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For a class of nonlinear systems a constructive output-feedback control design achieves local
near-optimality and semiglobal inverse optimality with a prescribed ¥ ,-gain.

Abstract

Locally optimal backstepping is extended to output-feedback systems with input disturbances and nonlinearities that depend only on
the measured output. The constructive design blends worst-case filtering with backstepping, and results in a disturbance attenuating
dynamic output-feedback controller that achieves semiglobal inverse optimality and local near-optimality. © 2001 Published by

Elsevier Science Ltd.

Keywords: Backstepping; Dynamic output-feedback; Nonlinear systems; Local optimality; Inverse optimality; Robust control; Disturbance

attenuation

1. Introduction

While linear 57, -design is fully developed (Doyle,
Glover, Khargonekar, & Francis, 1989; Basar &
Bernhard, 1995), the development of its nonlinear
counterpart has proven to be much more difficult. Non-
linear 7, optimality conditions (van der Schaft, 1993;
Lu & Doyle, 1995; Battilotti, 1996) yield either local
(Isidori, 1994; Isidori & Kang, 1995), or infinite dimen-
sional controllers (Basar & Bernhard, 1995; Didinsky,
Basar, & Bernhard, 1993; Ball, Helton, & Walker 1993;
Krener, 1995; James & Baras, 1995). Constructive non-
linear designs either do not achieve optimality (Li, 1997),
or do not penalize the cost of control (Tezcan & Basar,
1999). To avoid the need to solve the Hamilton-

*This paper was not presented at any IFAC meeting. This paper was
recommended for publication in revised form by Associate Editor
H. Nijmeijer under the direction of Editor Roberto Tempo.

* Corresponding author. Tel.: + 1-805-968-6787x180; fax: + 1-805-
685-8089.

E-mail address: kezal@toyon.com (K. Ezal).

Jacobi-Isaacs (HJI) equation, recent research has con-
centrated on inverse optimal designs that first find
a stabilizing feedback control law and then determine
a cost functional which is minimized (Freeman
& Kokotovic, 1996; Krstic & Li, 1998; Ezal, Pan,
& Kokotovic, 2000). With such designs, even though
stability properties similar to those of an optimal design
are achieved, a prescribed performance level cannot be
guaranteed. For full-state feedback problems, a new
backstepping design procedure developed in Ezal et al.
(2000) renders the resulting controller #  -optimal for
the linearized system, and globally inverse optimal for
the nonlinear system.

In this paper we construct finite dimensional dynamic
output-feedback control laws which achieve local near-
optimality and semiglobal inverse optimality with a pre-
scribed #,-gain for nonlinear systems in output-
feedback form. Such systems have nonlinearities that
depend solely on the measured output. The design com-
bines the locally optimal backstepping procedure of Ezal
et al. (2000) with the cost-to-come methods for robust
estimation (Didinsky et al., 1993; Pan & Basar, 1998;
Tezcan & Basar, 1999). The main problem is formulated
in Section 2. The design procedure is presented in Section

0005-1098/01/$ - see front matter © 2001 Published by Elsevier Science Ltd.
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3 and followed by an example in Section 4. The paper
ends with the concluding remarks of Section 5 and three
appendices. In addition to supporting the developments
in the main sections of the paper, the appendices also
contain substantial material of independent interest. Ap-
pendix A summarizes the cost-to-come method and 7, -
filtering, while Appendix B provides the solution to
a benchmark problem which is the main problem with
the controller also having access to the derivative of the
output. Because of this additional information, the solu-
tion to the benchmark problem sets a lower bound on the
cost of the main problem, and plays a key role in proof of
the main result given in Appendix C.

In the notation we adopt in this paper, Ap; consists
of the first i columns and the first i rows of AeR"™".
The same notation is used for xp, fiy, Gy, and
apy := [aiy -+ a;] where a;; is the i, jth element of A. The
zero n-vector is denoted by 0,, and A4 1y, A124+1; and
Ajqi+1) are defined by

4= [ Ay A12{i+1}:|.
Ajivy

Az (i+1}
I(¢) is the vector formed by stacking up the columns of
the matrix  II(t), q.(x):=(0q/0x)(x), g.c(X):=
2(0%q/0x?)(x), and I, () = O(J,(¢)) means that there exist
constants c¢; and ¢, such that |0;(g) < c,y|d2(8),
whenever |¢| < c;.

2. Problem formulation

We consider nonlinear systems in output-feedback form
X = Ax +f(x1)+G1(x1)w+Bzu, (1a)
y=x; =:Cyx, (1b)
where x e R" is the state, we R?is the disturbance, ue R is
the control, yeR is the output, B, =[0,_; 1], and 4

is such that its itvh row is [ap 1 0,-;—1]. We assume
that  f(xq):=[fi(x1) -+ fulx1)]  and ~ Gy(xy):=
[gi(x1) -+ gu(x1)] are sufficiently smooth and
fx(O) = 0. In this structure, (4, B,) is controllable and
(A4,Cy) is observable. Denoting By:=[b} --- b,]:=
G(0), we assume that (A4, B;) is controllable. With w = 0,
we know that this class of systems is globally stabilizable
by output-feedback (Marino & Tomei, 1991; Kanel-
lakopoulos, Kokotovic, & Morse, 1991).

2.1. The output-feedback problem

In the region where the linear dynamics
X =Ax + Byw, + B,u,,
y=0Cyx

are valid, the #,, disturbance attenuation problem is to
design a stabilizing dynamic output-feedback control law

which minimizes, for the worst-case disturbance, the cost
functional

o0

Jo(uyw,) = J [x'Ox + Ru} — “/ZWI/W/] dt, ()
0

where Q > 0 and R > 0 are prespecified. This problem is

equivalent to the linear dynamic game

U,(x(0)):= min max J,(u,,w,) < o0,

u;  wy, x(0)
where U,(x) is the upper value function. We assume that
the optimal attenuation level y* > 0 exists and, hence, the
desired level of attenuation y > y* is achievable.

The nonlinear optimal disturbance attenuation prob-
lem for system (1) is to design a stabilizing dynamic
output-feedback control law which minimizes, for the
worst-case disturbance, a cost functional of the form

J(u,w) = J [g(x) + r(x)u® — y*ww]dt,
0

where ¢g(x) = 0 and r(x) > 0 are not specified beforehand,

that is, our global objective is inverse optimality. For the

equivalent dynamic game

U(x(0)):= min max J(u,w) < o0,
u  w,x(0)
the function U(x) is the upper value function.

