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In the previous chapter, we formulated many problems in the classical
calculus of variations [1]. A derivation of the Euler-Lagrange equations for
both the scalar and vector cases was presented. We discussed the associated
transversality conditions and some of the difficulties which we may encounter
if inequality constraints are present. Several simple optimal control problems
were stated and solved. In this chapter we wish to reexamine many of the
problems presented in the previous chapter and obtain more general solutions
for some of them. In addition, we will develop methods for handling some
problems which could not be conveniently formulated by the methods in the
previous chapter. ’

To these ends, we will present the Bolza formulation of the variational
calculus using Hamiltonian methods. This will lead us into a proof of the
Pontryagin maximum principle and the associated transversality conditions
[2-5]. We will proceed then to a development of the Hamilton-Jacobi equa-
tions [12-14], which are equivalent to Bellman’s equations of continuous
dynamic programming. Finally, we will give brief mention to some limitations
of dynamic programming. Examples to illustrate the methods will be pre-
sented. We will reserve the next chapter for a discussion of some of the many
problems which we can formulate and solve using the maximum principle.

In order to fully develop our approach to optimization theory where the
terminal time is not fixed and where the control and state vectors are not
necessarily smooth functions, we must consider in more detail the first varia-
tion for such problems.
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4.1
The variational approach for functions
with terminal times not fixed

We now extend the variational approach introduced in Sec. 3.6 to prob-
lems having unspecified terminal times. Consider extremizing

J= j ®[x(), k), 1 dt | @.1-1)

with respect to the set of all admissible (see Sec. 2.1) trajectories. Let ¢, be the
terminal time associated with optimal trajectory x. Associated with each
perturbation h away from the optimal trajectory is a perturbation d¢, in the
terminal time. Let the first variation 8J be the part of

AJ =J(x + h,t, + 0t;) — J(x, t;) 4.1-2)

which is linear in h and &¢,. Substituting Eq. (4.1-1) into Eq. (4.1-2), taking
the linear terms of AJ (in h, ¢, and h), .and performing the usual integration
by parts to reduce terms dependent on h to terms dependent on h, we obtain

87 = ®[x(t,), X(t,), 11 81, + b7(t,) "“’l"(g}(,";g‘f)' 7i

j W (r) (%% K. %%) at @.1-3)

where for convenience, we have assumed that the initial condition is fixed and

hence h(z,) = 0.
In order to rephrase Eq. (4.1-3) into a convenient form, we introduce the

following notation. We define

(SX(I,) = h(t,) + i(t,) 6‘,. (4.1-4)
From a Taylor series expansion of x(¢, + dt,), we note that ox(¢,) is a close
approximation to that part of [x(t; + Jtp) + h(t, + 5t)] — x(t,) which is
linear in h(t,) and Jt,. Submitting Eq. (4.1-4) into Eq. (4.1-3) and rearrang-
ing, the first variation becomes

8 = {tb[x(t,), (1)), 1] — i’(r,)aqi"(‘;gz:;‘yf)ﬁ} Sty +

reo \OOIX(t7), X(ty), ¢ v b0 dod i
8x7(1,) [x(a,’)‘(z);) Ay J’ h,(,,){;;—w;;} dr.  (4.15)

In much of our work, it will be convenient to define a quantity, called the
Hamiltonian, by

HIXO), M0, 4 = @ — 52 = @ + 57 4.16)
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where the Hamiltonian is not a function of x; x(¢), and A(r) are called the
canonical variables. In terms of the Hamiltonian, the first variation of Eq.
(4.1-1), which is Eq. (4.1-5) becomes

U4
57 = —BxT(U M) + HIx(t)), Mt), 11 81, + f (o) {52 + 5} a.
4.1-7)
To establish a necessary condition for a minimum, it is necessary that
the integrand in Eqs. (4.1-5) and (4.1-7) vanish and also that the trans-
versality condition, as obtained from Eq. (4.1-7),
—8xT(t M) + HIx(ty), Mts), t7] 6, =0 (4.1-8)
be satisfied.
4.2

Weierstrass-Erdmann conditions

Thus far in our development, admissible trajectories have been constrained
to be continuously differentiable with respect to x and . This functional
constraint on the class of all admissible trajectories is often unrealistically
restrictive, as the following example will show. For this example, an optimal
admissible solution does not exist; however, if the functional restriction
on an admissible trajectory is sufficiently relaxed, existence of an optimal
admissible trajectory is assured. We now examine the consequences of our
new definition of an admissible trajectory which are the Weierstrass-
Erdmann conditions [1].

Let us consider the problem of minimizing the cost function

1
J= j x2(2 — X)* dt
o
subject to

x0) =0 x(I)=1. "~

Physically, it is clear that the absolute minimum for J is O and that this is
obtained for

x(t) = 0, t €[0,4]
x(t) =2t — 1, te 1]
which is certainly a solution to the Euler-Lagrange equation for this problem
x2% 4 xx* — 4x = 0.

There is one disturbing feature about this solution, however, in that the
optimum x(¢) has a “corner” or discontinuous first derivative which gives
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rise to formal difficulty since % is contained in the Euler-Lagrange equations.
Thus, the solution of the above problem is not admissible. Certainly, this
particular function x(f) is continuously differentiable everywhere except at
a finite number of points (in this case the single point ¢ = ). Thus, in relaxing
the set of admissible trajectories to allow for functions which are piecewise
continuously differentiable, the function x(f) is admissible and the above
problem then has an optimal admissible control.

The Weierstrass-Erdmann corner conditions furnish us with necessary
-conditions for an optimal trajectory to have a discontinuous derivative at
a point in the control interval of interest. Specifically, consider the problem
of finding a trajectory among the class of all continuously differentiable
functions on [a, b] having a corner at ¢ € (a, b) which satisfies fixed initial
and final boundary values such that the functional

b
Jx) = [ Ofx(0), (), 1]t
has an extremum. It is of course clear that, for ¢ € [a,c]and 1 € [c, b), the

function x(f) must satisfy the Euler-Lagrange equations for a minimum

did 30 _
diox  ox

We may rewrite the cost function as a sum of two cost functions:
c b
160 = [ I, %@, A1 + | OIx(0, %), i

= J,(x) + J2(%).

We may now take the first variation 8J,(x) and 8J,(x) separately. We
assume, for the moment only, that a and b are fixed, and we require that the
(r) calculated from J;(x) and J,(x) is the same at £ = ¢ which is unknown.
Since c is arbitrary, the first variation of J,(x) is

8J,(x) = —18x7(a) o0 "“’3233( 0.4l

{(D[x(c), %(c), c] — 17(0)?% x(c’?‘,( :’)(c), c]} oc + sxT(c)ad{x(c’?‘,( cs;(c), d,
ey [0 _ 40P
L (1) {'a'; - —d—t,ﬁ} dt.

