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Abstract

The paper considers a decentralized stochastic team problem with a
partially-nested information pattern, that arises in the context of flow
control. Basically, we consider a network with a number of users having
access to differently delayed versions of the same information, with each
one deciding on his own rate of transmission, but participating in a com-
mon cost quantifying the outcome of their joint actions. This leads to a
Linear-Quadratic-Gaussian (LQG) team problem, with partially nested
information. We study the derivation of the optimal solution in a two
user network and show that the solution exists in both finite and infinite-
horizon cases. The controller, which turns out to be certainty-equivalent,
is constructed recursively using a dynamic programming type approach.
We also present an algorithm to construct the optimal solution for the
most general case with multiple (more than two) users. Finally, we
present various simulation results to illustrate the performance of the
optimal controller under different scenarios.

1 Introduction

It is a well-known and well-acknowledged fact that in stochastic teams the
information pattern plays an important role in the existence as well as the

*Research that led to this paper was supported in part by the AFOSR MURI Grant AF
DC 5-36128

T Address for correspondence: Prof. Tamer Basar, Department of Electrical and Com-
puter Engineering, Coordinated Science Laboratory, University of Illinois, 1308 W. Main
Street, Urbana, Illinois 61801-2307, E-mail: tbasar@decision.csl.uiuc.edu; FAX: (217) 244-
1653; Tel: (217) 333-3607.



derivation of optimal team solutions. The simplest information pattern one can
think of is the so-called classical one, in which all members of a team receive the
same information and have perfect recall. The next level is the partially nested
one, which has the property that if a team member’s information depends
on the control variable of some other member, then the former has access
to all the information accessible to the latter. It is well-known [7] that a
stochastic team problem defined on a finite horizon and with partially nested
information structure can be transformed to a static team problem (albeit of
a much higher dimension), with the equivalence being in the sense that the
solution of one can be obtained from the solution of the other. This equivalence
readily leads to existence results, such as the one of the partially nested linear-
quadratic-Gaussian team, where the solution exists, is unique, and is affine in
the available information [7] — a result that follows from an existence and
uniqueness result for quadratic Gaussian teams [9].

The equivalence alluded to above does not lead, however, to any construc-
tive methods for obtaining the team-optimal solution for a general partially
nested information structure, nor to closed-form solutions'. It also does not
say much about the solution of infinite-horizon team problems with partially
nested information. It is the latter class of problems that we will be address-
ing in this paper, for a specific model motivated by an application involving
congestion control in communication networks.

Hence, we consider here a network of a number of users, viewed as members
of a team, having access to differently delayed versions of the same information.
Each user controls his own rate of transmission and the state of the network
is described by a difference equation. The expected cost to be minimized
is quadratic in state and the decision variables. The motivation behind this
formulation is justified in a real network with a bottleneck node that plays a
major role in determining the performance of a number of users. Although in
a real network environment, users may be interconnected in several ways, the
single bottleneck node assumption admits theoretical as well as experimental
justification [6]. The available service rate is modeled as an autoregressive
(AR) process driven by a white noise process, as in [4]. The state of the network
is nothing but the queue length at the bottleneck node. To decide on the rate
of transmission of each user, we assume that both queue length and total
service rate information is available to the node, but the transmission of these
decisions taken by a node to the sources (users) incur different (propagation)
delays, depending on the distance between the node and each user. Hence,
even though it may appear that this problem is a centralized one with the
decisions made only by the node, but with action delays, it can in fact be
shown that it is equivalent to one where the decisions are made at the sources
(by the users), but with information delay (see, [2]).

The information pattern here is hence partially nested, since each user

11f the partially nested information is of a special type, such as one-step-delay information
sharing pattern, then a closed-form solution can be obtained by recursive decomposition [10],

[5].



simply has a subset of the information available to the users with smaller de-
lays. This special structure with a different information delay for each user
poses a fundamental difficulty in the actual computation of the solution. One
way to circumvent this difficulty is first to solve the problem by ignoring the
delays. In this case, it can be shown that the problem can be reduced to a
standard discrete-time linear-quadratic-regulator problem, which is known to
admit a unique linear solution. Then, one can incorporate the delays into
the controllers, using the certainty equivalence approach. An earlier paper
[2] has employed this method to obtain the solution to the flow control prob-
lem and has presented two sub-optimal certainty-equivalent controllers, called
Controller 1 and Controller 2. The controller constructed here being optimal,
outperforms both of these controllers, as the simulation results also corrobo-
rate; it is however more complex than either Controller 1 or Controller 2 of
[2].

As can be deduced from the preceding discussion, the problem actually
admits multiple certainty-equivalent solutions, all of which however not being
optimal. Here we obtain the optimal certainty-equivalent solution, and show
that this is actually globally team optimal. The derivation of the team-optimal
controller has been carried out rigorously, and the controller is expressed in
closed form, which is linear in the two user case. For the general multiple-user
case, we present an algorithm for the computation of the optimal solution,
and present various simulation results to support and illustrate the approach
taken.

This paper is organized as follows. In Section 2, we introduce and motivate
the mathematical model. The derivation of the optimal controller for the two
user case is presented in Section 3, and Section 4 extends this derivation to
the multiple user case. Section 5 is devoted to presentation of the simulation
results. The paper ends with the concluding remarks of Section 6.

2 Mathematical Model

The mathematical formulation of the problem follows along the lines of [1], [2].
We consider a set M = {1,..., M} of users that share a common bottleneck
node in a network. In our model, the time unit corresponds to the round trip
delay, which is the time it takes for a packet to reach its destination and come
back. Let ¢, denote the queue length at the bottleneck link, and w, denote
the effective service rate available in that link at the beginning of the nth time
slot. Let 7, , denote the effective rate of user m € M during the nth time
slot. This rate may actually be the outcome of an action taken by the user m
several time steps earlier. In our formulation, we will not recognize this delay
explicitly, but instead include a delay factor in the information available to
each user for the construction of transmission rates for that user. As shown in
[2], these two formulations are equivalent.