Local optimality: An inverse optimal feedback control
law u = u(y) with value function U(x) is also locally H# .-
optimal if U,(x) = x'[U,(0)]x where U,(x) is the
H o, -optimal value function of the linear dynamic game.

Thus, for simultaneous local optimality and global in-
verse optimality, we impose the requirements ¢..(0) = Q
and r(0) = R.

2.2. Design methodology

We rely on , -filtering theory to design a robust
observer X = F(y, %, u), where X€R" is the estimate of x,
and the estimation error x — X =:X(t) >0 as t - oo for
any w(t)e ¥ ,. However, the cost-to-come methodology
(Appendix A) requires that the output y depend on
a measurement disturbance in a non-singular way, a
requirement not satisfied by system (1). To avoid this
singularity, we introduce a small measurement noise
&v,

X = Ax +f(x1)+G1(x1)w+Bzu, (3a)
y=Cix + e, (3b)

where ¢ > 0. The optimal solution of the singular noise-
free problem (1), if it exists, is the limit, as ¢ » 0, of the
small-noise problem (3).

As in Pan and Basar (1998), the limit as ¢ -0 is
interpreted via a benchmark noise-free problem in which
the output derivative j is available for feedback. Asymp-
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totically, as ¢ — 0, the performance of the J,, -filter for
the small-noise problem leads to the same performance
as the s, -filter for the benchmark problem. Hence, the
solution of this benchmark problem provides a tight
lower bound on the optimum performance for the small-
noise problem. The details of the benchmark problem are
in Appendix B. To proceed further, we need to distin-
guish the notions of near-optimality and suboptimality.

Near-optimality: An inverse optimal feedback control law
u = w(y) with value function U(x) is also locally near-
optimal if U,(x) = X'[U(0)]x + O(¢) where U ,(x) is the
H . -optimal value function of the linear dynamic game.

Suboptimality: An inverse optimal feedback control law
u = wu(y) with value function U(x) is also locally suboptimal
if Uyx)<XTU(0)]x where U,(x) is the A, -optimal
value function of the linear dynamic game.

Our approach is to replace (2) with

j/(”/a w,) = J |:>~‘/Q~1)~C + %/Qﬁ% + R”/Z - VZW;'W/] dt, (4)
0

where §; and 0, are picked in such a way that, given any
0>0,%¥0,% +%0,% > x'Qx. This results in a near-
optimal control law which guarantees the same level of
disturbance attenuation with respect to any cost func-
tional that is no larger than (4), including (2). We assume
that the optimal attenuation level y} > 0 exists for each
¢ and, hence, y > v is achievable. We will also achieve
semiglobal inverse optimality with respect to a cost func-
tional of the form

J(u,w) = r[q(sc, %) + (X, X)u* — p*wwldt, (5)

0

where ¢(X,%X) >0 and r(X,X) >0 are determined a
posteriori.

We now introduce three assumptions which will be
needed in the design to be presented in the next section.

Assumption 1. There exists ¢, > 0 such that N(x;):=

g1(x1)g1(x1) = ¢, > 0 for all x; eR. In the linear case
NO = blbll > Cy.

Assumption 2. Given Q; = 0,5, >0, the filtering
GARE

0=M7Ay + AgI1P — IP[°CyiNg 'Cy — Q4 11

+ 7 2B, B, (6)
with Cy:=[10,_,], Ag:= A;», — By;2,b1 Ny 'Cy, and
By := (By5[I — by Ny 'by1By2)"2,

admits 1 >0 such that A, —y2I*CiNy'C, is
Hurwitz.

Assumption 3. Given Q, = 0, > 0 and R > 0, the con-
trol GARE

1 o
0=PA+ AP, + Ps<—2B1B’1 - BZRIB/2>PS + 0,
V
(7

with By := [N§? '\ J,and I"y, = (B, 5)by +y* 17 Cy)Ny 12
admits P, > 0 such that
1. 4
A— <32R13'2 — —2313'1>PS and A4 — B,R 'B,P,
Y

are Hurwitz.

3. Main problem: locally near-optimal design

As in Pan and Basar (1998) and Tezcan and Basar
(1999), we obtain the #,-optimal observer for the
small-noise system (3). In the limit as ¢ — 0, this observer
becomes the observer obtained for the benchmark prob-
lem in Appendix B.

3.1. Local design
The A, -optimal filter for the linearization of system
(3) is given by

2
0 = [T*(e)A’ + AIT*(c) — Hw(e)B—ZC’l C, — Ql}ﬂ‘”(s)
+ 77 ’B; B}, (8a)
. ’))2
S = AR+ I()C L+ Bou, (8b)

where {:= (1/¢)C,X = (1/¢)X;. The optimal control law,
which minimizes the cost functional (4), is
u = p,(e%):= — R 'B, P(¢)%, where P(¢) is the solution
of the control GARE

0= P(e)A + A'P(e)

VZ

+ P(8)|:82HOO(S)C,1 Cl HOO(S) — BzR_lB,2:|P(8) + Qz.

©)
Symmetric positive definite solutions I1*(e) and P(e) to
the filtering GARE (8a) and the control GARE (9) exist
for all y > y¥ (Basar & Bernhard, 1995). Both of these
equations are singularly perturbed by ¢. As in Kokotovic
and Yackel (1972) and Pan and Basar (1994), we
substitute

() = [ w} + a[ Y ;2] +0?)
0 IIg 12 135

into the filtering GARE (8a). Then, collecting like powers
of &, we recover the filtering GARE (6) with C; = 4,55,
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and solve it explicitly for II{; =y 2N§* >0 and

¥ =7 XByayby + I Cy )Ny 2. Moreover, with
B, defined by Assumption 3, ¢ 1T*(e)C; =y 2B, + O(e).
Thus, the control GARE (9) reduces to

1.
0= P(e)4 + A'P(c) + P(s)[y—zBl B, — B,R'B, }P(s)

+ 0, + 0(s),

which is a regular O(e) perturbation of GARE (7) and,
hence, P(e) = P, + O(e).

Using matrix inversion identities and & = X;, the
value  function of this filtering  problem,
Wi(e:X) = X(IT50) 1%, is Wile:X) = oy (17) 'Ky +
O(e). In view of %X; =x; —¢&l and P(e) = P, + O(e),
the control value function, V,(gX)=XP(e)x, 1is
V,(e;%) = X' Pox + O(e), where x:=[x; X{5;]. These
value functions are O(¢)-close to the filter value function
W ,(X(2;) and the control value function V,(x) for the
benchmark problem of Appendix B. Thus, the value
function for the output-feedback problem, U,(¢; X, X), is
O(e)-close to the value function (B.6) of the benchmark
problem, and

lim U/(S; )NC, )’Ef) = 5622}(17:3)_1.%{2} + X/PSX = U{(X,SC{Z\).