Since x(¢) satisfies the Euler-Lagrange equations for an extremal and since
8x(a) = 0, we have

8J,(x) = axr(r)@g%)‘g)_(_r)_ﬁ_l N
(oo, 3671~ "‘"”"—"i"%%—’(f%’)—"—]} s (fort=c—0)
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In a similar fashion, we can show that the first variation for the extremal
solution of J,(x) is '

0J,(x) = —5x7'(r)(22[1(31')_,7"(_7)1ﬂ _

x(1)
{CD[x(r), x(1), 1] — ’.‘T(T)d____a____(b[x(t’?‘,(j)(r), T]} ot (fort = c 4 0).

In order to obtain the extremum, the extremal solution must satisfy
8J(x) = 6Jy(x) + 6J,(x) =0

Thus
)] id
-a_i—ld-c—o - -a_i—l(-c+0 (4.2-1)
L a0®| g 4rd®
O — % ?Rlo ) "THLM (4.2-2)

since 8x and ¢, are arbitrary. These requirements, Egs. (4.2-1) and 4.2-2),
are called the Weierstrass-Erdmann corner conditions and must hold at any
point ¢ where the extremal has a corner. If we use the Hamiltonian canonical
variables : -

H=(I>—i’%%=d>+).’i

' (i)
A= —
9%’
we immediately see that the Weierstrass-Erdmann conditions simply require
H and A to be continuous on the optimum trajectory at all points where there
are corners.

e
4.3

The Bolza problem—no inequality constraints

In Sec. 3.7 we considered the solution of Lagrange problems with equality
constraints of the form g(x, X, £) = 0 for all 1 in the control interval of inter-
est. A special case of this equality constraint which is well-recognized as a
model of a large and important class of physical systems is

x(t) = £[x(2), u(v), 1], “4.3-1)

where the m-vector u represents the control function to be selected and the
n-vector X represents the resulting trajectory. We will assume that f has con-
tinuous partial derivatives with respect to x and u. Often it is the case that
such smoothness assumptions guarantee that for any piecewise continuous
function u, there exists a unique, admissible trajectory X to Eq. (4.3-1). We
therefore define the set of admissible control functions to be the class of piece-
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wise continuous functions and assume that, for an admissible u and a given
initial condition x(¢,), Eq. (4.3-1) defines a unique, admissible solution over
the control interval of interest.

Throughout the remainder of this section and the following section, we
will consider the development of necessary conditions for Bolza problems
subject to the equality constraint in Eq. (4.3-1). Subsections (4.3-1)and (4.3-2)

will consider the fixed final time and the unspecified final time cases when no .

restrictions are imposed on the value that u can take at each time ¢ during
the control interval of interest. Section 4.4 considers two cases of inequality
constraints on the control function and its associated trajectory over the

control interval.

4.3-1

Continuous optimal control problems—
fixed beginning and terminal times—
no inequality constraints

We now consider the problem of determining an admissible control
function u in order to minimize the criterion

7 = 0x(), 1] [ + j SIx(e), u(®), 1 dt, (43-2)

where @ and ¢ possess continuous partial derivatives in x and u.
We use the method of Lagrange multipliers discussed in the last chapter
to adjoin the system differential equality constraint to the cost function, which

gives us
J = 0[x(1), 1] [ + .[ {BIx(), u(®), 1] + NOUxX(), u(@), 1} — X} .
’ 4.3-3)
We define a scalar function, the Hamiltonian, as :
HIx(@), u(®), Mo), 1] = $[x(), ut), 1] + M(Ofx(?), u(0), 1. (434
Thus the cost function becomes
J = 6ix(), 1] [ + [ (HIxO, w0, M0, 1 — WO} . (43°5)
If we integrate the last term in the integrand of Eq. (4.3-5) by parts, we
obtain
7 = 0x(0, 71 — OO + [ (HIx0, w0, M0, 1+ Fx0) e
T (4.3-6)
We now take the first variation of J for variations in the control vector
and, consequently, in the state vector about the optimal control and optimal

,, _ ) ex(e)y
7(¢) Z
‘ Su0
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state vector. This gives us

_ a0 =t "' dH dH

67 = {oxr| g5 - 2]} [ + J (o[ SE + 4]+ swr| G . @37)
A necessary confiition for a minimum is that the first variation in J vanish
for arbitrary variations 8x and du. Thus we have as the necessary condition

for a minimum the very important relations

8x™ g% _ x] —0, for t=1t,t; (4.3-8)
dH , '
A e %’—{ (4.3-9)

dH

Fa=0 o (4.3-10)

. We now consider in more detail the transversality conditions expressed
in Eq. (4.3-8).

. For.a large class of optimal control problems, the initial state of the system
is specified but the terminal state is unspecified. In that case, Eq. (4.3-8)
yields the transversality conditions as

_ _a0[x(1,), t/]

x(1,) = X,, Miy) = T(;-T)—’ 4.3-11)
since 8x(t,) = 0, x(¢,) is fixed, and 8x(¢/) is completely arbitrary. In another
broad class of problems x(z,) and x(¢,) are fixed. In this case 8x(t,) and 8x(¢,)
must be zero, and x(t,) and x(¢,) are the boundary conditions for the two-
point boundary value problem. For many estimation problems, neither
x(¢,) nor x(¢;) are fixed and @ = 0. In that case, Eq. (4.3-8) yields M¢,) =
A(t;) = 0 as the boundary conditions for the problem since dx(t,) and 8x(z,)
are arbitrary. In still another case, we might have x(t,) = x,, # = 0, and
[Ix(t)1[* = 1.In this event, it is easy for us to show that the final transversality
conditions are obtained if we solve the two scalar equations, each in n
variables

SXTU () =0,  BXT(t,)M(t,) = O.  (4.3-12)

V\./e. now give a more general and precise interpretation to the transversality
conditions. For the general case where the initial manifold is

Mix(z,), t.) =0 (4.3-13)
and the terminal manifold is
Nix(t)), 1,1 = 0, (4.3-14)

we adjoin these conditions to the @ function by means of Lagrange multipliers,
& and v and obtain for the cost function
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7 = 01, A = E M), 1] -+ VX, o]+

j " (Hx(), u(t), MO, 1] — MO} dr. (4.3-15)

We now apply the usual variational techniques to obtain for the trans-
versality conditions at the initial time:

() =9 4 (M Mix(t), ] =0, (=1, (4316

M) =32+ (Ge)e  MxO.0=0, . (4316)

The n initial conditions are obtained from this, with r parameters to be found

in Eq. (4.3-16) such that we satisfy the r conditions of Eq. 4.3-13). In a
similar fashion, the terminal condition is

ey =2 4 (T, Nx,d=0, 1=t (431D
n terminal conditions are obtained from this with ¢ parameters v found in
Eq. (4.3-17) such that the g conditions of Eq. (4.3-14) are satisfied.