Now, in terms of the notation introduced, the queue length evolves accord-



ing to

M
Qn+1 = Qqn + Z T"m,n — Hn (1)

m=1

The above equation corresponds to a linearized version of the actual queue
dynamics. Specifically, we ignore the fact that the queue length is restricted to
be positive. Also, we assume no upper bound on the queue length. Simulations
in [2], [3] show that these are valid assumptions. The service rate u,, available
to the M sources may change over time in an unpredictable way. We model
this by a p-dimensional stable AR process:

P
P = p+ fn: fn = Z Oéign—i + ¢”_1

i=1

where 4 is the constant nominal service rate (known to all sources), and «;,
i =1,...,p, are known parameters. {¢,}n>1 IS a zero mean i.i.d sequence
with finite variance o3.

The objective function to be minimized (collectively by all M users) is

N M
J = limsup iE Z (Qn - Q)2 + Z Cfn (rm,n - am,un)2
N—oo N n=1 m=1

where @) is the target queue length, 2%21 am = 1, and ¢,,’s are positive
constants. The first additive term above represents a penalty for deviating
from a desirable queue length. The second additive term is a measure of the
quality with which the input rate for each user tracks a given fraction of the
available service rate, where c¢,,’s are weighting factors that serve to prioritize
relative importance of these. For example, if we desire fair sharing of the
available bandwidth, we would choose

assuming that everything else is symmetric for the sources.
The information available to user m at time n is I,,_p,,, where

I ={q1,q2,- - sqnip1, ph2, - s fin}

and D,,’s denote delays in the acquisition of queue length and service rate
information. Without any loss of generality, we take D,,’s to be ordered in
the following way:

0<D; <Dy<...<Dy (2)
Hence,

T = Ymn In=pD,,), n=12,...; m=1,2,... , M



where 7, , are some measurable functions, with respect to which J will be
minimized. For convenience, we introduce the new (appropriately shifted)
variables

Ty = qp—Q
Um,n = Tmmn — CGmp (3)

which will serve as the state and control, respectively. The queue dynamics
(1) can be re-written in terms of these quantities as:

M
Tp+1 = Tn + Z Um,n — 671 (4)
m=1
p
Ent1 = Z Qi€nt1—i T On (5)
1=1

and the cost function J as:

1 N M
J = limsup NE {Z [(xn)Q + Z cgn (Um,n — amgn)2] }

N—oo n=1 m=1

What we have here is a decentralized optimal control problem with a par-
tially nested information structure, and we know that the optimal solution to
any finite horizon (N < oo) version of this problem is linear in the available
queue length and rate information [7]. If we ignore the delays in the sys-
tem and solve the corresponding standard regulator problem, when it comes
to incorporate the delays into the controllers again, we face the problem of
non-uniqueness of the representation of the full-information (no delay) opti-
mal controller, as discussed in [1]. Therefore, there are indeed many ways to
define certainty-equivalent controllers and each such controller could lead to a
different value of the performance index [1], [4].

In the next section, we first derive the finite-horizon optimal controller for
the two user case. We further show that the infinite horizon version of the
two user problem admits a solution, which is linear in information variables.
Section 4 discusses the extension of this derivation to M users. In particular,
we present an easily implementable algorithm to calculate the optimal control
action of each user for the finite horizon problem. Our simulation results
strongly suggest that the infinite horizon version of the M user problem admits
a solution, but we do not yet have a proof that the solution indeed exists in
this case.



3 Derivation of Optimal Decentralized Flow
Controllers for the Two User Case

3.1 Finite Horizon Optimal Controller

In this section, we consider the two user, N-stage problem where delay of user
1 is D; units, and that of user 2 is Do units. Define the relative delay of
information between the users as

DZ:DQ—Dl

Here, without any loss of generality we can assume that Ds > D;, and we do
not consider the trivial case Do = D1, because in this case the problem can be
reduced to a standard decentralized optimum control problem whose solution
can be found easily. Our objective is to minimize the finite horizon cost

N

2 2

JN =F { § |:CC3L+1 + C% (Ul,n - a1£n) + C% (UQJL - a2£n)
n=Ds+1

. (22 1+ ¢ (w0 — €0 }

n=D1+1

where a1 + as = 1 and ¢y, ¢o are positive weights.

3.1.1 Derivation of the Controller

We use a dynamic programming approach to obtain the solution to the above
problem. More precisely, we start at time N and keep minimizing the ex-
pected cost backwards in time. In determining the control actions one can
use completion of squares to see how the cost accumulates. Clearly, for
n=NN-—-1,..., N — D 4+ 1 the minimization will be over a single vari-
able, namely u; . The reason for this is that the information field of user 1
at time n will be equivalent to that of user 2 at time n + D. Thus, until we
reach the time N — D, there will be a sort of transient minimization process
in which only the control actions of user 1 will be determined. At every step
down to N — D, after we complete the squares in u; , and pick the appropriate
control, some terms remain which contribute to the cost of the succeeding step.
If we study the problem carefully, it follows that these terms have a certain
structure. To this end, we first minimize J with respect to u; y at stage N.
If we denote the cost to be minimized at stage n by J,, we have, for n = N:

2
IN = oy +6 (un —aiéy)

(xn +urN +us N — en)’ + & (u1, N — arén)’



Completion of squares yields

9 1 2 (a; —1) 2
IN=01+3) |lun+—=@vtun) —(1+——5= &

1+c¢f 1+ ¢}

2
%10% [us,y + 2N + (a1 — 1) En)? (6)
where uq, y must be selected such that the expected value of the first additive
term in (6) is minimized. In fact, what we are interested in is the term that
remains after the completion of squares, because, as we will see shortly, these
terms determine the structure of the controllers when a steady state is reached.
Let R, denote these remaining terms at stage n. Thus the second additive term
in (6) is Ry. In picking the control u; n, we do not need to consider the second
term in Jp, since it will be taken care of at the next stage. Note that, user 1
at time N knows the control ug 7, because u;, 5 has access to the information
field of us n. Therefore, the only difficulty in this minimization arises from
the unknowns xy and £y. Since ¢,,’s are independent random variables, the
best u;,x can do is to replace &,’s forn = N, N —1,... ,N — D; +1 with their
best estimates conditioned on its own information field. That is,

é{\,['rﬂN—D] :E{£7L|IN—D1}7 ’I’L:N,N—17 7N_D1+1 (7)

The reason for this can be seen if we substitute for x from the state equation
(4). The result is

2 (ag —1

2

Dy
1
+ T <HENDl +us N+ Z (U1, N—n + U2 N—n — §Nn)>1(8)

n=1

In (8) the only unknowns to wi n are &n,&n—1,...,EN—D,+1. We already
know that &,’s have a linear dynamics given by (5). Thus, (8) can be rewritten
as

Jyn = (1+C?)