=0

The local properties of the linear design are summarized
as follows.

Lemma 1. For all vy>vy¥  the control law
u=u,(eX):= — R "B, P(e)X, applied to the linearization
of system (3) with the linear observer (8), is H ,-optimal
with respect to the cost functional (4), and is suboptimal
with respect to the cost functional (2). Furthermore, when
w, =0, the equilibrium (x,X)=(0,0) is exponentially
stable, while for all w,(t)e ¥, all system signals are
bounded and converge to zero as t > .

Proof. The time derivative of the output-feedback value
function is

U, = —X0,X—%0,% — Ru} +7°wyw,
—7%w, — Vf,|2 (- Vc/)z + R(u — p, )%,

where the worst-case filtering disturbance is v;, := (1 fom)
B, (IT”(s)) " '%, and the worst-case control disturbance is
ve, := (1/e)C 1”(e)P(¢)k. Hence, the control law
u, = u,(¢; %) minimizes the cost functional (4) for all
y > y¥, and the equilibrium (x, X) = (0,0) is exponentially
stable when w, = 0. Moreover, when w(t)e &, all system
signals converge to zero as t » oo (Teel, 1999). If J, and
0, satisfy X0, % + ¥0,% > x'Qx, then

. 2 2 2 2
U, < —X'0x — Ru; +y*wyw, — y“lw, — Vf/,|

=7 = ve,)* + Rl — ),

which implies that u, = u,(¢;X) is suboptimal with
respect to cost functional (2), that is, UZX(x(0)) <
U, (g; X(0), X(0)), where

U#(x(0)):= min max J [x'Ox + Ru} — y*w,w,]dt (11)

u, w, 0

is the optimal value function associated with the stan-
dard linear 5, -optimal control problem. [

3.2. Nonlinear design

The worst-case observer for the nonlinear system (3) is
2
[1() = M(e)A’ + AII(s) — H(s)[”Z c,C, — @]
&

x (e) + 772Gy (x1)G1 (x1), (12)

§= A% + f(xy) + Z—zn(s)c;(xl — %)+ Bou, (13)

where © =y~ 21~ 'MII~! with some design parameter
M > 0. Because this observer is not in strict-feedback
form, we consider a reduced-order observer obtained in
the limit as ¢ — 0. Substituting
I, ,(t
12( )] L o)

0 0 I, (1)
H(gt) = |: ] + e[ )
0 I Il 5(1)  I155(7)

into DRE (12) and letting ¢ —0, we obtain I1{; =
p 2N1'2% (x;) and

ﬁs s HS/I’ + /IHS - Hs[ﬁ/zé/lNil(xl)Cl - @s]Hs

+ 7 2BB, (14)
where Ci = Ay22), O(I1):=y 2 ' M5 111,
II'y, =y~ % I'y(xy,1I,), and the explicit expressions for

A(x1), B(x;), and I'{(x;, 1) are defined by (A.3). Note
that the reduced-order DRE (14) is identical to the DRE
(B.7a) for the benchmark problem, and is time invariant
whenever G;(x{) = B;. As in Appendix B, we select the
initial condition of the filter to be I1,(0) = I1° > 0, and
M,y :=y*IFQ ¥ where Q;:= Q) >0 and I17 is
the steady state solution of the filtering GARE (6).

The approximation in the filter dynamics we have
made thus far is that of reducing the order of the DRE.
Two further approximations a;,X; ~a;;x; and
Az1(2yX1 & A1(2)X1 are not essential but are now made
to simplify the stability analysis of the approximate filter

R Y 1
X1 =ayxy + X, + filxg) +EN1/2(X1 — X1),

%1(0) = X4,, (15a)
Xy = ARy + 0lxy)
1.
+ EF1(X1’H5)(X1 — X1) + Bypoyu, (15b)
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where @(x1):= A1(2X1 + f2(x1), %(2,(0):= 0, and %y,
is the initial condition for the estimate of the measure-
ment. Since v = 0, we can always set X;, = x;(0). System
(3), the reduced-order DRE (14), filter (15), and the fast
dynamics of the error { = (1/¢)(x; — X{) are written to-
gether as

E=A11(E) + A 12O + B11(Ew + B12(Eu,
el = A 21(&) — A 22O + Ba1(Ew,

where ¢i=[xy X{g Xip ILT and A 5y =
(B1B51)1* = c}? >0 for all £ Using singular per-
turbation arguments (Kokotovi¢c, Khalid, & O’Reilly,
1986), we let ¢—0, compute the slow manifold
(o= A 55 (A 51 + B, W) and, substituting in (16), arrive
at

(16)

55 = Ml(és) + ﬁl(ﬁs)ws + gzusa (17)
where &{1 = %11 +%12J2{2721J2{21, 931 = gll—i_

A 15,52 RB1,and B, := HB,,. System (17) is identical to
(B.17), and its subsystem

Il = m(x,,, 11,), (18a)

§Cs’2} = Ay X2y + 0xg,) + Iyi(x, )@+ B2y uq

1

(18b)

is identical to observer (B.7) obtained for the benchmark
problem. Hence, as ¢ — 0, the reduced-order observer (18)
constitutes the limit for the observer given by Eq. (13).

It was also demonstrated for the benchmark problem
in Appendix B that the closed-loop system (17) with

u=pxI0):= — 3 (&)BHU: (19)

and w = v(x, X5, I1,):= (1/2y*)%1(E)U’: satisfies the HIT
equation (B.19) with the value function (B.18), that is,
U(&):= V(x,II) + W (X3, 11;). Therefore, the feedback
control law (B.13) obtained for the benchmark problem
will be utilized without any changes, except that the
states (X2, 1) will now be provided by observer (15)
rather than by (B.7). Next, we introduce the composite
state &, :=[¢ (], and write system (16) as

éc = y(éc) + gl(éc)w + gZM' (20)
A Lyapunov function for this system is
V(Ce) = U(Q) + &(<,0),

where  U(&,0):= 910 — A3 A 21 — (1/2°) 4 33 B2 B
Ui%.:. Given >0 and ¢>0, we define the set
Q(p, &)= Qe(B) x (B, &), where

Q.(f):= {EeR" xR ' x R"" > 0| U(&) < B},
Q(p.e):= {LeR[eU(& () < pVEEQ:P)).