The n vector differential equation obtained from Eq. (4.3-9) will be called
the adjoint equation. Equation (4.3-10) provides the coupling relation be-
tween the original plant dynamics, Eq. (4.3-1), and the adjoint equation, the
A equation of Eq. (4.3-9). This coupling equation was obtained from

5= ... +J:"[8uf%’§+.,i]dt,

and it is important to note that du must be completely arbitrary in order for
us to draw the conclusion that dH/du = 0 to obtain the optimal control.
For the problem posed here where the admissible control set is infinite, du
can be completely arbitrary. Where the admissible control is bounded, 8u
cannot be completely arbitrary, and dH/du = 0 may not be the correct
requirement. We will have more to say about this later. The solution we have
obtained for this problem is a special case of the Pontryagin maximum
principle. :

It is also interesting to note that, since H = ¢ + ATf, we may compute
the total derivative with respect to time as

a3y o3+ GO o3 QR e

(4.3-18)
but from Egs. (4.3-9) and (4.3-4) we have-
: dH d of? i
~ S _ _ag — (‘69" (4.3-19)
and from Eq. (4.3-4)
‘O0H _ @ d 32
OH _ 3 1 (G | (4.3-20)
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Thus, since 7 = AT, Eq. (4.3-18) becomes

di_ 96 4 ar8l 4 ar Ol 4.3:21)
We see that, if ¢ and f are not explicit functions of time, the Hamiltonian
is constant along an optimal trajectory where dH/du = 0. It can be shown
that this is always true along an optimal trajectory, even if we cannot require
dH/du = 0. We will make use of this fact in a later development.

In order that J be a minimum, the second variation of J must be nonnega-
tive along all trajectories such that Eq. (4.3-1) is satisfied. Therefore we need
to compute the second variation of J in Eq. (4.3-6) and impose the require-
ment that the variation of Eq. (4.3-1) is zero, or that

8% — (g;f‘) 8x — (g{l) Bu—0. (4.3-22)

Applying this condition and taking the quadratic part of the Taylor series
expansion of J(x + 8x, u + 8u) — J(x, u), we have for the second variation
-

8 = %[sxr o 8x][ +

=t

o

L (" sl 9% u dx [[8x

2 f Bx"8 5 onT arm [Su]dt (4.3-23)
Judx | du?

and this must be nonnegative for a minimum. This will be the case if the
n + m square matrix under the integral sign and d%@/dx* are nonnegative
definite.

Example 4.3-1. We are given the differential system consisting of three

cascaded integrators

X, =X, x,(0) =0

Xy = X3 x2(0) =0

X3 =u x3(0) = 0.
We wish to drive the system so that we reach the terminal manifold

x}(1) + x3(1) =1

such that the cost function:

J=1}J-:u7-dt

is minimized. The solution to the problem proceeds as follows. We compute
the Hamiltonian from Eq. (4.34) as

H= {uz + 1|X1, + lzx:; + lju
and determine the coupling relation, Eq. (4.3-10),
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%iu[=0=u+ls

and the adjoint Eq. (4.3-9),

i aH
'1'——0—;.—0
; oH _ _
lz——-'—a_xZ—- Ay
oH _ _
A= =Gx, = A

From Egs. (4.3-14) and (4.3-17) we see that the transversality condition at the

terminal time is
Cxt) + XD =1

a0 JINT —
=%+ (-5;)\', (=1t
where
N[x(t,), t,] = X%(f[) -+ x%(t[) —1=0, ty = 1.
Thus : .

A 2x (v
AQ) = [iz(l)j\ = | 2x3(1) |-
(D 0

Thus the problem of finding the optimal control and associated trajectories
for this example is completely resolved when we solve the two-point boundary

value problem represented by
Xy = X3 x1(0) = 0
Xy = X3 x(0) =0
%y = —As x300)=0
=0  Aa@=2a0y¥
do= =4 Aa() =200y
=2 AD=0

Although the six first-order differential equations erresented ?bove are per(-l
fectly linear and time invariant, the solution. So this problem‘ls comphcz.ate
by the nonlinear nature of the terminal conditions. We shall discover various
iterative schemes for overcoming this difficulty in Chapter 10.

}xm) +xi() =1

4.3-2

Continuous optimal control problems—

fixed beginning and unspecified terminal times—
no inequality constraints

The material of the previous subsection may be easily extended to the

case where the terminal manifold equation is a function of the terminal time,
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and the terminal time is unspecified. For convenience we will assume that
the initial time and the initial state vector are specified. Solution may then
easily be obtained for the case where the initial time and initial state vector
are unspecified. Therefore the problem becomes one of minimizing the cost
function

J= 9fx(r,), t]] + j SIx(0), u(e), A dt (4.3-24)
for the system described by
x = f[x(?), u(o), ), x(’r,) =x, (4.3-25)

where ¢, is fixed and where, at the unspecified terminal time ¢ = t,, the g
vector terminal manifold equation '

N[x(t,), t;] = 0 (4.3-26)

is satisfied. It may be noted here that the terminal manifold line, x(t,) = ¢(¢,)
of the previous chapter becomes N[x(t,), ;] = 0, which is more general. We
adjoin the equality constraints to the cost function via Lagrange multipliers
to obtain

J = 0[x(1,), 1,] + V'N[x(¢,), t,] + j (BIx(0), u(e), 1] +
AT(OHE[x(2), u(e), t] — x]} dt. (4.3-27)
As before, we define the Hamiltonian '

HIx(0), u(®), M1), 1] = $[x(1), u(®), 1] + AT(OF[x(1), u(®), 1]

and integrate a portion of the cost function, Eq. (4.3-27), to obtain
J = 0[x(ty), t;] + VINIx(t,), t;] — M(t)x(t) + AT()x(t) +
[ " (HIxX(®), u(t), Me), 1] + ATx(0)} dt. (4.3-28)
We again form th; first variation by letting

x(¢) = &(r) + h(), u(?) = () + du(n), ' ty=1,+ ot, (4.3-29)

and then we form the difference J[x, u, t,] — J[&, @, 7;] and retain only the
linear terms. Thus we have, after dropping the ~ notation for convenience,

6 = 8t HIx(e), e M1, 1] + ‘5,—‘?} + sxf(r,){%% —Mep} +

f ! {h’(r) %Lx’ + i] + uT(f) %’;’ } dt (4.3-30)
where . .
OIX(t,), v, 1,] = BIX(t,), 1] + VINIX(t), t,]. 4.3-31)

