probability of error in (4) can be achieved at each node.

In the presence of communication constraints, this is an
instance of the quantized consensus problem described above.
Let qi = log L(Yi), and as before,x[0]i = Q(qi). Then, since

|x[0]iδ−qi| ≤
δ
2 , we have

∣

∣

∣

1
N

∑N

i=1 x[0]iδ −
1
N

∑N

i=1 qi

∣

∣

∣
≤ δ

2 .

Also, for an algorithm in whichx[t] converges to a quantized-
consensus distribution as in Section I, if convergence has
happened by timeT then

∣

∣

∣
x[T ] − 1

N

∑N
i=1 x[0]i

∣

∣

∣
< 1, so that

∣

∣

∣
x[T ]δ − 1

N

∑N

i=1 qi

∣

∣

∣
< 3δ

2 . Therefore, we can approximate
the optimal decision rule at the sensor nodes with one in which
we detectH0 if x[T ]δ ≤ 0 andH1 otherwise. A bound on the
probability of error under this decision rule is then

pe≤
1

2

(

Pr[
1

N

∑

i

log L(Yi) > −
3δ

2
|H0]

+P [H1]Pr[
1

N

∑

i

log L(Yi) <
3δ

2
|H1]

)

.

B. Load Balancing

Let the nodes represent processors, connected as described
by the graphG, and letx[0]i be the number of tasks queued
for processing at processori, for i = 1, . . . , N . The problem
of load-balancing is one of equalizing the distribution of tasks
over the processors, that is, of exchanging tasks across links
in such a way that the distribution of tasks eventually is a
quantized-consensus distribution. If the tasks are indivisible
and of equal size, then the problem described in Section I
models the load-balancing problem.

Load balancing algorithms can be classified intodimension-
exchange algorithms anddiffusion algorithms, depending on
whether a processor is allowed to exchange load with only
one or all, respectively, of its neighbors.

Algorithms of both types have been studied extensively un-
der the assumption that the tasks are divisible, (e.g. [11],[12])
which may be reasonable if the number of tasks is much
greater than the number of processors. The authors in [12]
also study various discrete diffusion algorithms, and show
that all such algorithms may fail to converge to a quantized
consensus distribution. They devise an algorithm that con-
verges to a quantized-consensus distribution, which, however,
requires global information of the graph topology at each
node, and does not have a distributed implementation. The
authors in [13] obtain a bound on the deviation of a particular



discretization of diffusion from its real valued approximation.
However, in general this bound does not make it clear whether
x[t] would eventually reach the set of quantized-consensus
distributions or not. There is also some work on thedesign
of networks which allow fast load balancing [14], and on
load balancing algorithms for particular graph topologies
(e.g. [15], [16]).

We have recently come across [17], [18] and [19] which
are closely related to the work in this paper. In these papers
load balancing algorithms that rely only on local information
are presented which converge tolocal consensus, that is, to
a vector of valuesx in which |xi − xj | ≤ 1 if {i, j} ∈ E.
However, it is easily seen that local consensus can be far from
quantized consensus (which is by definition global).

Our algorithms converge to the set of quantized consensus
distributions for arbitrary networks, and utilize only local
topology information.

III. C ONVERGENCE TOQUANTIZED CONSENSUS

We consider a class of distributed averaging algorithms,
which we callquantized gossip algorithms.

In a quantized gossip algorithm, at each time, one edge is
selected at random, independently from earlier instants, from
the setE of edges ofG, and the values of the nodes that the
selected edge is incident on are updated. A quantized gossip
algorithm is completely described by the method of updating
values on the selected edge, and the probability distribution
over E according to which edges are selected. Further, we
require that the method used to update the values satisfy the
following properties.

Say edge{i, j} is selected at timet, and letDij [t] = |x[t]i−
x[t]j |. Then, if Dij [t] ≥ 1, we require that

1) x[t + 1]i + x[t + 1]j = x[t]i + x[t]j ,
2) if unode = arg maxi,j(x[t]i, x[t]j) and dnode =

arg mini,j(x[t]i, x[t]j), then x[t + 1]dnode > x[t]dnode

andx[t + 1]unode < x[t]unode, and
3) if Dij [t] > 1 thenDij [t + 1] < Dij [t].
We also assume that each edge ofG has positive probability

of being selected. This is only for simplicity: for convergence
to consensus we only require that the set of edges which
have a positive probability of being selected form a connected
spanning subgraph ofG.

Let us examine the above properties in detail. The re-
quirement that node values at the vertices of only one edge
be updated at a time might appear unnatural. However, as
discussed in [4], in a continuous time setting in which each
node asynchronously updates its value based on the value
of one of its neighbors this requirement is naturally met if,
for example, the updates are performed at random times and
the inter-activation time of each edge is a continuous random
variable. We refer the reader to [4] for a detailed discussion
of the relation between the continuous time and discrete time
systems.