To state the main theorem of this section, we now take
the disturbance w(f) to belong to the set #',(c,,):=

W) e Z, |Iw@)l, < cy, ), where ¢, is a prespecified
known positive constant.

Main Theorem. [f Assumptions 1-3 are satisfied, then for
each pair (p,c,,) there exists ¢5 >0 such that for all
S (05 832)7 W(t) € Wz(ch ): and

£(0)eQ(B, )N {IL(0) = 11 > 0,%2,(0) = 0,1}, (21)

the closed-loop system (19), (20) achieves:

(1) The boundedness of all signals, and their convergence
to the equilibrium, i.e., £ (t) > ., = [05,-; TI" OF
ast— o0.

(2) Semiglobal inverse #,-optimality with respect to
a cost functional of the form

T w) = r[:@(fc) L —pPwwldn, ()
0

where 2(&.) =0, r(&.) > 0, and y > y¥ > 0.

(3) Local near-optimality with respect to the cost func-
tional (4) where O, O, and R are prespecified positive
definite matrices, and vy > y¥ > 0. Moreover, local
near-suboptimality is achieved with respect to the cost
functional (2) where Q and R are prespecified positive
definite matrices.

Proof. The proof of the Main Theorem is found in
Appendix C.* [
4. Example

Our task is to design an output-feedback control law
for the nonlinear system

X =X3 4+ x5 + W, (23a)

X, = —w+u, (23b)

y =X, (23¢)

that is locally optimal for the cost functional

J(u,w) = J [xT +x3 +u? —p*w?]de (24)
0

As we did with (4), we replace (24) with

T (u,w) = J [X3 + 2%3 4+ &2 4 232 + u? — y*w?]dt,
0

(25)

where X=x—X%, X 1is the estimate
~2 ~2 o2 22 2 2
X1 + 2% + X7 + 2X5 = x7 + Xx3.

of x, and

! One can also show that if the input disturbance is bounded, i.e.,
w(t)e ¥, then all system signals remain bounded in a semiglobal
fashion (Ezal, 1998).
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The nonlinear reduced-order observer (15) for this
problem is

. 1

X1 =% +x7 +E(X1 — X1)s (26a)
. L, .

=070~ D~ )+ (26b)
Hs = 2Hs - (“/2 - @s)Hsz, (260)

where %(0) = 0, O,(I1(t)) = y~ I "(t)MII; *(t) > 0 and
M= 29?[I*I® > 0. We select I1,(0) = II®, where IIZ is
the steady-state solution of the DRE (26¢). This yields
() = O* = 2>y*> —2)" ' and O,(ITF) = 2, and we select
7 =3> /2, s0 that I1,(0) = [1¥ = 0.29 > 0.

In the benchmark problem, where y = X, is available
for feedback, the extended output is defined by
y = X; — x1, and the reduced-order cost functional is
obtained by setting X; = 0 in (25), that is

T (u,w) = J [2%3 + x? + 283 + u? — y*w?]dt (27)
0

The worst-case observer (B.7) for the benchmark prob-
lem with =y — X, is X, = ()?II¢ — 1)@ + u, and the
DRE is (26¢c). Since @ = X; — x3 — X,, we rewrite the
observer dynamics as

X =x1 + % + o (28a)

%, =157 +u (28b)

For the linearization of system (28) and the cost func-
tional

J(u,w) = f [x? + 283 + u? —y?@*] dt,

0
the full-state feedback 5, problem has a solution P, > 0
to (7) for all y>q9y*=2622> \/5, resulting in
u, = w,(x) = — ByP,x = —291x; — 4.24%,. Using the
Cholesky factorization P, = L' AL, and following the

design procedure of Appendix B, we compute the locally
optimal nonlinear control law as

u=jz):= — 4247 (2)z,, (29)
where 7(z) is defined by (B.16), R=1, d(zy)=
1.61z, + 09723, and z=®kx) is z; =x; and

Z, = X, +0.69x; + x7.

The control law (29), derived for the benchmark prob-
lem, together with the observer derived for the output-
feedback problem (26), achieves semiglobal inverse
optimality with respect to (22) and local near-optimality
with respect to (25). Moreover, this dynamic output-
feedback control law is locally near-suboptimal with
respect to (24).

5. Conclusions

For a class of nonlinear systems with additive uncer-
tainty, we have obtained in this paper an output-
feedback control law that achieves local near-optimality
and semiglobal inverse J# , -optimality. If the derivative
of the output measurement is also available for feedback,
then the same control law with a reduced-order observer
is shown (in the benchmark problem of Appendix B) to
achieve local 7 -optimality and global inverse -
optimality. Unlike standard linear #, -designs which
penalize the actual state of the system, the performance
index we consider penalizes the estimation error and the
estimate of the state. When the penalty matrices are
chosen carefully, the optimal controller which corresponds
to the modified performance index is shown to be subopti-
mal with respect to the standard #,, -performance index.

The local optimality property obtained in this paper is
for the linearized system with respect to a quadratic
performance index. For the full-state feedback problem
a higher-order locally optimal design was developed in
Pan, Ezal, Krener, and Kokotovic (2000) for nonquad-
ratic cost functionals using a nonlinear Cholesky factor-
ization. With considerable effort that approach can be
extended to situations when the linearization of the sys-
tem is not controllable, but the system is stabilizable via
some nonlinear terms. A simple example of such a system
is X = xu with the cost functional J = [§(x* + u?)dt.
Similar extensions seem possible for the output-feedback
case, and are open to future research.
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Appendix A. Nonlinear 7, -filtering

The cost-to-come methodology and #, -filtering the-
ory (Didinsky et al., 1993, Didinsky, Pan, & Basar, 1995;
Pan & Basar, 1998; Tezcan & Basar, 1999) is summarized
here in the context of the nonlinear system

p=Ay+ o + TLiGw+ L0 2(0) = %o,

y=Ciyx+ Hi()w, (A.1)

where y € R" is the state, ue R is the control, we R? is the
disturbance, yeR™ is the output, y, is unknown, while
¥0) =y, is known. It is assumed that N(y):=

~

H,,(»)H},(3) > 0 for all e R™ For system (A.1), we use
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the nonlinear observer