We must set this first variation equal to zero to obtain the necessary condi-
tions for a minimum. Therefore, the equations which determine the optimal
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control and state vector are

H = $ix(@), (), 1] + \OLx(0), w0, 1 (43-32)
IH _ 3 — f1x(0), w0, 1 (43-33)
M _ 3, - A0 4 M0 4330
%%I 0= 0¢[x(t‘)?,“ u.f df’[x(tg;u(t). 12 o). (4.3-35)

These represent the 2n differential equations for the two-point boundary
value problems. The conditions at the initial time are

x(t,) =X, (4.3-36)
whereas those at the final time are
Me,) = a_z(%-) - ;;,‘-fgn + 5%%% v (4.3-37)
N[x(t,), t;] =0 (4.3-38)
and
HIx(,), uty), Mt 1] + g% + (%l;;)v ~ 0. (4.3-39)

Equation (4.3-37) provides n conditions with ¢ Lagrange multipliers to
be determined. Equation (4.3-38) provides g equations to eliminate the
Lagrange multipliers, and Eq. (4.3-39) provides the one additional equation
which we must have to determine the unspecified terminal time.

Example 4.3-2.  For the first-order single integration system
X =u, x(o) = lrv

we desire to find the control «(f) which makes x(¢;) = 0, where 7 is unspeci-
fied, such as to make, for specified values of & and f,

J=t+4f [ wa
a minimum. For this problem _
Nx(t)), 1] = x(t)) =0, ¢ = 1pu?
0=13 H=}pu+

The canonic equations are:

i=u=-—%i

with the boundary conditions x(0) = 1, x(t;) = 0, where we determine the
final time by solving Eq. (4.3-39) which becomes, for this example,

i=o0
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—%%’—) + gt =0.

The solutions to the canonic equations are
x(0) = —l—%fﬂ +1, Al = Ay,

But since x(t;) = 0, £, = BA~'(t/), and in the particular case where p=a
= 1, we can easily show from the foregoing that A(ty) = +(2)'/2, which
determines the solution to this example. The optimum control is u(f) =
—l(t)2=-l-n——2'/’; the corresponding trajectory is x(f) =1 — 2'/2¢, with
ty =475

Exa'mple 4.3-3. A problem which will be of considerable interest to us
later will be the “minimum time” problem. In that case
alx(tf)’ tf] = ’fl ¢ = 09

and we specify the optimal contro! and corresponding trajéctory by solving
Eqs. (4.3-32) through (4.3-35), which become

HIx(#), u(t), Mr), ] = MO (), u®), 1]

OH _ 3 = M1, w1
OH _ _j _ OMx(®, (.1,
ax A= . axu A0

JH _ o _ 9x(0), (), 1],
T =0 = 00D

with the boundary conditions specified by Eqs. (4.3-36) through (4.3-39)

X(l,) = Xo
__ ONT
M) = ax('f)v

Nix(ty), t/1=0
dNT

Hix(tp), u(ty), t7) = —1 — (t?_tf)v'

In many cases, the system is brought to rest at the unspecified time, and the
terminal manifold is the origin, so that

N[x(t/), t;] = x(t;) = 0.
Then the foregoing expressions reduce to

x(ts) = Xs,  X(ty) =0

HIx(ts), u(ts), Mtp), t] = —1.
If the Hamiltonian is not an explicit function of time, Eq. (4.3-21) which

applies here as well, yields dH/dt = 0; therefore, for this minimum time
problem

HIx(0), u(r), M0), 1] = HIx(®), u(®), MO)] = —1.
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It should be emphasized that we are not solving the usual minimum time
problem since we have imposed no inequality constraints on the control (or
state) variables. An alternate version of this problem would be to consider
6 = 0 and ¢ = 1. This changes the Hamiltonian for this particular problem,
but it certainly does not change the optimal control and state vector, as the
reader can easily verify.

44

The Bolza problem with inequality constraints

The last section treated the Bolza problem with differential equation
equality constraint, Eq. (4.3-1). There were no inequality constraints on
either the control function or the state trajectory. We now consider the Bolza
problem subject to one or more inequality constraints on the control and/or
state variable.

4.4-1
The maximum principle with control variable
inequality constraints

We now consider the determination of an admissible control function
which minimizes the criterion function of Eq. (4.3-2) subject to both the
equality constraint, Eq. (4.3-1), and the control variable constraint,

w) € U, 1€, 1] (4.4-1)

where U is a given subset of R™. We assume also that the initial state
x(t,) = x, and the initial time ¢, are fixed and that the terminal time ¢, is
defined by the vector terminal manifold equation

Nix(¢,), t;] = 0, (4.4-2)
where N: R**! — R4,

Equation (4.4-1) distinguishes the problem posed above from the problems
we considered in Sec. 4.3. Such a restricting assumption has important
modeling significance since the controls that can be applied to many physical
systems must be constrained in magnitude or in the number of feasible con-
trol settings. For example, the thrust of a rocket has a maximum and a mini-
mum value; also, there may be a finite set of possible thrust values. We now
present necessary conditions for this important problem, leading to the
celebrated maximum principle due to McShane [16], Pontryagin {2], and
others. Proof of the result for a simplified case will then follow.

We assume u, having corresponding trajectory X, is optimal on [t,, £/].
Then, recalling the definition of the Hamiltonian from Eq. (4.3-4),

HIx(), w(o), Mo), 1] < HIx(®), v, M), 1), veT - (443)
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d .
OH % (4.4-4)
oH ;
'a; = —A (4.4-5)
subject to the two-point boundary conditions
x(t,) = x,
N[x(¢), t;]=0
a6 IN
37;4-(7‘7 v+H=0, at =1 (4.4-6)
a6 IN '
Fi+(x v—A=0, at t=1,. (4.4-T)

We frequently wish to transfer the system to the origin in minimum time
so that we have

N[x(z,), t;] = 0 = x(¢,)
Olx(t)), t;) = ¢,
¢=0.
In this particular case, the transversality conditions become

x(t,) =X,
x(t;)) =0

H= -1, at t=1,.

" Example 4.4-1.  Let us consider briefly the time optimal control problem

for a linear time-invariant system where the length of the control vector is
constrained. We wish to minimize

J =1 Fa
for the system
x = Ax(?) + Bu()
x(ts) =X,
where u(f) € U means [ju(r)|| < 1.
The Hamiltonian becomes
HIx(®), u(®), M1), 1] = M(O[AX(1) + Bu()).
To make H as small as possible with respect to a choice of u(r), we must have
—BTA()
u(f) = —— -
O = TER0 1
The canonic equations become
dH

OH — % — Ax() + Bu(t), ‘;—’: — —h = ATM)
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with the boundary conditions _
x(t) =X,  Xx(ty) =0
where we determine f, by solving
HIx(tp), M), uit)] = —1.