Di—1 2 B
ui,N — ! PRI (1 + M) &N
1

2 2
L4y 4= 1+ ¢y

Dy 2
1
ti 2 2 (a?N—Dl +ug N +&N-p, t Z (u1,N—n + ug,N_n)>]

n=1

One can use (5) to express the &,’s in terms of {y_p, plus some zero mean
random variable with a known variance. Thus, the best decision function u;,x
is solely determined by the first term in (6) with unknown states replaced from



the state equation (4) and unknown &,’s replaced with their best estimates
given by (7). Our task at stage N ends with stating what Ry is

Ry =70 (us,n + poazn + (a1 — 1) €n)°
=
1+c%

The next stage is n = N — 1. Assuming the relative delay of information
between the users is larger than one time unit, we complete the squares in
u1,ny—1 only. The cost functional to be minimized is

where vy = and pg1 = 1.

Iy =a% 4+ (urn_1 —aén)’ + Ry

Completion of squares results in three additive terms and two of them are
transferred to the next stage. The first additive term determines the control
up nv—1 at this stage. As in the previous step, the best u; y_1 can do is
to replace &,’s forn = N —1,N —2,... /N — D; with their best estimates
conditioned on its information field. These estimates are given by

5%%43171 =E{& | In_p,—1}, n=N—-1,N—2,... N—D
and Ry_1 can be found to be
Ry_1 = (ua, N +praen—1+piauen_1+p11(a1 —1)Ena
+ (a1 — 1) Ex)> + 70 (ug,N—1+ popzn—1+ (a1 — 1) En_1)’

We proceed in this manner until we reach the time N — D + 1. From this
point on, we start minimizing J,,’s over two independent variables, namely
Uy, and ug 4 p. It is easy to calculate R,,’s for the so-called transient part of
this minimization process extending from time N to N — D + 1. For example,
RN_2 is

Rn_9 =72 (ua, N + p21TN—2 + p2,1uz N—2 + p21 (a1 — 1) En—2
+p2ousN—1+ p22(a1 —1)Env—1+ (a1 — 1) ¢n)?
+m1 (U2, N—1 + p112N—2 + p11uz,N—2 + p1,1 (a1 — 1) En—2
+ (a1 — 1) &n 1)

+70 (w2, N—2 + po,1TN—2 + (a1 — 1) En—2)’

and Ry_3 equals
Ryn_3 =73 (u2,n + p31TN—3 + p3,1uz N—3 + p31 (a1 — 1) En—s
+p30us N—2 + p32 (a1 — 1) En—2 + p3 Uz, N—1

+pss (a1 — 1) Enor + (a1 — 1) €n)°



+72 (w2, N—1 + p21TN—3 + p2i1Uz,N—1 + p21 (a1 —1)E{ns
+p22ua N2+ p22(ar —1)En_o+ (a1 — 1) §N71)2

+m1 (U2, N—2 + p112N—3 + p11uz, N—3 + p1.1 (a1 —1)En—s

+ (a1 — 1) En—2)”

+y0(uz,n—3 + po,1rNn—3 + (a1 — 1)én—3)

Note that the evolution of R,, obeys a certain structure. One can exploit this
structure to determine the constants v4’s and pg’s:

d 2

C
7—71:1""0%7 Td:1+6%+ Z ’Y’ﬂp’?LJ”y*l:O’ ’70:1 12
_ o
n=0,D>2
’7395,1

p0,1:17 Yd+1 = Yd — ,d:(),]-v‘",D_QvDZQ

Py Napar (4 _ L+70p01 +71P1 1 + -+ 7ap74
A Yd+1 Td

,d=0,1,...,D—2, D>2

Yapd,1 Yopoa + P31+ -+ vapda
pivi2 = —— | 1- - d

,d=1,2,....,D—2, D>3

_ YdPd2 _ YdPd, (71/)1,1 +2p21p22+ -+ ’ded,lpd,2>

Pd+1,3 =
Yd+1 Yd+1 Td
,d=2,3,...,D—2, D>4
_ YdPdk  "dPda <'Yk—1pk—1,1 + YePr,1PkE + - T ’ded,mcl,k)

Pd+1,k+1 = -

Yd+1 Yd+1 Td

,d=kk+1,...,D—-2, D>k+2, k=4,...,D—-2
Forn=N,N—1,... , N — D+ 1, the cost functionals we minimize have the
form

Jn =221+t (Ui — a16,)” + Rpta (9)



with Ry4+1 = 0. And the optimal control for this time interval can be written
as

* _ N—d
Uy N—d = —004d (xl,N—d|N—D1—d + U27N—d)

d
FN—d
- Z Tk.d (“ZN*‘”’“ + (a1 - 1)51,N7d+k|N7D17d>

+ (a1 — 00, (e = 1)) & ynv_p,_g» =0,..., D —1(10)

where
2
_1—C

00, d = %,dzo

+ 1Pt e Ya1pE
oLa = YoPo,1 T Y1P11 Yd—1Pg 1,1’ d>1

Td—1
ong = Y1P1,1 +'72p2,1p2,2+---+7d—1pd—1,1pd—1,2’d22
Td—1
 Vk=1Pk—1,1 T VEPEAPkE T oo -+ Vd—1Pd—1,1Pd—1,k

Ok,d = ,d>k

Td—1
s k=4,...,D—-1

In the above set of equations, fi nlk denotes source 1’s estimate at time [ of

the value of £ at time n based on ;. A similar interpretation holds for illm‘k.