1= A7+ o) + I, M@+ T, (A.2a)
=14, + A1 — II[y*C,N~'C, — @111

+ 972 [I — H,, N *H,,]I'}, (A.2b)
where (0) = %0, I1(0) = y 20, !, and
Iy, = Hyy +y*ICyH)N 2, (A.3a)
A.() =4 — Ry, (A.3b)
@(y) = N~y —Ci)) (A3c)
R(3) = I ()H (N (5)eR™™, (A.3d)

The cost functional associated with system (A.1), (A.2) is

T, w) = J [ — 0 OGO x —7)

0

+ l(j)a j\() l'l) - VZW/W] dt: (A4)

where [(y, 7,u) = 0 and O(y(t)) > 0. Our objective is to
find an output-feedback control law which solves the
differential game inf,sup,, ., J(u,w) < 0. We assume
that the optimal disturbance attenuation level y* >0
exists and, hence, any desired level of attenuation y > y*
is achievable. The cost-to-come analysis establishes that
this differential game for (A.1), (A.2) is equivalent to
a differential game with respect to the equivalent distur-
bance @ in the 7-coordinates:

inf sup J(u, w) = inf sup J(u,@) < oo,

u Xosw u @

where J(u,@):= [§[1(7, 7 u) — 2@ (y)@(y)] dt. This new
differential game constitutes the control design and the
function [(y, %, u) is constructed during the controller
design procedure.

The worst-case observer (A.2) has some desirable prop-
erties. For example, the time derivative of the candidate
value function W (%,I1):= 711~ '(t)7 = 0 along the error
dynamics is

W= —q(0)—y*da— 7w —v|* + >ww,

where 7:=y —% ¢qi1(%.t):= |73, and the worst-case
disturbance is

Vg i = A/lzN_I/ZW— ﬁ/lzN_lél}?

1 o Ml
+’))_2|:I — 12N 1H12]F1H 1%. (AS)

The solution of (A.2b) plays an important role in the
stability of the closed-loop system. When y = 0 this dif-
ferential equation becomes

17 = H(/& - KOCI)/ + (A — Koél)n
— O[*CyNg 'Cy — 0,111

+972y, [I = DyNg 'D 1T, (A.6)

where I'y,:=1,(0), D,:= H,(0), No:=N(0), K,:=
K(0), and Q; > 0 is some prespecified matrix.

Lemma A.l. Given y > 0 and Q, > 0, suppose that (A.6)
with I1 =0 has a solution I, =1, >0 such that
A—Ry,C, —*11,,CyNy'C, is Hurwitz. Let I1, = IT,
and O(IT):= y~ %I~ (t)MII~*(t) > O for some M > 0, and
suppose there exists ¢, > 0 such that ||y(t)||,, < c,. Then,
there exist continuous decreasing positive functions B, (c,)
and Bg(c,), and increasing positive functions By (c,) and
Bé(cy), such that V't = 0,

0 < Br(c)I < Y1) < Brley) < o,
0 < Bo (e, < OUI() < Pa(e,)] < . (A7)

Moreover, if M:=9*I1,0,11, and lim,_,, 3(t) = 0, then
lim,_ , I1(t) = I, and lim,_,, O(t) = Q.

The proof of Lemma A.1, given in Ezal, (1998), relies
on the continuity of solutions of algebraic Riccati equa-
tions (Lancaster & Rodman, 1995, Theorem 11.2.1) and
on comparison theorems for differential Riccati equa-
tions (Freiling & Jank, 1996).

Appendix B. Benchmark problem: limiting performance

Here we formulate and solve a benchmark problem
which is obtained from the main problem of Section 2 by
making one additional assumption:

Assumption B.1. The derivative of the output, j, is avail-
able for feedback.

The solution to this problem, in addition to being of
independent interest, helps to gauge the inverse-optimal-
ity and local near-optimality of the solution of the main
problem. y

With ¢(x1):= 45112, X1 + f{2)(x1), system (1) is equiva-
lently written as

Vi=X1 —danx; —fl(x1)=C1X{2} +g1(x1)w,  (B.la)
X2y = A3 X2y + @(x1) + Gyz(x)w + Bypyu,  (B.1b)
y= Clx’ (B.IC)

where y is the extended output. For the linearization of
system (B.1) our objective is to find a stabilizing control
law u, = p,(y,, X5;) which minimizes the cost functional
(4) when x; = X, that is

+ X'0,x + Ru? — y*w,w,]dt, (B.2)

where  x:=[x;X{5], and Q;:= le >0 and
Q,:=0, >0 satisfy X’Q;X + X'Q,% = x'Ox. For the
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nonlinear system (B.1), we consider a cost functional of
the form

j(ur W) = J [ql(i{Z}’ t) + qZ(X’ t) + r(X’ [)uz - ’VZW/W] dta
0

(B.3)

where gy (X(2),1):= X{5,0,(t)X2; = 0, ¢>(x,1) >0, and
r(x,t) > 0 are allowed to depend on the output waveform
x1([0,t]) in a causal manner. Our objective is inverse
optimality, and hence we do not specify O(t), g, (X, t), and
r(x, t) beforehand. For simultaneous local optimality and
global inverse optimality, we require that ©,(0) = Q4,
g2_.(0,0) = Q,, and r(0,0) = R.

B.1. Local design

Following the cost-to-come procedure with
@, (3, %121) = No Y23, — C, %;2,), the linear observer is

X2} = A21{2}x1 + A{z}x[2} + I'y, @ + By iy, (B-4)

where I’ 1, 1s defined by Assumption 3. The observer
dynamics (B.4) and the equivalent disturbance @,(y,, X))
can be written as

0 = m,(0, I15°), (B.5a)

X = AX + B, @, + B,u,, (B.5b)

where B, is defined by Assumption 3 and I1* > 0 is the
solution of the filtering GARE (6) which is denoted
by (B.5a).

Lemma B.1. Under Assumptions 1-3, and B.1, the control
law u, = u,(x):= — R™'B,P,x, applied to the lineariz-
ation of system (B.1), in conjunction with the linear observer
(B.4), is A, -optimal with respect to the cost functional
(B.2), and is suboptimal with respect to the cost functional
(2). When w, =0, the control law enders the equilibrium
(x,%(2;) = (0,0) exponentially stable. Moreover, for all
w,(t)e ¥, all system signals are bounded and converge to
zero as t —> .