But, from Eq. (4.3-21) we see that dH/dt = 0 since the Hamiltonian does not
depend explicitly on ¢. Thus the above equation becomes

HIx(®), w(n), Mn)] = —1 = M(OfAx() -+ Bu()]

which is the additional relation needed to determine the terminal time.

In a manner similar to [21], we now sketch a proof of the above conditions

for optimality under the assumptions that: ¢, is fixed, x(¢,) is unspecified,

@ = 0, the problem is time-invariant, and the function f satisfies the (uniform
Lipschitz) condition |

1x, w) — £y, VI < M(Ix — yll + Jju —viD, (4.4-8)
where M is a known constant and where the above norms are finite-dimen-
sional. The proof requires preliminary establishment of the Lipschitz condi-
tion

lIx — yllx < kllu— v, (4.4-9)
where y is the unique solution of Eq. (4.3-1) for given control function v,
lIx|lx = max ||x()li, (4.4-10)
(<2<
and - ’ :
llutlo = {” (o)1l ds. (4.4-11)

This is shown as follows. We note that
ox(f) = g—;[x(t). u(n)] ox() + S%IX(!). u(1)] ou(r) (4.4-12)

where 6x(¢,) = 0 since x(z,) is fixed. Thus, there is a unique fundamental
matrix ®(t, 5) such that

x() = [ @06, 9) G o), o) k) ds (@413

which can easily be shown to imply
l6x()ll < Meres—= ||| su(s)ll ds = K1l ullu
[

for all ¢ € [t,, /], and the preliminary result follows directly.
We now show that for any admissible control function v,

Jw) — I = {7 (H6 0,2) — HEx,v, W] dr + HOTqlu = vik.
- (4.4-14)
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To prove this result, assume y is the trajectory associated with v. Then,

¢(x’ ll) - ¢(y’ V) = ¢(xr ll) - ¢(x’ v) + ¢(x) V) - ¢(y) v) =
$0x,w) — $0x,v) + [ 20T x —y) 1 [282) _ HOWT () 4
| HO.T(Ix — ylk) =¢(x, w) — p(x, ) +

[ 97 x — ) + HOTlu — vl

Similarly, .
x =y = 10w — 106 ) + [ 2520 @ — ) + HOTqlu — vl

Thus, v
s = 0y = [ 1w, %) — Hx, v, W+ [ [P ox — yyar

f "N, §) dt + HOT.(Ja — v]j). (4.4-15)

Integration by parts and use of Eq. (4.4-5) indicate that the last two integrals
on the right-hand side of Eq. (4.4-15) equal

and Eq. (4.4-14) is validated. _

We now proceed to prove Eq. (4.4-3) by contradiction. Suppose there is
af e [t,,t,]and aw € U suchthat H[x(), u(?), M7)] > H[x(F), w, M{)]. The
piecewise continuity of u and the continuity of x, &, f, and ¢ imply the exist-
ence of an interval [t,, 1,] € [t,, 1/}, T € [t,,4,), and an € > O such that for
all 1 € [t,, 1.}, H[x(s), u(r), M#)] — HIx(r), w, M1)] > €. We choose v so that
v(t) = u({)for t ¢ [t,, 1,], and v(t) = wfor ¢ € [¢,, #,]. Then,

J@) —J(v) > € (t, — t,) + H.O.T.(|u — v]fy).

We note, however, that||u — v}y = (¢, — t,]H.O.T.(¢, — t,)]. Thus, selection
of t, — ¢, small enough implies J(u) — J(v) can be made positive, which con-
tradicts the optimality of u; hence, Eq. (4.4-3) is proved. Considerably more
exotic derivations of the maximum principle may be presented. For proofs
of some of the more general forms of the maximum principle, see [17], [2], [6],
and the references contained therein.

Often, Eq. (4.4-1) can conveniently be described by a set of inequalities
of the form

glu(s), 11> 0, (4.4-16)
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where g: R**! — R’. We may convert this inequality constraint to an equal-
ity constraint by writing for each component of g either :
(2)* = glu@®), 1, zdt) = 0, i=12...,r (a.4-17)
or
)? = glu(@®), 1), i=1, 2,...,r. (4.4-18)
It is apparent that either of these two equations force g to be greater
than or equal to zero since (2)* and (y,)* must certainly be greater than or
equal to zero. This technique was apparently first proposed by Valentine [8]
and extended by Berkovitz [6]. It is quite similar to the penalty function tech-
nique of Kelly [9] as we shall see in our section concerning the gradient and
second variation methods for the computation of optimal controls. The
choice between Egs. (4.4-17) and (4.4-18) will depend largely upon the par-
ticular computer [for an analog computer, Eq. (4.4-17) is generally easier
to implement than Eq. (4.4-18)] and the particular computational algorithms
used (for the quasilinearization method, Eq. (4.4-18) is considerably simpler
to use than Eq. (4.4-17) and also results in less computer solution time).

Example 4.4-2. It is quite easy to see that the constraint used here
includes, as a special case, that considered in Sec. 3.8. For example, if we
require for a scalar control i, Umia < ¥ < Umax, then we may write

~

gl[“(t)r t] = Umax — u 2 0) gz["(f), t] = U — Unmia 2 01
and we convert these inequality constraints to equality constraints by writing
(yl)z = Umex — Uy (r2)? = u — Umin

for which
()’1)'2)" = (Umax — W — Umia)

which is precisely the constraint used in Sec. 3.8.

For the problem at hand we adjoin, via the Lagrange multiplier, con-
straints (4.3-1), (4.4-2), and (4.4-16) to Eq. (4.3-2) to obtain

J = 0xtey) 1) + VNI, 1+ [ {0, W0, M0, 1 -

(o — TR, ] — #)) de
where
@) =2}, 2% 23,...,27]
HIx(), (D), Mo, 1] = $[x(), W(©), 1] + ATOI[x(2), W(2), 1]
w = u(l), w(t,) = 0.