Now, the next step is to calculate the optimal control laws for Dy + 1 <
n < N — D. First, we observe that the cost functional to be minimized at any
stage after D steps back in time is

Tn = [0 + w1 + tzn — &I” + ¢ [urn — @160 + 3 [uamy b — a2€ns )
+0n [U2.n+D + PD=1,1%n+1 + PD—1,1U2n+1 + pD—1,1 (@1 — 1) &t
+pp—12U2n+2 + pp-1,2 (a1 — 1) &nta
+...+pp_1,p-1U2nt+D-1+ pp—1,0-1 (@1 — 1) €ny D1

+ (a’l - 1) €n+D}2

10



+vp—2 [U2ntD—1 + PD—2,1Tn+1 + PD—2,1U2 n+1
+pp-_21 (a1 —1)&nq1 + pPD_22U2 2
+pp—22(a1 —1)&nt2+ ...+ pp—2,D—2U2niD—2
+pp—2,p—2 (a1 —1)&2nyp—2+ (a1 — 1) Enip_1)’
+.oo 71 U2t + P11%0+1 F P11U2 11 + P11 (01 — 1) €t
+ (a1 — 1) sl
90 [uz,n41 + po1Tn1 + (a1 — 1) Enya]” (11)
where
NN-D = VD-1 (12)

A recursive formula to calculate 7,,’s can be found after some algebraic ma-
nipulations:

A+ Ao

4=—"——— n=N-DN-D-1,... ,Dy+1 13
Tn—1 BlTln+BO 2 ( )
where
D
Ay = (yp2+&phoipa) [T+ + Z VD—kPD k1
k=3,D>3
2 2
+ ¢vp—2(pp—1,1 — PD—2,1PD-1,D—1)
D
Ay = SBypoa|1+d+ Z 'Ykap%)—k,l
k=3,D>3
D
By = [1+d+ph 11+ Y. Y-ipb ks
k=2,D>2
D
By = cg 1 JrC% + Z ’YD_kpzD_kJ (14)
k=2,D>2

Note that all these four quantities are positive. Now, define ¢,,|p for a given
relative delay D as

Unip =1+ ¢+ Nuph_11 +VD-20H 91 + -+ 70001

11



The optimal controls can be found by minimizing (11) over uq,, and us n4p.
Before writing down the complete solution, let us introduce some definitions.
For given n and D, let m, p be defined by

_ "mPD-11
To|n,D = 71/1 D
n

MmPD—1,1PD—1,D—1 + YD—-2PD—2,1

T1|n,D v D
n
k

MmPD-1,1PD—1,D—k + ijz [Yp-jPD—j,1PD—j,D—k

Tk|n,D =

wn|D

YD—k—1PD—-k—-1,1

+
¢n|D

. k=2.3,...,D-1

1
TD|n,D ‘= TD-1|n,D T .
n|D

and let A, p be defined as

2 2
MmPD-1,1

77[177,|D

Then, the optimum control u3 ,,, , becomes

/\n|D = C% + M —

o __mPD-11 — Yn|DT0|n,DTDn,D sn+D tu
2,n+D — 2,n|n—Dq 2,n

)‘n|D

Fn+D F D
-0 b))~ -DEP,, b

D—1
MnPD-1,k — Yn| DO, DTD—k|n,D

|: B\ (u2,n+k
k=1,D>1 n|D

"‘(al_l)ég)j;fk‘n_pl)}a n:N_D7,D2+1 (15)
Similarly, one can write down the control uj ,, as

D—-1
U = 70,0 (Ui p + (01 = D€ oy pinp,) = D [Mhin,0 (u2nen—r
k=1
—|—(a1 — ].)fﬁnJrD,km,Dl)] - WD\n,D(L%;L,nmel + u2v”)
tlar = 1) 2
+(1+¢—)§ﬁn\n7Dlvn:N_Dv""D2+1 (16)
n|D

12



Note that, u3 ,,, , appears in the expression for uj ,,, but this is not necessary,
as one can substitute (15) into (16) and have a formula for uj ,, expressed only
in terms of its own information variables. The calculation of the controllers for
the last D steps of the problem is omitted, but it can be carried out without
much effort.

3.1.2 Certainty Equivalence

The optimal controller derived above is certainty-equivalent in the sense that if
users 1 and 2 had access to perfect state information, they would simply replace
the estimated variables in (15) and (16) with their actual values. In fact, this
follows from the construction of the controller. In the derivations, at each
stage we replaced the unknown states with their best estimates conditioned
on users’ own information fields at that stage. Hence, if we assume that these
unknown states are known to the users, the best they can do is to use this
new information in their expressions of control. As we mentioned earlier, there
are many ways in which a certainty-equivalent controller can be defined and
each such controller leads to a different value for the cost [1], [4]. Of course,
among these different controllers (each one being a particular representation
of the perfect state information controller), the one we constructed above has
the lowest possible cost due to its optimality.

3.2 Infinite Horizon Optimal Controller

We now return to the original infinite-horizon problem with two users. Our
objective was actually to minimize the infinite-horizon cost

N

. 1

J = limsup —F E [:17%+1 + c? (U1, — algn)Q + cg (U2, — agfn)Q
N—oo N B

+ % [l‘iﬂ + C% (ur,n — fn)ﬂ } (17)

n=D;+1

Here we prefer to write limsup instead of just lim, because we do not know
yet whether the limit exists. To be able to prove the existence of the infinite-
horizon optimal controller, we first show that the controller dynamics given by
(12) and (13) converge as N tends to co. Next, we use this result to show that
the optimal finite-horizon controller is stabilizing as N — oco. And finally, we
prove that the optimum value of (17), denoted by J*, equals to the limit of
the optimum finite horizon average cost. Thus, the linear stationary policies
which are given as the limit of the optimal policies (15) and (16) are optimal
for the infinite-horizon problem.