Proof. The time derivatives of the filtering W ,(X;;;) and
the control V,(x) value functions are
W,=— |>~C[2}|él — v am, — yw, — v, |2+ Pwow,
V,=—X0,x — Ru} + V@, — y’[o, — Ve, 2

+ R[u, — 1, 1%
where
v, = by No 2@, — by Ny 'Ci Xy

+ 97 — b1 N 'byIB15)(I1F) ™ Xy

is the linear worst-case filtering disturbance, and
Ve, (X):= 7~ 2B} P.x is the linear worst-case control dis-
turbance. Hence, the time derivative of the composite

value function

U,(X,X2)):= V,(x) + W,(X2)

= ¥y (I1°) %) + X'P.x (B.6)
is
U, = — X301 % — X QX — Ruf + y*w,w,

— 7w, — Vf,|2 — (@, — Ve, ) + R[u, — u, 1%

Therefore, the control law u, = u,(x) is #, -optimal with
respect to the cost functional (B.2) where

VX, X(2):= by Ng v, (x) — b1 No 'Ci Xy

+ Vﬁz[l - bllN(;1b1]M{2}B1{2}(H§C)715€{2‘

S

is the worst-case linear disturbance. Moreover, if w, = 0,
then (x,X;;;) = (0,0) is exponentially stable, and if
w,(t)e ¥ ,, then all signals are bounded and converge to
zero as t— oo (Teel, 1999). Furthermore, since
0, := Q~1{2} and Q, := 0, satisfy X0, % + ¥'0,% > x'Ox,
we have

U, < —X'0x — Ruj + p*wyw, —*|w, — v, |?
- “/2(?3/ - Vc/)z + R(u, — 11/)2-

Integration of both sides and the fact that all system
states converge to zero as t— oo yield Uf(x) <
U,(x,%;z), which implies that u, = — R 'B,Px
is suboptimal with respect to the cost functional (2),
where U#(x) given by (11) is the optimal value function
for the standard ., -optimal linear output-feedback
problem. [

B.2. Global design

We now proceed to the stabilization of the nonlinear
system (B.1) using the cost-to-come methodology of
Appendix A. The observer for this system is

Hs = Hsgl + AH% - HS[VZC/IN_I(XI)CI - @s]Hs
+7 2BB, (B.7a)
X0y = A%y + @(x1) + T'i(x1, 1)@ + Bysyu, (B.7b)

a(x1,Y, X)) = N2 (xq)(y — Cﬂ%{z})a (B.3)

C, = Ajz(2y, and A(xy), B(x,) and I, (x,, I1,) are defined
by (A.3). Without loss of generality, we set X(,,(0) =0,
while x/,,(0) is unknown. The matrix I1; is the solution of
(B.7a) with initial condition I1y(0) = I1 > 0. We let
O,I1,):=y 2 'MII]' where M:=y*I1LQI1¢ > 0.
This choice of ©((I1,) guarantees that if x(t)e £, then
there exist constant positive definite matrices which
bound II,(t) from above and from below for all t > 0
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(Lemma A.1). Furthermore,

lim x,() = 0= lim IT,() = I and lim @.(t) = Q;.

t— o0 t— o0 t— o0

The value function for the optimal filtering problem is
W = 56?\2}1757156{2}, and

W= — |56{2}|(%)s(ne) —y*d@— P w — > + pPww,

where the worst-case filtering disturbance ve(xy,IIy)

is given by (A.5). Moreover, since

infusupxm (0)w J(u,w) = inf,sup, J(u,m), where

Ju,m):= j [92(x,t) + r(x, u* — y* @ @] dt, (B.9)
(0]

the output-feedback control problem is transformed into
an equivalent full-state differential game problem in the
x-coordinates.

The observer dynamics (B.7) and the equivalent distur-
bance (B.8) are rewritten in the x-coordinates as

175 = Tcs(XlaHs)a (BlOa)

X = AX + f(x;) + G (x;,1,)@ + B,u, (B.10b)

where G,(x;,I1,):= [N'*(x;) I'i(x;,1I,)]. Our objec-
tive is to design a control law for system (B.10) which is
locally optimal and globally inverse optimal. Other than
the fact that (B.10) depends on I, the recursive design of
the nonlinear control law follows the procedure of Ezal
et al. (2000). This is because I, IT, and x; = x; are all
available for feedback.

The linearization of this system is given by (B.5) where
B, = G,(0,I1). As shown in Ezal et al. (2000), the solu-
tion P, of the GARE (7) admits a unique Cholesky
factorization of the form P, = L’AL, where L is a lower
triangular matrix with ones along its diagonal and
A:= diag{d,,...,9,} > 0. The transformation z = Lx
of (B.5) results in Z=Az+ B,@+ B,u, where
A=LAL ', B, =LB,, and 0,:= L' ~"'Q,L""'. We re-
call from Ezal et al. (2000) that at each step of the n-step
backstepping procedure L dictates the linear portion of
the nonlinear virtual control law, while A defines the
Lyapunov function.

We initiate the design by defining z,:= ¢(X;)
=Xy, 0 := 0,and ¥V, := 0. Thereafter, on the ith step of
the design procedure, we define an error variable
Ziv1:= Qi1 (X413, I16) 1= Xiq — %i(zp, I1), and  the
control Lyapunov function Vi(zy):= V- + 6;z7 =
2z > 0. The virtual control law a;(zp;, I1;) is de-
signed to dominate the harmful nonlinearities and distur-
bances at each step while simultaneously matching the
optimal linear design. This procedure terminates with
Zp 1= @u(X, I ) 1= X, — 8- 1(Zn—1;, I15), which completes
the construction of the difftomorphism z = @(x, I1) and
the control Lyapunov function (CLF)

V(z)=V,_y + 8,22 = 2Az > 0. (B.11)

The original system (B.10) is thus transformed into
Hs = ns(zlans)a (B12a)
2= Az +f(z,11,) + G,(z,1I,)@ + B,u, (B.12b)

where @~ '(z,I1,) — L™ 'z contains only higher-order
terms so that the linear part of ®(x, 1) is Lx, that is
z = Lx + ®(x, I1,). Thus, in both z and x coordinates, the
properties of the linearized systems are the same. More-
over, the derivative of the CLF V for system (B.12) is

V=—20,z ¥z +y*0do—yo— |
+ 7.(Z: Hs)(u - :u)z - (f_l(za Hs) - R_l)ér%zrzl
+ 2Zn5n17](z’ HS)7

where 7(z, I1,) is a design function, ju(z, I1,) is the control
law

u=JzI1,):= —F Yz, I1)B,Az (B.13)

and v,(z, I1,):= (1/y*)G(z, I1,)Az is the worst-case (con-
trol) disturbance. The remaining dynamics, which need
to be dominated by 7(z, I1,), are contained in the function
1z, 115).