We may now apply the Fuler-Lagrange equations to the above cost
function or take a first variation of it in order to obtain the necessary condi-
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-tions for a minimum. It is thus convenient to define a scalar function ®, the
Lagrangian, as
@Ix(1), X(0), W(1), M), T (1), KD, 1] = H[x(1), W(1), M1), ] —
A(O% — IT(O)[e[w(), 1] — 22} ‘ (4.4-19)

We wi!l use the Euler-Lagrange Eqgs. (3.5-3). Since there are no w(¢) and z(t)
terms in Eq. (4.4-19) we may write the Euler-Lagrange equations as

dop Io

Tox T ox 0 (4.4-20)
d @
oW 0 (4.4-21)
4d0 _ o .
dr oz ‘ (4.4-22)

Ea.ch piecewise continuously differentiable solution of the Euler-Lagrange
equations (4.4-20), (4.4-21), and (4.4-22) will be called an extremal curve or
an extremal trajectory of the associated variational problem. It can be shown
that the function ® need be only piecewise smooth, and thus the Euler-
Lagrange equations require that every arc of the extremal trajectory on
which the first derivatives of @ have no discontinuities be a solution of the
Euler-Lagrange equations. The corner condition will answer our questions’
concerning what happens at possible points of discontinuity of some of the
derivatives of the state or control variables. This corner condition will
ensure continuity of the state and control variables by forcing d®/dz to be
zero everywhere since it is zero at the terminal time.

The transversality conditions for this problem are obtained in the usual
fashion as explained in Chapter 3 and the previous three sections. For this
problem, they are easily shown to be Eq. (4.4-2), the initial conditions, and

a0 dN .7 0D ‘
a[_f+(?;}— V+¢—XT?—*=0, fOl‘ t=tf
a0 INT
a;_‘_(.?;)v—l:o, fOl‘ tztf.
Also, we have for the final transversality condition
2, 2,
2I,z,
ad
Gzr(t,) ?_i-:l = Gzr(t,) ‘ = 0, for = l
2,2,
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which allows us to write, because of Eq. (4.4-21),

%‘;L —0, V1€ [l

Since when T, # 0, 2, =0= g, and whenz, #0,T, =0,
iz, =0, i=12...,n "Vt e t, t)
Also, with similar reasoning, we have

g% —0, Vet

4.4-2

The maximum principle with state (and control) variable
inequality constraints

We now wish to extend the work of Sec. 4.4-1 to include inequalit‘y
constraints on some or all of the state variables. We will represent this
inequality constraint by the s vector equation

‘ hix()), 1] =0 (4.4-23)
where each component of h is assumed to be continuously differentiable in
state space. There are several methods whereby we may convert Eq. (4.4-23)
to an equality constraint. We may define a new variable x,., by

ey = fars = 0, OPHG) + [hy(x, OPH() + -+ + [h.(x, DI*H(h,)

Xat+1

(4.4-24)
where H[h,(x, 7)] is a modified Heaviside step defined such that
0, if h(x,0)=0
Hm“””—{&. it hx,1) <O
K, >0, s=12,...,8 (4.4-25)

and where the initial condition is
A xn+l(’o) = 0'
Thus we see that x,.,(,) is a direct measure of penetration of the state

variable inequality constraint -

xuarlt) = [ it = [ G OPHG) - o [ OPHC) o

We will require that the final value of x,.,(¢;) is zero,

xl+l(tf) = O)
which will impose the restriction that we do not violate the inequality con-
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straint. This approach is a modification by McGill [10] of a similar procedure
by Kelley [9] which converts the s inequality constraints to s equality con-
straints of the form

X1 = [(x, OPHGA,), Xu+1(te) =0

Xae2 = [ha(x, D)*H(h,), Xu12(t) = 0

X+ = [h.(x; NI*HE,), x.+;(tn) =0

which are then added to the cost function to obtain

Jmodlfled = Jorlllnl + E;l xn+j(t[)'

The multipliers K, are thus the penalty functions, and Juesiea is mini-
mized such that the constraint region is entered only slightly, if at all. If we
require x,,,(t;) =0 for j=1,2,...,s, the constraint is, of course, not
exceeded at all.

A slight modification of the penalty-function approach can be obtained
if we define s new state variables

(Fue1)? = Kihy(x, 1), X.1{t,) =0
(-*ni-z)z = thz(x, t), x,,ﬂ(t,) =0

(-*n.ﬂ)z = K.:h:(x’ t): x,,;,(t,) = 0.

Berkovitz [7] suggests yet another method for converting the inequality
constraint to an equality constraint. For the case of a scalar constraint, a
variable
n*t — h(x, 1) if >0

ﬂmmo:{ Kx,0) if 7<0

"is introduced, and we convert the inequality constraint h(x, f) =0 to an

equality constraint by writing

A= T
which satisfies the constraint if we have the end conditions

(), n(t.), t.] = yIx(ts), 1(ts), t,1 = 0.

The Euler-Lagrange equations can, of course, be used to determine the
differential equations for an extremum, and the associated transversality
conditions can be used to specify the two-point boundary values. If inequality

gldﬂ_ oh |, dh dx
n
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constraints on the control variables are present, we must of necessity incor-
porate these into our problem formulation. The Hamiltonian formulation
may also be used. These methods provide us with necessary conditions only.
From Eq. (4.4-19) it follows that the Lagrangian for the problem at hand
is
b=+ 1-+1[f-+| - JEn+1]

& =H— i —TI7g — 2]+ ducilforr — ne1] (4.4-26)
where @ is the Lagrangian for no inequality state constraint. We are using
the equality constraint method of Egs. (4.4-24) and (4.4-25). The Euler-
Lagrange equations yield,

iﬂtb_ﬂtb_&ﬂ,“l -0
di9x _ ox ~ 9x !
09~ dadid _,
Ju = dt ow
L ‘
dt 9% : ,
which are, except for the f,,, term, exactly the same as Eqs. (4.4-20), (4.4-21),
and (4.4-22). Also, we see that . :

L i) =0

. (4.4-27)

with the transversality conditions exactly as before and, in addition,
x.“(t.) = xu-H(tf) = 0- :
It is desirable to reinterpret these results in terms of the Hamiltonian,

just as we have done for the case of control variable constraints only. We
can do this easily by combining Eqs. (4.4-26) and (4.4-27) which yields

s dMt) 0H _ dfpe[x(), 1
A= T ™ L‘W_‘lrﬂ

dx() _ dH
=4 T
foy = el — 7 — [ (6 OPHG) o+ -+ o+ [0 OPHG)
foy =D =0
where

H [i&(t). w(), M1), £] = $Ix(e), u(e), 11 + M Ox(), (@), 1]
Hx(Q), 8(), Mo), 1] < HIx(@), u(@®), 20,1, we U

with the two-point boundary conditions (transversality conditions)
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x(tn) =X,
N[x(¢,), t] =0
a0 dN

a0
o+ () —r=0

xl+l(tc) = xn+l(tf) = 0'
Further discussion of the state-space constraint problem can be found in

[18].