Property 1 is required for the sum of values in the network
to be constant. To see the significance of property 2, consider
an averaging algorithm in which edges are selected as in a
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Fig. 1. A non-randomized scheme may fail to converge. The number adjacent
to a circle denotes the value at the node corresponding to thenumber inside
the circle.

quantized gossip algorithm, but the following method is used
for updating node values: if edge{i, j} is selected at timet and
i < j, update the values of nodesi andj respectively asx[t+

1]i =
⌊

x[t]i+x[t]j
2

⌋

andx[t + 1]j =
⌈

x[t]i+x[t]j
2

⌉

. This scheme

satisfies all properties except property 2 (whenx[t]j = x[t]i +
1). Now, consider a linear network,1− 2− · · ·−N , in which
x[0]i = i for i = 1, . . . , N . Independently of the sequence in
which edges are selected, under this algorithm,x[t]i = i for
all t. One can come up with similar examples in which the
network fails to reach a quantized-consensus distributionfor
an update method that does not satisfy property 3.

Further, in the absence of randomization, an algorithm with
an update method satisfying properties 1-3 above may fail to
converge to a quantized-consensus distribution. This is the case
even when all edges inG are activated within any interval of
some fixed lengthB, unlike in the non-discretized setting [1].
For example, consider the three node cyclic network consisting
of nodes{1, 2, 3} in which x[0]i = i for i = 1, 2, 3. Consider
a non-randomized averaging algorithm in which the update
method satisfies properties 1-3, which updates values at the
vertices of edge{1, 2} at time1, edge{1, 3} at time2, edge
{3, 2} at time 3, and thereafter repeats this cycle. As shown
in Figure 1, the distribution of values in the network does
not change. Randomization, however, ensures that there is a
positive probability of any two values in the network being
averaged in finite time, and therefore guarantees consensusin
arbitrary connected graphs.

The main result of this paper is the following:
Theorem 1: For any given initial vectorx[0], if the values

x[t] are updated using a quantized gossip algorithm, then

lim
t→∞

P [x[t] ∈ S] = 1,

whereS is as in (1).

The following are two examples of quantized gossip algo-
rithms. Here we assume that at each time an edge is selected at
random fromE, with each edge having a positive probability
of being selected.

Algorithm 1: Perfect balancing: If edge{i, j} is selected at
time t, then withdnode andunode as above, we update the
node values as follows:

x[t + 1]dnode :=

⌈

x[t]i + x[t]j
2

⌉

x[t + 1]unode :=

⌊

x[t]i + x[t]j
2

⌋

. (5)



For example, consider the 3 node path1− 2− 3, with x[t] =
(2, 5, 6). If the edge1−2 is selected at timet, thenx[t+1] =
(4, 3, 6). If edge2 − 3 is selected at timet, thenx[t + 1] =
(2, 6, 5), etc.

Algorithm 2: Quantized averaging: For somew ∈ (1
2 , 3

4 )
such thatw is not a rational number with an even denominator,
define,W {i,j} ∈ R

N×N as

W {i,j} = I − w(ei − ej)(ei − ej)
T ,

where ei ∈ R
N is a vector with theith entry 1 and the

remaining entries0. Consider the update in (3), withW [t] =
W {i,j} if edge{i, j} is selected at timet.

To verify that Algorithm 2 satisfies the above properties,
note that it corresponds to the update
[

x[t + 1]i
x[t + 1]j

]

= Q

([

1 − w w
w 1 − w

] [

x[t]iδ
x[t]jδ

])

= Q

([

x[t]iδ
x[t]jδ

]

+

[

wDij [t]δ
−wDij [t]δ

])

,

and x[t + 1]k = x[t]k for k /∈ {i, j}. Now, for any integer
n, Q(nδ + x) = n + Q(x), and for anyw that is not
rational with even denominator, it can be easily checked that
Q(−wDij [t]) = −Q(wDij [t]). Therefore, the update can be
written simply as

[

x[t + 1]i
x[t + 1]j

]

=

[

x[t]i
x[t]j

]

+

[

Q(wDij [t]δ)
−Q(wDij [t]δ)

]

,

and it is apparent that the sum of node values is preserved in
this algorithm,1T x[t + 1] = 1T x[t]. If, further, w ∈

(

1
2 , 3

4

)

,
then it is straightforward to verify that the other two properties
are also met (w > 1

2 is required for property 2, andw < 3
4

for property 3).
In fact, Algorithm 2 can be thought of as an approximation

to Algorithm 1 in the following sense: ifw = K+1
2K+1 for

some integerK, then it is straightforward to show that for
Dij [t] ≤ 2K, Algorithm 2 is the same as Algorithm 1. For
Dij [t] > 2K, Algorithm 2 may not balance node values across
the selected edge completely. As a numerical example, for
w = 3

5 , andDij [t] = 6, we haveQ(wDij [t]δ) = 4, and so
x[t+1]unode = x[t]unode−4, andx[t+1]dnode = x[t]dnode+4,
so thatDij [t + 1] = 2. However, by Theorem 1, Algorithm 2
eventually converges to the set of quantized-consensus distri-
butions.