13



3.2.1 Convergence of Controller Dynamics

In an infinite horizon problem, one usually wants to know whether the recur-
sively defined sequence (13) has a limit point for arbitrary values of system
parameters. And if so, we have to make sure that this limit point is unique.
In what follows we address these questions. First of all, note that, Ay, Ag, By
and By are all positive constants. The initial condition of (13) being a posi-
tive constant, 7,,’s remain positive for all n. To investigate the existence and
uniqueness of the limit we formulate the problem as follows. The sequence of
points given by (13) is computed in reverse time by a formula of the form

TIn—1:F(77n), n=N-DN-D-1,... ,Dy+1

where

. Ain+ Ay

F —
() Bin+ Bo

(18)
Note that, F' is positive and continuous for n > 0, since Ay, Ag, By, By are all
positive. For convenience, as N — 0o, we take the sequence {7, } to be defined
in forward time as

M1 = F (1) (19)

with the initial value g = yp_1. This new definition does not change any-
thing about the existence and uniqueness of the limit. Now, assume that the
sequence {7, } has at least one limit point denoted by 7.. If so, we must have
7,’s converging to this number, and hence to a solution of the equation:

_ Aimee + Ao
B1neo + Bo

oo

which is equivalent to the following quadratic equation in 74.:
Bin, + (Bo — A1) 1jee — Ao = 0 (20)
whose discriminant is
A= (By—A)? 4+4B1 4, >0 (21)

Thus, we have two real roots. The signs of the roots are opposite, because their
product, given by f%, is negative. As a result, we can conclude that we have
a single positive real root of (20), designated by n% . Note that, nt is a fived
point of (18), and is unique on the interval [0, 00). By the contraction mapping
theorem [8], this point is indeed the unique limit of every sequence obtained
from (19) with any nonnegative starting point if F' is a contraction mapping
on [0,00) U {oo}. We proceed by showing that F' is indeed a contraction on
this closed interval. To this end we seek a number 3 < 1, such that

|F(z) - F ()l <Blz—yl, Yo,y 20 (22)
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Plugging (18) into (22) yields

‘.’L‘ — y| |AOBI — A1B0|
(B1$ + Bo) (Bly + Bo)

< Blz -yl

Cancelling |z — y|’s and using the facts that the minima of (Bjx 4+ By) and
(B1y + By) over [0,00) occur at * = 0 and y = 0 respectively, and B2 is
positive, we can rewrite the condition of contraction as

|AoBl — A1B0| — Bg <0

Next, we substitute for Ag, By, 41 and Bj from (14) and after some algebraic
manipulations we get

D

(pp-1.01=1) | -20bor+1+E+ > VD kPDgs
k=3,D>3

_'7D72PD71,1PD72,1] X

D

pp-1,0-1 | YD-2PD o1 +1+¢i + Z YD—kPD—k 1
k=3,D>3

D

+ | 2pbai +1+E+ D AD-kPDoin
k=3,D>3

—YD-2PD-1,1pD—-2,1] <0 (23)

The first multiplicative term in (23) is negative, because (pp_1,p—1 —1) <
0 for any D, and the second multiplicative term is positive, since we have
YD-2PD-1,1PD—2,1 < 1 by construction. As a result, the inequality in (23) is
satisfied for arbitrary values of system parameters, but (23) is equivalent to
(22), and thus F' is a contraction mapping. Hence, the contraction mapping
theorem applies and the fixed point nt, turns out to be the unique limit point
of the sequence {n,}. The value of n can be calculated as the positive root
of (20):

(Al—B@+WﬂBO—AQ2+4BU%
2B,

ne =

Now, the stationary optimal policies can be found by plugging the limiting
value of the sequence {n,} into (15) and (16). We will see shortly that these
stationary policies indeed constitute the solution of the infinite-horizon version
of the problem, but first we prove another useful result which is also used in
showing the existence of a solution to the infinite-horizon problem.
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3.2.2 Stabilizing Property of the Optimal Controller

In this subsection, we investigate the stabilizing property of the optimal con-
troller and show that as N goes to infinity, the average cost remains bounded.
An immediate consequence of this result is that neither the shifted queue
dynamics nor the user rates can blow up when the optimal controller is ap-
plied. In [1] it was shown that the average cost is bounded for two suboptimal
certainty-equivalent controllers, referred to as Controller 1 and Controller 2.
For instance, for Controller 1 we have

JN
*< i — <
s Ngnoo N — =
where C) is the scalar given in Section 5 of [1]. The controller here being

optimal leads to an average cost that is no larger. Therefore,

J SA}EHOOW gCopt Scl
which proves the stabilizability of the optimal controller.

Here we present a more direct proof of this fact by calculating the exact
value of the cost per stage. Starting at time N, until we reach the time N — D,
the control is given by (10), and for any given D the cost of these first D stages,
denoted by L, can be found by plugging (10) into (9) and it will depend on
the parameters of the AR process as well as the control (10). It is clear that L
is finite, because we have only a finite number of steps until the time N — D+ 1.
We also note that the optimal control laws for Do +1 < n < N — D were found
by minimizing J,,’s over u; , and uz 4 p. If we complete J,, to squares in u ,,
and uz 5,4 p and substitute for the optimal controls (15) and (16), the expected
value of the resulting expression gives us a cost that we cannot avoid due to
the delays in the system, plus some remaining terms that are transferred to
the next stage of the minimization process. These remaining terms are taken
care of in minimizing J,,_1. Thus, the cost of stage n essentially equals to the
expected value of the following quantity

D—-1

uj , + [Tkin,p (U2niD-k + (a1 — 1) Enypt)]
k=1

Q, = q/}n\D

+701n,0 (U3 i p + (a1 — 1) €ntD) + TDpn, D (Tn + u2.n)

1+l ]
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MnPD-1,1 — Yn|DTO|n,DTD|n,D