Exa.mple 4.4-3. As an example of optimization with a state variable
constraint, we consider the brachistochrone problem previously treated by
McGill [10] and Dreyfus [11]. A particle is falling for a specified time, ¢y — ¢
under the influence of a constant grayitational acceleration g. The particl:
has initial velocity x;3(t,) = x3,. We wish to find the path that maximizes
the final value of the horizontal coordinate x;(¢). The final value of the ver-
tical coordinate x,(t;) and the velocity x;(t;) are unspecified. The path is
constrained by a line /i[x,, x,] > 0 in the x,x, plane, where it is known that
the unconstrained solution intersects the line. The system dynamics are

described by
Xy =x3c088, x{t’) = x,
X3 = x3 sinu, X2(te) = X120
%y =gsiny,  x3(t) = x5,

where the control « is the slope of the path. The cost function is
J = ——x,(t,)

with no specified endpoint equality constraints, and the state vector inequality
constraint,

h(xyx;) = axy +b — x, 20,
which is converted to the equality constraint
x4 = fo = [K(x,, x2)*H(h).

We can ea.sily compute the requisite nonlinear two-point boundary value
problem by direct application of the maximum principle given in this section.
The equations for this TPBVP are '

% = x}Ail(A1x3)? + Aaxs + A38)217V2,  xi(te) = x40

%2 = x3(A2x3 + AsgN(A1%3)* + (Aaxs + 138)’]"'72. x2(t;) = x20
%3 = g(Aaxs + :gNA1x3)* + (Aaxs + 2380212, x3(t,) = x36
X4 = h(xy, x2)H(h), Xx4(t) =0

Ay = —2adeb(xy, x)HB),  4(0) = —1
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A = 20 h(xy, x)H(),  Aa(t) =0

j., = —Atx;[(A;x3)* + (A2x; + Ag) 2 :
—2A2 (Aaxs + A:2NAixs)* + (Aaxs + LigP V3, A(t) =0

lo=0, x@ap=o.

The solution of this set of nonlinear differential equations with tl.)e associated
boundary conditions establishes the optimal trajectory and optimal control.

4.5
Hamilton-Jacobi equation and
continuous time dynamic programming

We now return to the problem formulated in Subsection 4.4-1 and reqerive
the necessary condition Eq. (4.4-3) using an argument baseq on the inter-
change of the minimization and integration operations. This approa.ch' to
the development of conditions for optimality is often call.ed t.he Pr{nczple
of Optimality or dynamic programming, the difference of which is elucidated
in detail in [19] and [20]. :

We define . _

. VIx(®), ] = min {0[x(t,), 1]+ [ 9lx(@), u(s), s ds} (4.5-1)

where U, = {u(s), t < s < t,},and x(s),t < s < ty,isthe traject_ory associated
with an optimal control function over the interval [z, t/], given x(.t). The
function V is therefore the optimal cost to be accrued over the interval
[, ¢,], given initial condition x(f). Clearly, V' must satisfy the boundary

condition VIx(,), £, = 0%, /] (4.5-2)

for all pairs (x(t,), t,) satisfying Eq. (4.4-2). We assume that Ve)fists, is con-
tinuous, and has continuous first- and second-partial derivatives for all
points of interest in R**!. It follows from Fq. (4.3-1) that l.l(ll), t-_<_- t, d9es
not affect x(s), s < ¢; thus, we may interchange the appropriate minimization
and integration operations to produce

VIx(0), 1] = min { j“ $Ix(7), u(r), 7] dr +

min {H[x(t At + [ 4ix(s), s, o ds}} ~

et Ar

min (BIx(0), u(0), 1] At + Vx(t + Af), t + Af]} =
wis) ‘ .
min {¢IX(1), u(e), ] At + VIx(), 1+ "_VIX(:)» v

[QL’%Q».‘_]]'f[x(r), u(r), 1] At + H.O.T. (At)}- (4.5-3)
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where for the last equality, V[x(t + At), t + At] is expanded in a Taylor
series and the minimization is taken over T € [t, t + At]. The smoothness
assumptions and the interchange of the minimization and limit operations
as At — 0 (justification of which can be found in [6] and [11]) imply that V'
must necessarily satisfy the partial differential equation

=V _ min g1x(o), v, 0] + ["—‘-’%‘glﬂ]'r[x(r), v,1]  (4.5-4)

called the Hamilton-Jacobi or Hamilton-Jacobi-Bellman equation [11-14]).
A repetition of the above argument for given optimal control function u
produces

=V g, w4 + [ BT tix, w0, 85 (45-9)

hence, u must necessarily satisfy Eq. (4.4-3) for all t € [to, 1}, where we
assume

M) = "—V%‘S‘—'M- (4.5-6)

Although the Hamilton-Jacobi equation is quite difficult to solve in gen-
eral, when it can be solved, a candidate for an optimal control function is
found as a function of the state trajectory—a highly desirable feedback form.

Example 4.5-1.  Let us consider the linear constant differential system
described by .
x = Ax(r) + bu(z), x(0) = x,

where A is an #n X n matrix and b is an n vector. Any u(f) is assumed to be
admissible. We wish to find u(¢?) as a function of x(¢) such that

7 =4 [T txrQx + ruryae
is a minimum. Q is a positive constant semidefinite matrix, and r is positive.
The Hamiltonian for the problem is
H(x, u, M, 1) = $x7Qx + 4ru® + MAx + AThu.
We need to find the control # which minimizes the Hamiltonian. This is

Q-H=0=ru+b"1
du

so ’ u = —bTAr-!
and the Hamiltonian becomes
H(x, )\, ) = }xTQx + ATAx — JATbbTAr "1,

Since the system and the Q and r terms are time invariant and since the
optimization is for a process of infinite duration, it follows that V'(x, 1) will
depend only upon the initial state x. This implies that

av(x, 1) _
o 0.
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Therefore, since & = d¥/dx, the Hamilton-Jacobi equation becomes

T e

V(x, f) = }x"Px,

e (3
If we assume a solution

we see that
GV — Px

and the Hamilton-Jacobi equation may be written as
xTiQ + 4PA + JATP — 1PbbTPr-'Ix = 0
which says that, for any nonzero x(¢), the matrix P must satisfy the n(n + 1)/2
algebraic equations (the P matrix is symmetric)
Q+PA+ AP — PbbTPr~! = 0.

This equation is solved for P, and then the control is computed from

(14 -1
= — -1 = i 5-) = —bPxr~h.
u = —bThr b7r (ax)
If we further consider the system
Xy = xa, x1(0) = x10
Xy =u, x2(0) = x20,

and the cost function
J={L @x} + u?) dt,

it is easy for us to show that the optimum control is given by
u= —2x| - ?.xz.