IV. PROOF OFCONVERGENCE

A. Background: Markov-chain theory

We briefly review some concepts from Markov chain the-
ory [20] that are relevant to this paper.

A setC of states in a Markov chain is called aclosed class
if for any states ∈ C, the only transitions possible froms are
to states inC. A states is called anabsorbing state if{s} is
a closed class.

The following result is well known [20]:

Lemma 1: Consider a finite state Markov chain with only
one closed classCE. Let s[t] denote the state of the Markov
chain at timet. Then,

lim
t→∞

Pr[s[t] ∈ CE ] = 1.

B. Proof of Convergence

We denote the state of the system at timet to be the vector
of values at the nodes,x[t] = (x[t]1, . . . , x[t]N ). For any
quantized gossip algorithm, givenx[t] we know the probability
distribution ofx[t + 1]. Therefore,x[t] evolves as a Markov-
chain.

Clearly, in a quantized gossip algorithm, ifx[t] ∈ S, then
x[t + 1] ∈ S. Therefore, the setS of quantized-consensus
distributions in (1) is a closed class of this Markov chain.

Therefore, to use Lemma 1 and complete the proof, it
suffices to show that from any state in the Markov chain, there
is a positive probability of reaching some state inS.

Define

m[t] = min
i

x[t]i, M [t] = max
i

x[t]i, D[t] = M [t] − m[t].

(6)
It is easy to see that for any quantized gossip algorithm,m[t] is
non-decreasing andM [t] is non-increasing. Therefore, at any
time, the value at any node in the network is betweenm[0] and
M [0], that is, there can be at mostD[0]+1 different values in
the network at any time. As a result, a trivial upper bound on
the number of states in the Markov chain is(D[0]+1)N < ∞.

Lemma 2: Define

Nm[t] = |{i|x[t]i = m[t]}| , NM [t] = |{i|x[t]i = M [t]}| ,

the numbers of nodes with the minimum and maximum values
in the network, respectively.

Let D[t] ≥ 2. Then

1) if NM [t] > 1, there is some timet′ > t such that there
is a positive probability thatNM [t′] < NM [t].

2) if Nm[t] > 1, there is some timet′ > t such that there
is a positive probability thatNm[t′] < Nm[t].

3) if Nm[t] = 1 or NM [t] = 1, then there is some timet′ >
t such that there is a positive probability thatD[t′] <
D[t].

Proof: Say NM [t] > 1. SinceD[t] ≥ 2, the setL of nodes
that have valueM [t] − 2 or less is non-empty at timet. Let
M be the set of nodes which have valueM [t]. Select a pair
of nodes,lnode from L andMnode from M such that a path
between them is a shortest path betweenL andM. Let this
path beP = (lnode, v1, . . . , vp, Mnode), where{v1, . . . , vp}
is a possibly empty subset of{1, . . . , N}. Such a path exists
becauseG is connected. LetlP be the number of edges in this
path. Then, all nodes on the pathP exceptlnode have value
M [t] − 1 at time t, by assumption. Further,lP < ∞, since
there are only finitely many nodes in the network, and each
edge on the path has a positive probability of being selected
at any time. Therefore, there is a positive probability that
in the lP time units following t, the edges of this path are
selected sequentially, starting with the edge{lnode, v1}. But



at the last step of this sequence, the values ofMnode and its
adjacent node, which at that time has value at mostM [t]− 2,
are updated. Therefore, by the properties of the update in a
quantized gossip algorithm, the value of both nodes become
strictly less thanM [t]. Therefore, witht′ = t + lP , we are
done in this case.

By the same reasoning as above we can prove that if
NM [t] = 1, then there is a positive probability that att′ =
t+ lP the maximum value in the network decreases by at least
1, and therefore thatD[t′] < D[t].

Similarly, we can prove that ifNm[t] > 1, then there is a
positive probability that at some timet′ > t Nm[t′] < Nm[t],
and if Nm[t] = 1, there is a positive probability thatD[t′] <
D[t]. �

Using Lemma 2 repeatedly, and using the fact that the sum
in the network is preserved, we get a path from any state in
which D ≥ 2 to one in whichD ≤ 1, that is, to a state in the
closed classS. This completes the proof of Theorem 1. �

V. CONCLUSION AND FUTURE WORK

We have described a class of simple, fully distributed
algorithms, which achieve consensus in the presence of dis-
cretization. We have also studied various applications in which
discretization is important. Some initial results on the conver-
gence times of quantized gossip algorithms appear in [21].

In this paper, we have focussed on algorithms for updating
node values which act on the vertices of exactly one edge
of the network at each time. It is clear that the same proof
for convergence holds for similar algorithms which pick a
matching in the graph at each time, though the latter are at
least as fast as the algorithms we have studied.

We are currently investigating the convergence times of
both quantized gossip algorithms and such matching-based
algorithms.
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