+)‘7L|D |:u;,n+D + (xn + U2.n

)‘n|D

+(ar =1) &) + (a1 = Dé&nyp

D—1
[UnpDLk — Yn|DTO|n,DTD—k|n,D

(u2,n+k
)‘n\D

k=1,D>1
+ (a1 = 1) &upn)]]
If we substitute for the optimal controls uj ,, and u3,,, , we get
Q=YD [WOM,D (a1 —1) <§n+D - éin+D|n—D1)
D-1

+7Djn,D (xn - i?,n\n—D—l) + Z Tkin,0 (@1 — 1) (§ntD—k
k=1

X 2 (a1 — 1 . 2
_5?,n+ka|nfD1) - (1 + %) <§n - f?,n|nD1):|

NMnPD-1,1 — Vn|DTO|n,DTD|n,D i D
Tn — xQ,n\n—Dl

+)‘W|D |: >\n\D

o= 1) (G =10 p,)) + (@1 =) G

D-1
é”+D ) I mPD—-1,k — wn\Dﬂ'O\n,Dﬂ'Dfldn,D

A
k=1,D>1 n|D

(@ =1 (6nn = &700 )]

Hence, to calculate the cost at stage m, first we need to express the terms
involving the difference between estimated variables and their actual values in
a convenient form. Following along the lines of Section 5 of [1], one can show
that the expected value of 2,, can equivalently be written as

E{Q.} = ¢ {9?} = pn0} (24)

where ¢, is the sequence obtained from (2, by using the fact that the es-
timation errors are linear in {¢,}’s which are 4.i.d with variance Ui. For a
more detailed reasoning behind this idea see [1], Section 5. Now, as n tends
to Do 4 1, while N tending to co, we know that 7,’s converge to the unique
number 1t . To investigate the limiting behavior of ¢,, we need to consider

that of m, p,l = 0,...,D, ¥, p and A, p, because ¢, for each n is just a
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continuous function of these sequences.

Hence, if one can show that these

three sequences converge, then by continuity ¢,’s will converge as well. To
this end, we first recall that

Yuip =1+ 6§ +Nupb_11 +VD-20h 21+ -+ Y0001

T0|n,D

T1|n,D

Tk|n,D

TD|n,D

and

Taking the limit of both sides of (25), (26) and (27) we see that

Yooip = 1+ aq+ W:oP2D71,1 + 7D72P2D72,1 +.o. 'VOpg,l

T0|oo, D

1|00, D

Tk|oo,D

T D|oo,D

and

k
MmPD—-1,1PD—1,D—k + ijz [YD—jPD—j,1PD—j,D—k]

+'}/D_k_1pD—k—171’ k- — 2,3, e 7D -1

mPD-1,1
¢n|D
MPD-1,1PD—-1,D—1 + YD-2PD—21
wn|D
’(/Jn|D
1

TD—1|n,D +
"/}n|D

)‘n|D = C% + M —

nipp-1,.1

woo\D

W:_OPD—l,IPD—l,D—l +YD—2pD-2,1

wn|D

2 2
MmPD-1,1
wn|D

'l/}oo\D

k
13PD-11PD—1.0—k + 225 [YD—jpD-j1PD-j.D—k]

VYD—k—1PD—k—1,1

+
woo|D

1
TD-1|co,D T
is q/}<>O|D

Aoo\D = C§+n:o -
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woo\D

. k=23,....,D—1

+2 2
Moo PD-1,1

’L/)oo|D
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(26)
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Since all three limits exist, the sequence {¢,} converges to a real number say,
oo Using this result we can write the cost JV as

N-D N-D
AR ST R PR o G
n=D1+1 n=D1+1

Hence, the average cost as N — oo is equal to

JN 1 , N-D
i = gy (Pt D e
n=D;+1

We can actually evaluate this limit by using the following fact.
Fact: Let {a,} be a convergent sequence with limit a, and let m < oo be
an arbitrary scalar. Then, the following infinite sum

1 N
Jm oy 2 e
n=m

converges to the real number a.
Therefore, we must have

NN T e
which proves that the average cost is bounded if the limit of the finite-horizon
optimal controller is applied to the system. This does not necessarily mean
that this limiting stationary controller minimize the average infinite horizon
cost. In the next subsection, however, we will show that this is indeed the
case.

3.2.3 Infinite Horizon Controller

Having shown that the controller dynamics converge and the limiting case of
the finite-horizon optimal controller is stabilizing, in this section we prove a
stronger result, which enables us to calculate the infinite-horizon optimal con-
troller as the limit of the finite-horizon one. Let M be a positive integer and
let T = {T'p,+1,'py+2,--- s Tar, Tasrt1, .- - } be any admissible policy where
each I'y, consists of two elements: 1, and uz 4+ p. We shall denote the op-
timal policy (15)-(16) by II* = {F*Dl+1,F*Dl+2, N 7 B YR TR } Without
any loss of generality, we assume that M is such that the transient part of the
dynamic programming is over. First, recall from Section 2 that

min E{SMJrHM}:E{QM}JrHM_l (28)

UL, M,U2, M+ D

where

Sp = 1‘721+1 + C% [U1,m — fllfn]z + Cg [u2,n+D — a2fn+D]2
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and
Hyy := 0 [U2,nD + PD=1,1%n41 + PD—1,1U2 011 + pp—1,1 (@1 — 1) &g

+pp—12U2nt2 + pp—12 (a1 — 1) Enyo

+...+pp_1,p-1U2ntD-1 + pp-1,0-1 (a1 — 1) Ent D1

+ (a1 — 1) g p)?