Example 4.5-2. Consider the system

X =—x3+u, x(0) = x,
with cost function
s=3 [l
whére it is desired to determine the optimal feedback control. We accomplish
this by forming the Hamiltonian
Hx, u, A, ) = §x* + 4 + du — Ax>.
We then set dH/du = 0 and note that 1 = d¥|dx to obtain ¥ = —A; then

r(e30) - -4 [

The Hamilton-Jacobi equation is

aV(x N _ 1[6V(x r)] [dV(x, ’)]xs +4

with VIx(ty), :,] =0.
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If the optimization interval is infinite, then d¥/dt = 0, and we need to
solve the differential equation

(2] o f 2t} =

with V(0) = 0 as the initial condition. We may approximate the solution to
this ordinary differential equation by a series expansion

V() =pot+ px + -%—sz’ +-3!Tp;x’ + 4—1!-p4x‘ +..

If we terminate the series after the fourth-order term, substitute the
assumed solution into the differential equation, and equate like powers of
x (up to x*), we obtain p, = p; = py =0, p; = 1, p, = —6. Thus the approx-
imate closed-loop control is

- __dav _
u=—2 = x + x3.

We naturally may question the stability of the approximate control. However,
with u as obtained, the system differential equation becomes

i=—x’+u=_x

which is certainly stable.

A similar procedure to this could have been used to obtain an approximate
solution to the nonlinear partial differential equation that is the Hamilton-
Jacobi equation for this example. In this case, the p's would be functions of
time, and we would obtain matrix Riccati-type equations [15]. This approach
has many attractive features. In particular, only initial condition problems
need be solved. However, there are two disadvantages: There is no assurance
of system stability; the number of matrix Riccati differential equations which
must be solved increases greatly with the order of the differential system and
the order of the polynomial in x for the approximate solution to V(x, ).
If an expansion in x to the N order is used for an n vector differential system,
the number of distinct Riccati-type differential equations is

E— Y -1+
&~ (= D!
for an assumed solution of the form

V(Xy ’) = El pyx; + &/Zl kgl PyxXjXx + -b J§ kgl '-zl DiiXXp Xy +....

If, for example, the solution to a four-vector differential system is approxi-
mated by terms up to and including the fourth power in x, we need to solve 69
differential equations to obtain the closed-loop control.

Our discussion of the second variation technique, the invariant imbedding
procedure, and specific optimal control using the quasilinearization approach
will point out many interesting interconnections with the approach used to
obtain the solution to this example.

In our development thus far, we have assumed that the terminal time, 7,
is fixed. It is possible to remove this restriction with the result that the
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Hamilton-Jacobi equation is still applicable. The initial condition for the
Hamilton-Jacobi equation is still Eq. (4.5-2) and, in addition, the terminal
time is determined by the relation

H(x,%’_;.:)+ 1=0, at t=1t

which holds if the problem is a minimum time problem such that
Vx,0) =1t —1

If, further, the differential system is time invariant, the Hamiltonian is equal
to —1 at all times along the optimal trajectory.

We may formally obtain the Pontryagin maximum principle by taking
appropriate partial derivatives of the Hamilton-Jacobi equations (Problem
9). However, the resulting maximum principle is not applicable to as broad
a class of problems as is possible. The reason for this is that it is necessary
that ¥(x, f) be smooth or, in other words, twice continuously differentiable
with respect to x in order to obtain the Hamilton canonic equations of the
maximum principle. We shall illustrate these difficulties with a simple
example.

Example 45-3. A second-order example will now be discussed to illus-
trate that the assumption of the differentiability of ¥(x, ) does not hold in
some of the simplest cases. We will consider the problem of transferring the
system represented by the differential equations

x = X2 .‘i’z = U .
from an initial state x, to the origin in minimum time. We assume that the
admissible set for the scalar control is described by lu()| < 1.

This problem can be solved by the Pontryagin maximum principle. In the

time optimal problem

t
| 7={"wa.
Therefore, the Hamiltonian is
Hix,u, M 1] =1+ 4ix2 + Aaut.
The adjoint equations are
=0, 4,=-4.
The solutions to these equations are
L=C, AI=C-—Cy

where C, is the initial condition on A,. The control which minimizes the Hamil-
tonian subject to |u] < 1is

u = —sign A, = —sign (C; — Cu).

The initial conditions C; and C; are not arbitrary but must be such that x(¢,)
— Osince it is desired to transfer the system x, to the origin in minimum time.
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When # = +1, the solution to the differential system equation is
x3 =t + x3(0)
2
X =5+ xO + x,0).
If ¢ is eliminated from the foregoing, we obtain
2 2
X, = % + x,(0) — %)'
When # = —1, the solution to the differential system equations is
Xy = —1 + x,(0)

__’1
X == + x3(0) + X, (0)
and if ¢ is eliminated in the foregoing, we obtain

—x2 ]
xi =—i)—r1+,\/|(0)+.£1_;£@.

e
//// %, %

777 o=

335 ;1;5-1 Switching curve and trajectories for minimum time, Example
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By determining the constants C, and C; in terms (?f x; and x,, itisa
straightforward task for us to show that the control law is

u = —sign [x;() + x2() | x2() ).

These equations represent the optimal control and trajectqries ff)r u=—1
and u = +1, respectively, and they indicate that these trajectories are seg-
ments of parabolas. Figure 4.5-1 is a plot of some of these parabolas.

The segment of the parabola which is not an optimal trajector): has been
represented by a broken line. The optimal control can be determined from
Fig. 4.5-1 and a knowledge of the state of the system. The curve‘A OB repre-
sents the switching curve. When x lies below AOB, u = +1 until the system
state reaches the curve A0, at which time the control switches to —1. If x
lies above AOB, u = —1 until it reaches BO, where it switches to +1.

The optimal transition time T(x), which is the cost function Jor V(x, 1),
can be determined from the solutions for x, and x,. Figure 4.5-2isa Plot of
T(x), the minimum time to transfer to the origin for the case in wh!ch Ehe
initial x, is held constant (x3, = —2), and x,, is varied about the switching

line.

vix,)=T(x)
4}

3_
2._
1-

3

1
Fig. 4.5-2 Minimum time to origin for fixed x2,, Example (4.5-3).

‘3 X4

- ———

From the graph it can be seen that 0T (x)/dx, has a discontinuity at the
switching curve. It can be shown analytically that 0T(x)/§x. “bl'ows up” asx;
approaches +2 from the left. Hence the Hamilton-Jacob.l equatlon would not
be applicable in examples of this type. This example lndl.cat‘es the loss of
generality which results from deriving the maximum principle from the

- Hamilton-Jacobi-Bellman equations. '
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