ECE 553 SPRING 2006
Correspondence # 21 April 25, 2006

SUMMARY OF BASIC RESULTS ON H>* CONTROL

System dynamics : = A(t)x + B(t)u(t) + D(t) w(t), x(tg) = x¢, dim (z) =n
Controlled output : z(t) = H(t)x(t) + G(t) u(t), HT'H = Q, HTG =0, GTG =1
Measured output : y(t) = Ct)x(t) + E(t)v(t) , EET =N, N>0

1. Perfect State Measurements : u(t) = p(t;z(r), 7 < t)

la. Finite horizon: [ty,t;] and x0=0
1/2 t
Cost s Liuw) = [(jaltn), + [1%) > lwl]. @ >0, |a2 = [ |2 dt

= inf,, sup,, L(p, w)

Optimum performance : ~*

Related differential game  (for every v > v*) :
Iy (u,w) = [z (tp)lg, +[I2]1* = *w]?

GRDE-1 : Z+ANZ+ZA—Z(BB —~y72DDNZ+Q=0; Z(t;) =Qy
Let 4 :=inf{~ > 0: GRDE-1 admits a solution on [to,tf] }

Theorem la
i =5
(ii) For each v > ~*, there exists a state-feedback controller that achieves the performance bound ~, which
is given by
iy (t,2) = —B(t) Z,(D)z,
where Z, is the unique nonnegative-definite (nnd) solution of GRDE-1 above.  Equivalently,
L(py,w) <v, Yw € Lyto, tf]

1b. Finite horizon: [ty,t;] and @z #0
1/2 1/2
Cost :  L(u,w) = [(|:C(tf)|éf +112112) 77/ (lwl* + |$o|230) |, Qr=0, Q=0

Optimum performance : ~*

= inf, sup,, L(p, w)
Related differential game  (for every v > v*) :

Ty (u,w) = [2(t)[g), + 1212 = 7 (lwl® + +laold, )

GRDE-1:  Z+AZ+ZA-Z(BB —~2DD)Z+Q=0; Z(t;)=Q;
Let 4 :=inf{v>0: GRDE-1 admits a solution Z.(-) on [tg, ] with the property v>Qo — Z,(to) > 0}

Theorem 1b
i) =73
(ii) For each v > ~*, there exists a state-feedback controller that achieves the performance bound ~, which
is given by
iy (t,2) = —B(t) Z, (1),
where Z, is the unique nonnegative-definite solution of GRDE-1 above. Equivalently,
L(py,w) <v, Ywée Lty tf] and Vao € R



lc. Infinite horizon: [tg,00) and 29 =0; all matrices time-invariant

Cost :  L(u,w) = [|lz[l/|lw]] . I2[? == [ =(t)|> dt
Optimum performance : v} :=inf, sup,, L(p, w)

Related differential game  (for every v > ~%) :

Iy (u,w) = [|2]* = *[w]?

GARE-1 : A'Z+ZA—Z(BB —~y2DD"Z+Q =0

Let Ao :=inf{v > 0: GARE-1 admits a nonnegative-definite solution }

Theorem 1c. Let (A, B) be stabilizable, and (A, H) be detectable. Then,
(1) ~Z is finite, and 7% = Yoo
(ii) For each v > ~% , GARE-1 admits a unique minimal nonnegative-definite solution, Z,JYF .
(iii) For each v > ~%, there exists a time-invariant state-feedback controller that achieves the performance

bound ~, which is given by -
M’Y(x) =-B Z'Jyrxv

Equivalently,
L(:u’%w) <7, vaLQ[tO’OO)

(iv) The state-feedback controller above leads to a BIBS stable system, that is the matrix A — BB’ Z:)‘
is Hurwitz.