+vp—2 [U2ntD-1 + PD-21Tn+1 + PD—2,1U2,n+1

+pp—2,1 (a1 — 1) &nq1 + pPD—22U2 ny2
+pp_22(a1 —1)&nt2+ ...+ pp_2,D—2U2 n+D—2
+pp_2,p—2(a1 —1)& nyp—2+ (a1 — 1) énip]’

+.o 7 [uente + P11%04+1 + Pr1U2 1 + P11 (@1 — 1) Enga

+ (al - 1) €n+2}2

+90 [Uznt1 + P01 Tt + (a1 = 1) &paa]?
Using (24), we can rewrite (28) as

U1, M U2, M+D

At this point, for convenience, we introduce a mapping 7, (-) which simply

evaluates the expected value of its argument when the control policy is given
by I'),. We have, from (29)

Tr,, (S + Hu) > 03 +h (M —1) (30)
By applying 7t,,_, to both sides of (30) we see that
Ty (Trw (Sv+ Hu) + Su—1) > Ty, (03¢m + Hyu1 + Sy-a)

ogom + Tty y (Hy-1+ Sa-1)

> o} (e +on—1) + Hy—o

where the first inequality follows from a simple principle of optimality argu-
ment. Proceeding in the same manner, we finally obtain

Trp, 1 (Trp, o (- (Try, (Sv+Hy) + ... ) + Spy42) + Sp,41)

M
> Ui Z ©n, (31)
n=D;+1
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with equality if each I',, n = Dy +1,D1 4+ 2,... , M equals I',. Now, the
left-hand side of (31) is equal to the M-stage cost corresponding to the policy
OI={Tp,+1,'p,42,... ,ar}. In other words,

TFD1+1 (TFD1+2 ( i (TFM (SM + HM) + .. ) + SDH-Q) + SD1+1)

M
- B 3 [t ne s G o]
n=Dy+1
H}

M
E { Z [xi+1 + C% (ul,n - algn)2 + C% (u2,n - a2§n)2]

n=Ds+1
H}

M
20'(2;5 Z Pn (32)
n=D;+1

D»>
+ Z [xi-i-l + i (urn — 571)2}
n=D;+1

One can use this relation in (31) to get

D>
- Z [xi-i-l + i (urn — fnﬂ
n=D;+1

If we divide both sides of (32) by M and take the limit as M goes to oo, we
obtain the inequality

M
. 1 2 2
lim ME{ D[22 nn — agn)’ + & (uzn — 0260

M—oco
n=Ds+1
D>
¢ 3 [t donn -6}

n=D;+1

M
: 1 2 2
2 i 350 2 en=0ken
n=D1+1

with equality if II = II*. Thus, the infinite horizon cost J is lower bounded
by the real number crigaoo and this bound can be achieved if the policy is that
of the limit of the optimal finite-horizon controller. Hence, we established the
result that the infinite horizon optimal controller can be obtained as the limit
of the finite-horizon one.
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4 Derivation of Optimal Decentralized Flow
Controllers for M Users

The results of the previous section can be extended to the most general case
of M users to a certain extent. In derivations to follow, for ease of notation we
will assume that one of the users has no delay in acquiring the queue length
and effective service rate information from the switch. In other words, we
let D; = 0 and delays of the other users can be taken to be ordered as in
(2). As in the two user case, we use a dynamic programming approach to
calculate the controls, but this time the expressions become too cumbersome
to write down analytically. However, the main idea of our calculations remains
essentially the same: completion of squares. Starting at stage N again, down
to stage N — D5, we minimize J,,’s over the control of the user that has the
least information delay, namely the user 1. The terms that remain after this
minimization have the form

M

N—d
Ry = E Yn E (W, N-n—Dyt1 — A2 N—n—Dy+1) + Pn1TN—Dy+1
n=0 =2

n M
+ E E Prk (U, N—Dytk — WEN—Dy+k)
k=1,n>1 1=2

,d=N,...,N—Dy+1

where 7,’s and p,_;’s can be precomputed, and they depend on D, and the
weights ¢;’s.

Between the stages N — Dy and N — D3 + 1, we minimize the objective
functionals over two controls simultaneously. This brings in additional remain-
ing terms on top of the slightly modified Ry_p,+1. The new terms have the
following structure:

N—d M
Ag = Tn Z (Wi, N—n—Ds+1 — @26N—n—Ds+1) + Pr1TN—Dy+1
TL:DQ =3
2
n M
+ Z Pk (U, N—Dy+k — WEN—Dy+k)
k=1n>11=3
d=N-Dy,... N—Dy+1 (33)

and the modified Ry_p,+1 equals

Ds—1 M
RN_p,+1 = E Yn E (W, N—n—Ds+1 — @2 N—n—Ds+1)
n=0 =2
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+Pn1TN-—Ds+1

2

n M
+ Z Z Pk (U N—Ds+k — €N -—Ds+k) |(34)
k=1,n>1 1=2

Now, (33) and (34) can be combined to find all of the terms that are transferred
to the next stage at time N — D3 + 1. The result is

RN-ps+1 = AN—Dy+1 + RN—Dy+1

From time N — D3 until N — D4 + 1, additional terms accumulate. These
terms have the same structure as in (33) and are given by

N—d M
Ag = E Tn E (Wi, N—n—Dst1 — @26N—n—Dy+1) + Pr1TN—Dy+1
’n:Dg =4

2

n M
+ ) D pnk (WN-Dak — WEN—D1k)

k=1,n>11=4
,d=N—-Ds,... N—Dy+1

Fortunately, the old terms that have already accumulated preserve their struc-
ture, but their time indices re-shift. Thus, Ry_p,+1 is re-modified to

Do—1 M
Ry_p,+1 = E Vn E (W, N—n—Dy+1 — @2 N—n—Dy+1)
n=0 =2

+Pn1TN-Ds+1

2

n M
+ Z an,k (W, N—Dytk — GEN—D4+k)

k=1,n>11=2
and Ry_p,+1 becomes
D3—1 M
RN_py41 = E Yn E (W, N—n—Ds+1 — 026N —n—Dy+1)
n=D, 1=3

+Pn1TN-Ds+1

2

n M
+ Z Z Pk (W,N=Dy+k — WEN—Dy+k)

k=1,n>1 =3
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We again combine all the terms to get