We now complete the output-feedback control design
by constructing a nonlinear control law with the follow-
ing properties:

Benchmark Theorem. Under Assumptions 1-3 and B.1,
there exist functions qi(Xg,11) =0, q2(x,1I;) =2 0 and
r(x,I1,) > 0, such that the control law

u= ,LL(X,HS):z - ril(xa HS)B/2A¢(X$ Hs)a (B14)

applied to system (B.1) with the robust observer (B.7) is
locally A -optimal with respect to the cost functional (B.2)
and globally inverse A, -optimal with respect to the cost
functional (5). In the absence of a disturbance, w = 0, the
equilibrium (x, X5y, II) = (0,0, I1°) is GAS and LES. In the
presence of wW(t)€ &L, all system signals are bounded and
(x, %23, 11;) > (0,0, 1) as t — c0.

Proof. The functions #(z, I1,) and g,(z, II,) are to be se-
lected to achieve global inverse optimality with respect to
cost functional (B.9) with g¢,(x,t):= q,(P(x, I1;), I1,(1))
and r(x,t):=#P(x, I1), II,(t)). For a meaningful cost
J(u, @), we restrict q,(z,Il;) to be positive definite and
H(z,I1) to be positive for all ze R" and all I, > 0. In
addition, to meet the objective of local J#, -optimality,
we require 7(0,I1) =R >0 and g,_(0,11F) = Q, > 0.
A particular choice of g, (z, I1,) and #(z, I1) meet all of our
requirements:

q2(z,11,):= |Zgw—17 + (?27[r.1—1](¢_122,1 -1 5n)Zn|éz[n—1]
+ (@2,, — 42,1 020n- 1142, )70

+ (N2 01,) — R™' — 6(z, [1,))6222,  (B.15)
Az, 11):=(/R™* + G7(z.11) + G,(z. 11,) ", (B.16)
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where o,,0,%; and n, satisfy o,.(zIl):=

(2, I1,) + |zu— 131,
(2, 113):= 711 Qopa- 111t — 245,, Qou—110n 1 + 20, ',
0z, 1) = 11 (Zp- 13, o)z -1y + 12(2, 1)z,

2022 = 2iy 13Q21n- 1120011 + 220 1182, Zn + Q2. Zns

6(0,11¢) =0, 7(0,[1F) =0, and 7,(0,I1) = 0. More-
over, this choice guarantees that g,(z, Il,) is positive
definite and radially unbounded for all z # 0 and I, > 0.
Evaluating the derivative of (B.11),

V= —qz11,) — iz O* +y*d o — o — 7|
+ e )1 — ),

we conclude that V(z) is the value function for the cost
functional (B.9). Likewise, V(x,1I1,):= V(®(x,II,)) is the
value function in the x-coordinates, and (B.14) is the
locally optimal and globally inverse optimal full-state
feedback control law for system (B.10).

With this control law, the system composed of (B.1)
and the observer dynamics (B.7) is

S = A 1(S) + B1(E)w + Bru, (B.17)

where o=N""*x)X, +g1(x;)w) and = &=
[X'X( TI{]. The value function for the extended system is
defined as
U(&) = V(X II,) + W(Xz), I1) = 0 (B.13)
and its time derivative is
U = - ql(SC{Z} Hs) - qZ(Xa Hs) - V(X, Hs)uz + VZW,W

- V2|W - vf|2 - V2|w— vc|2 + F(X, H%)(u - :u)z’
where u(x,Il;) is defined by (B.14), v.(x,II):=

‘_)C(¢(X’ HS)? HS)’

Q1(5<{2},Hs)3: |>~<{2}|(29,(n,)’ q2(%, I15) = qo(P(x, I1,),11),

and r(x, I1,) := HD(x, I1,), I1,).

Note that U(E) is positive definite and radially
unbounded in (x(t),X5)eR*~! for each II, >0, and
that there exists a function p(-)e# ,, such that
p(x1]) < VIx, IT;) < U(E) for all xe R", X5 eR" ! and all
II,eR"" 1"~ However, since U(&,) is not radially un-
bounded in I, we need show that the solution &(¢) is
defined for all te[0, o0).

Let us assume that there exists a finite t* > 0, such that
|&(t) = oo as t — t*. Integrating U with u = u(x, IT,) and
w(t)e £, we have U(E(t) < U((0) + 2 w3 for all
te[0,t*). Hence, for each x(0)e R", with %5,(0) = 0, and
I1,(0) = I1°, there exists a positive constant f3,, such that
U(() < B> and pllx, ) < V(x,IT) < B for all &[0, )
Therefore, |x,(t) < p~'(B,) for all te[0,t*), which by
Lemma A.1 and causality implies that I (¢) is bounded
from above and below by positive definite matrices for
all te[0,t*). Furthermore, since V(x,II)<f, and
W(X, 1) < B, both x(tf) and X;,(f) are uniformly

bounded in [0, ] for all te[0,*). Hence, by the continuity
of solutions, there does not exist a finite time after which the
solutions are not defined, and all signals are bounded.
Therefore, we have x(f) — 0, and X5,(t) > 0 as t —» oo (Teel,
1999). Hence, x(t) — 0 as t » oo . Furthermore, by Lemma
A.1, we have Il (t) — II° and O (I1(t)) > Q as t > 0.
The proof of inverse optimality is immediate from the
fact that the value function U satisfies the HJI equality

1 1 ey \rr s
Ue oy +ZU¢1<Y—2%1@’1 — HBrr I(Cs)@2>U¢s +4&)=0

(B.19)

with the optimal control and disturbance pair

1 - / !
u= ,U(X, Hc) = — Er 1(és}%Z &s
and
~ 1 / ’
w= V(X’X{Z}:Hs) = 2_,))2°@1 Uéa

- g/l(xl)N_l(xl)Clsc{Z}
+ 97 = g1 (x)N " H(x1)g1(x1)]
X Gy (x ) "Xy,
&) =X, I0,), and §(C5):= q1(X2p, 115) + g2 (X, 1T).