1d. Infinite horizon: [tp,00) and 1z #0; all matrices time-invariant

1/2
Cost :  L(u,w) = [[l2]l/(lwl® + |20l3,) "], Qo =0, [lz]? = [i [=(t)|* dt
Optimum performance : 7% :=inf, sup,, L(y,w)

Related differential game  (for every v > v%) :
Iy (u,w) = |21 = 22 ([[w]]* + |zo[3,)

GARE-1 : A'Z + ZA— Z(BB' —~y2DDZ +Q =0

Let Ao :=inf{vy > 0: GARE-1 admits a nnd solution Z, with the property Qo — v 2Z, >0}

Theorem 1d. Let (A4, B) be stabilizable, and (A, H) be detectable. Then,
(1) ~Z is finite, and 75, = Yoo
(ii) For each v > ~% , GARE-1 admits a unique minimal nonnegative-definite solution, Zj .
(iii) For each vy > ~%, there exists a time-invariant state-feedback controller that achieves the performance
bound +, which is given by -
py(x) = =B’ Z;“m,
Equivalently,
L(py,w) <7, Vwe Lyfty,00) and Vo € R”

(iv) The state-feedback controller above leads to a BIBS stable system, that is the matrix A — BB’ Zj
is Hurwitz.



2. Noisy Output Measurements u(t) = p(t;y(r), 7 <t)
2a. Finite horizon: [to,t;] and zo unknown, but has nominal value Z

1/2 _ 1/2
Cost :  L(uw) = [ (|ztp), + 12I?)"/ (loll? + loll? + w0 — 20f3,)'"*] @5 >0, Q>0

Optimum performance :  ~j :=inf, sup,, L(u,w)
Related differential game  (for every v > ~7) :
Iy (u,w) = |z(tg)[G, + 12017 = ¥ (lwl® + vl + zo — Zol3,)

GRDE-2 : Y =AY+ XA - X(C'N7IC -y 2H'H)S + DD';  S(to) = Q"
FILTER : 2= [A— (BB —~2DD"Z] &+ [I -y 2SZ]'SC'N~ (y — Ci); (o) = To
Let 47 :=inf{y > 0: GRDE-1 and GRDE-2 admit solutions on [to,?s], such that p(XZ) <2}

Theorem 2a
i) =%
(ii) For each v > ~7, there exists an n-dimensional controller that achieves the performance bound , which
is given by
ty(ty) = —B(t) Zy(t) 2+(t) ,
where 2., is generated by the FILTER above.  Equivalently,
L(py,w) <v, Ywé€ Lyftg, tf], Yv € La[tg, tf], and Vo € R"

2b. Infinite horizon: (—oo,00) and z(tg) — 0 asty — —oo ; all matrices time-invariant

1/2 0o
Cost s Liuw) = [0/ (lwlP + [012) /2] 2l = [, Jo(t)P dt
Optimum performance : 7] := inf, sup,, L(p,w)

Related differential game  (for every v > v7.) :
Iy (u, w) = [[21* = v*(llw]] + [[v]|*)

GARE-2: AL+ XA —S(C'N-'C -~ 2H'H)S + DD’ =0

Let  4roc = inf {7 > 0 : GARE-1 and GARE-2 admit nnd solutions Z7 and 27 with the property
p(XyZy) < '72}

Theorem 2b. Let (A4, B) and (A, D) be stabilizable, and (A, H) and (A, C) be detectable. Then,
(1) v is finite, and vf., = Jr0o
(ii) For each v > 7., GARE-1 admits a unique minimal nnd solution, Z:Y“ , and GARE-2 admits a unique
minimal nnd solution, ¥, which further satisfy the spectral radius condition — p(X3Z3) < ~2.
(iii) For each v > 77, there exists an n-dimensional controller that achieves the performance bound =,
which is given by
py(y) = —=B' ZT i(t) where

i=[A— (BB —y*DD"Z i +[I -y ?S3 ZI]'STC'N " (y - C4)
Equivalently,
L(py,w) <7, Vwé€ Ly(—00,00) and Vv € Ly(—00,00)
(iv) The controller above leads to a BIBS stable 2n-dimensional system, that is the matrices A — BB’ Zj
and A—YIC'N7'C are Hurwitz.