RN_p,4+1 =AN-D,+1 + RN_Dy+1 + RN—D3+1

This process can be repeated several times till the stage N — D, is reached.
Eventually, we find Ry_p,,+1. From that point on, this so-called transient
minimization process ends, and we start minimizing J,,’s over the controls of
all of the M users. This task can be reduced to finding a recursive relation
such as (13) in the two user case, but this time the algebra is too complicated
to carry out the manipulations analytically by hand. However, a computer
can do these calculations easily for us once we know that the structure of the
remaining terms are as in the above expressions. This is actually what is done
in the next section. Note that, the finite-horizon controller for the M user case
is a certainty equivalent controller as in the two user case. This fact simply
follows from the construction of the controller. Let us make a final remark
on the infinite-horizon version of the M user problem. The only practical
difficulty of the M user case is the complication of algebra, which prevents us
from finding a recursive formula for the controller dynamics. We know that
such a relation exists, but we do not know yet whether it is convergent or not.
If we had to assume that it converges, the extension to the infinite-horizon
case would be exactly the same as in the two user case. To put it another way,
the infinite horizon optimal controller would be the limit of the finite horizon
one.

5 Simulation Results

We performed an extensive simulation study to investigate the performance of
the optimal controller. In all simulations, we considered a network of M = 3
users, with the following values of system parameters

am=as=a3=1/3, 1 =ce=c3=¢, p=2, a1 = ay =04, 0’3)21

where ¢,,’s are assumed to be i.i.d Gaussian. And the run length of all simu-
lations is N = 1000.

First, for comparison purposes, in Table 1, Table 2 and Table 3 we present
the performance of the optimal controller along with two previously proposed
certainty equivalent controllers referred to as Controller 1 and Controller 2
in [2]. As expected, optimal controller does a better job in regulating the
queue length with comparable control effort and the resulting average cost
is smaller in all cases. In [1] and [2], the simulation results indicated that
the Controller 2 performs better than Controller 1, which is the case here,
too. Next, we consider three scenarios to investigate the performance of the
optimal controller only. In scenario 1, we decrease the delay of user 2 holding
that of users 1 and 3 at their previous values. As depicted in Table 4, in
this case the optimal overall cost decreases, because user 2 has access to more
recent information about the queue length and available service rate. Next, we
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increase the delay of user 2 and study its effect on the optimal cost. Table 5
summarizes our simulation results in this case. Clearly, this time the optimal
cost increases, because user 2 has worse knowledge on the system variables.
Finally, we decrease the delay of user 3, while holding the delays of users 1
and 2 fixed at their base values. The performance of optimal controller in this
case is depicted in Table 6. As the results indicate, the optimal average cost is
smaller as compared to the case in which D3 = 10. The decrease in the delay
of user 3 results in a better performance of the system, because user 3 can
make better estimates of the queue length and available service rate which are
used in calculating his control actions and the overall cost.

Another issue we investigated in simulations is the rate of convergence
of system dynamics. In all cases, the finite-horizon optimal control policies
converged to stationary policies at very fast rates. This result suggests the
existence of a stationary infinite horizon optimal controller for the general M

user case, a result that we did not prove here.

c | VE@?) | VE@R) | VE(3) | /E(u3) J
0.1 | 0.0045 | 1.2830 | 0.2667 | 0.0898 | 0.0116
1 | 02178 | 1.3057 | 0.3271 | 0.1081 | 1.1545
10 | 3.1474 | 0.7896 | 0.3802 | 0.1773 | 66.7900

Table 1: Optimal Controller with Dy =0, Dy =5, D3 = 10

c | VE@?) | VE@Y) | VE@uS) | VE@u3) | J
01| 269 0.89 0.63 0.49 7.68
1| 318 0.84 0.60 049 | 11.44
10 | 7.19 0.38 0.48 0.50 | 114.66

Table 2: Controller 1 with D; =0, Dy =5, D3 = 10

c | VE@?) | VE@WR) | VE@)) | VE(u3) | J
0.1 0.01 1.48 1.18 049 | 0.04

1 | 080 1.01 0.82 050 | 2.46
10 | 6.00 0.38 0.47 050 | 85.37

Table 3: Controller 2 with Dy, =0, D5 =5, D3 =10

c | VE@?) | VE@WR) | VEWS) | VE@3) | J
0.1 | 0.0042 | 1.1634 | 0.4776 | 0.0990 | 0.0085

1 | 02603 | 1.1012 | 05411 | 0.1049 | 0.8587
10 | 21791 | 0.6745 | 0.4920 | 0.1503 | 47.1239

Table 4: Optimal Controller with Dy = 0, Dy = 2, D3 = 10
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c | VEG@?) | VE@WT) | VE@WS) | VE@S) | J
0.1 | 0.0045 | 1.4276 | 0.1649 | 0.0978 | 0.0137
1 | 02013 | 1.4193 | 0.1919 | 0.1082 | 1.4320
10 | 39501 | 0.9362 | 0.3049 | 0.2215 | 90.6461

Table 5: Optimal Controller with Dy =0, Dy =8, D3 = 10

c | VE@?) | VE@W) | VE@WS) | VE@3) | J
0.1 | 0.0048 | 1.4776 | 0.2902 | 0.1779 | 0.0140
1 | 02225 | 1.2763 | 0.2816 | 0.1571 | 1.1583
10 | 3.3677 | 0.8089 | 0.3747 | 0.2743 | 66.1541

Table 6: Optimal Controller with D1 =0,Ds =5,D3 =7

6 Conclusions

In this paper, we have presented a method to calculate the optimal solution
to a class of team problems with a partially nested information pattern, which
particularly arises in the context of designing flow controllers in communication
networks. As a basic approach towards obtaining the solution we adopted
dynamic programming with which we first obtained the solution in a finite
time horizon setting. Next, we exploited the special structure of the two user
problem to extend this result to the infinite horizon case. We proved the
existence of the infinite horizon solution and showed that it can be calculated
as the limit of the finite horizon one. Further extension of this result to the
M user case is still an open problem that we are currently working on. Yet
another future direction of research would be to look into the continuous-time
version of the same problem.
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