At the equilibrium, & :=(0,0,-,0,-;,T1), and (B.18)
satisfies

ElUe e ()16 = 56/{2}(17500)_13?{2} +x'Px = Uy(x X)),

where U, (X, X3;) is the value function (B.6) for the linear
problem. Hence, the control law (B.14) achieves local -
optimality with respect to the cost functional (B.2). More-
over, by Lemma B.1, the control law (B.14) also achieves
local suboptimality with respect to the cost functional
2. O

Appendix C. Proof of the Main Theorem

With the output-feedback worst-case disturbance

A 1 ’ ’ ’ 7 PG ’
V(fao3=272(%'11 Us + B U: + eB'11U)

(C.1)

and
2(&e,u): = B11 /11U/§ + A1y /21%2
+ 2%l 11 + 120 + Biau),
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we compute
V= Ul 11 + o120 + Biouw) + U (A 21 — A 5,50)
+ p?ww —p?lw — 9 + 472(%"11 + B U:)
&2
x (%1, U: +93"21”Z/¢)+ 5 U:RB11 B U

2 AN 2 ?léz(écou)
Rewriting %, as U, = 29X — o35 oA 51 — (1)29%)e/ 3)
B HB11Ux) o/ 7, completing the squares with respect to
{ and u, and using the HJI identity (B.19), we compute
7= =40 — (O =0 = hEP + *ww

— 72w = WP + O — u(&)?

2

703/&/311 1161/5 Zlcz(fc,“)a (C2

where h(é):= o755 + (1/2y2)y/2 %18, U For any
fixed positive constant ¢; < 1, we can rewrite (C.2) as

7= — (1 —e)g(&) — &’ — (1 — e y*IL — WO
= 72w = HEDP + U — &)
- E(Sl;éc)s

+ 92w'w

where

Eer; &) = £14(8) + &1y — M)

— (%/4)°YU : B\ B\ U — 2 z%éz(gca:u(g))
However, since 7 is not negative definite for all &, it is not
possible to conclude the global stability of system (20).
Instead, it is possible to prove semiglobal stability (with
respect to &).

By Assumption 1, whenever &(t) (and therefore x(t))
exists in a compact set for all ¢t > 0, there exist positive

constants ¢y, ¢, and c3, independent of ¢, such that

Uel < crllxa] + X)) + [X2))s (C3a)
| < calbxs] + Rzl + X2 + 18— A, (C.3b)
2(Ce, N < esllxs] + Kzl + Xy + 10— D) (C30)

Furthermore, since O,(I1,) = y~ I, *MII; ' > 0,and (A.7)
holds, the state-penalty function ¢(&) =
42 (x1,%2),115) = 0 satisfies

) = ¢, UQ) = ¢ (1x4* + Xy + %57 = 0

~ 12
X2y 601,y +

(C4)

for all £ in the compact set and some constants ¢,, > 0 and
¢, > 0.

Let 8, := 2B + y*ci,, for some known ¢, > 0, and sup-
pose that ¥7(&.(t) < B, + &, for all t > 0. Recalling that
p(|X1|) < V(X,Hs) < U(é) < n/(éc) where p(')e'%fooa we
note that |x,(t) < p (B, + &) for all t > 0. Hence, by

Lemma A.1, we have IT,(t)e Q.(p~ '(8, + &,)) for all t >0,
where

Qu(c,):= P<Bie) < o0}

and B, (c,) and f8; (c,) are strictly positive, continuous func-
tions of ¢, > 0. Furthermore, the set €2,(c,) has the property
that Q,(c]) S Q(c,) for all ¢ <c,

It then follows from 77 (&.(t)) < 5, + &, that both &(f)
and ((t) belong to compact sets for all t>0, ie,
D eQe(fr + e2)n2(p~ (B2 +&2) and (e (p, +
£5,8)NQ2(p " '(B, + ). Therefore, &.(1)eQBs + &5,8)N
Q.(p" (B, + &) for all t=0. Moreover, by properties
(C.3) and (C.4), there exists a set of sufficiently small values
of ¢ such that E(;,6)>0 for all £eQ:(B, +
£,)NQ2.(p " (B, + &,)). The complement of this set is

= (¢> 0|E(ey: &) < 0, VE€Qu(B, + 22)

(I, > 010 < Brle) <IIS

ﬁ CW2781782

N Qo™ (B2 + 2))}-
The upper bound & on the admissible values of ¢ is
8% = infe gak(ﬁ’ szagln'SZ)' If éegé(BZ + 82)ﬂ

Q.(p" (B, + &) and £€(0, &%), then
V< — (1 —&)g(&) — r(du? — (1 — e L — b
+ 7Pww — 2w = W& + rEu — ()

Let us now suppose that (21) holds for some ¢€(0, €%), then
7 (&0),{(0)) < 2 < f,. Suppose further that there exists
a set Qy, such that

E (AP, &) Qx(p ™ ' (B2)),

Let t*:= min, Q. This implies, by the continuity of solu-
tions, that 5, < ¥ (£.(t%)) < B, + &,. Therefore, by causal-
ity, we have &1)eQ:(B, + e2)nQ(p~ (B2 +¢,)) and
EDeQP, + 2,802 (p '(By + &) for all te[0,r*].
Moreover, inequality (C.5) holds for all te[0,t*].
Integrating both sides of (C.5), we find that
PE) L) < 2B + 7%k = o <Py + &2, O F¢Qy,
which contradicts our supposition (C.6). Therefore,
Qr =0. Hence, if (21) holds, and w(t)e #,(c,,), then
E(D)eQB,,e)n2,.(p~ () and the dissipation inequality
(C.5)is valid for all t > 0. The fact that £ (t) - &, ast — oo
follows from Teel (1999) and Lemma A.1.

It follows from (C.5) that whenever (21) holds for all
£€(0,¢%), then ¥7(&,) satisfies the HIT inequality

(C.5)

Ve Q. (C.6)

1 . T1
Ve T (Ce) + 4“V<[ G1%, — %rl%}f/%ﬂr32<0,

where 2:= (1 —£1)4(¢) + (1 — &1 )y?*|C — h(é)*>, with the
optimal  control  (19), that is, wu=ué)=
— 3 &)%Y, and the worst-case disturbance (C.1).
Hence, the control law (19) is semiglobally (in ¢) inverse
H ,,-optimal with respect to the cost functional (22).
Finally, it follows from &.[7 s (&, )]E = U (&) + O(e)
that the leading quadratic terms of the series expansion
of ¥'(&.) are O(g)-close to the # , -optimal value function
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for the linear problem, which implies that the control law
(19) is near-optimal with respect to cost functional (4).
Near-suboptimality of (19) with respect to (2) is derived
from Lemma 1, and the fact that U} < U,. O
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