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SOLUTION SET TO ASSIGNMENT 3

16. The Hamiltonian is
1
H(ta x,p, 7_1,) - §u2 + P12 + p2u

(a) First order necessary conditions are

pro= 0 N pt) = G (1)
p2 = -1 pa(t) = —Cit+Co (2)
H,=u+p2=0 = u=Ct—0Cs (3)
Since ty is free:
0q 1 9
H t=t; + 7 = 0 = —(C1tf —C9)* +praa| +poul = —2ty (4)
8tf 2 t -

Also,

:i:nglt—Cg; 1'2(0):0
Cl 2

= Ig(t) = ?t — Cot (5)
i1 =20,21(0) =10 = (1) = %t3 — %tQ +10 (6)
Use x1(tf) = x2(ty) = 0 in (4), (5) and (6):
C C
6) — Flt‘;i - 7%; +10=0 (6)’
C C
(5) — Tlt?c—C’gthO = (y= 71tf (since ty #0)
6)’ Cis _q C1t3 =120 6)"
6) — = = 1ty = . (6)
4 Lo Leop o o City =16 4)'
4) - 5 glity — ity ==y = Cily = )
1 2
From (6)” and (4) = t5 = ( ig) = t; = (30)%/° = 3.898
C1 =2.026;  Cy=3.949
u*(t) = 2.026t —3.949 |; | Jo(u*) = 25.32

(b) Here the only difference is that, instead of x2(ts) = specified, we have to use the natural boundary
condition on pa = pa(ty) = 0. This leads to:

Cgioltf—)tf:g—j (*)



(4) — -Cy %tf + 2tf =0 = 0,Cy=4 (4)”
From (6):
Cl 3 02

S5 tt10=0 = Cit; =30 (6)”

Using (%), (4)” and (6)"”’, we obtain the unique solution:

tp=(15)2/°=2.954 |; Oy =2(15)"1/° =1.164

Cy = 2(15)Y/5 = 3.438

w*(t) = 1.164t — 3.438

J(b) (u*) = 14.55

Here Jiq)(uf,)) > J)(uf;)) which is what we would have expected, since in (b) one of the end
points (on x9) is free.

17. Multiplying J with %, without any loss of generality, the Hamiltonian is

1
H = §u2+p(2x+3u)

The Minimum Principle gives:
p=—H,=—2p, p(4) =2x(4) = p(t) = ke~ ?" where k is a constant, k = 2¢5x(4)
& =2x+3u, z(0)=1
H,=0 = u=—-3p=—3ke %

Substitute this expression for u into the state equation, and solve for = as a function of k:

i =2r—9ke %, 2(0)=1 = 2(t) = [1 _ %k‘ + gke—u]ezt

Hence,
9 9 4
k=2e8z(4) =2[1 — k4 ~ke ' k=
i e LA L L e
4 —2t 4 —2t o 12 721‘,,.\_,4 —2t
R e R W= g e Mg

18. The feedback control is u = —3P(t)x, where P solves the RDE: P +4P —9P?> =0, P(4) = 2.

To solve the RDE, let S = 1/P, assuming that P(t) is positive over the entire interval [0, 4].

. 7 9 4
; _ _ 1 — 4(t—4) 4 7 -
S satisfies, S =45 -9, S(4) =35 = S(t) 1€ + 1 = P(t) 9 7l

12

Hence, the optimal feedback control is u=p(x,t)= g ran—n *
— e [ —

If we substitute this into the state equation, it becomes



18 + 14e(t=4) O (I

T = Ty at=a z,z(0)=1 = 2°(t)= We which is the same trajectory as in

Problem 17 above (as it should be). And using this in the boxed expression for the feedback control
leads to the optimal open-loop control, which is precisely the one arrived at in Problem 17 above (as
it should be). Note also that p(t) = P(t)x°(t)

19. L'Cl = T, Ctg = Uj; 1‘1(0) = T10, 1‘2(0) = I20

J = %xT(tf) [ 3(1)1 0 ]x(tf) +%/Otf u?(t) dt

522

i) For the finite-horizon version the solution is unique, and is given by

u*(t) = p*(t,z) = —BT Px

B:=("), P+ATP+PA—PBBTP =0 Pty =| " 0
1 0 s22

Let S = P~!, which satisfies

1
— 0
S = SAT 4+ AS—BBT; S(t;) = 0 1
522
o 0 1 r (00
() (2]
If
_ S1 Sy
S = (S2 54), then
51—252, Sl(tf)zl/Su
So = Sy; Sg(tf) =0
S4 = —1, S4(tf) = 1/822
=
S4 == —(t—tf)+1/522
_ Yy ey L 1.0
Sy = Q(t tf) +822(t tf)-‘erf
1 s 1 , 1
= ——(t—t —(t—t —
S 5( f)+822( f)+811
P o P1 P2 _ Sl Sg 71_ 1 S4 _SZ
B P, Py )\ S S 818,83\ —S2 S
—_———
D
1
-BTPp = ———— (S, -8
5154753(2 )
1 1 1 1
= — S = — 4 (ty =t | — +ty—t| — =ty —t)*
D 5154 — 55 Lll+3(f )HSQQJrf ] LG =1



Hence,

D D
1 1
K = =Si=gt—t)"— —(t—t)
522
3 2 1
Ky = Si=z({tr—1t)°+—(@r—t°>+—
522 S11
ii)

SQQ—)O: ’u,(t):u(x):_ T ]1 3) <f1 ) - T
— + gty =t — 4+ —(ty—t
511+3(f ) 811+3(‘f )

* * 1

811—>02 u(t):u(;[;):_ 07 - - T

— +ty—t
5§22 /
ut =0

typ — 00:
! T this is to be expected since there is
no intermediate cost on state.

The optimum cost for ¢ty < 0o is
* 1 T
T, = e 0)PO,t)a(0)
where P(0,t5) is the solution of the Riccati equation, as given above, at ¢ = 0, and with ¢; considered
as a variable. It is not difficult to see that for every fixed s11 and s22, P(0,¢y) converges to the zero

matrix, so that

lim J;, = 0.

tf—00

Note, however, that if the limiting control v* = 0 is used, then the corresponding cost would diverge
as ty — 00, since the open-loop system is not stable:

J* — oo.

20. Clearly J(z) > 0, and it is zero if either @(t) = 0 or #(¢) = 1 or both. Integrating these, we have
:cl(t):cl; J?Q(t):t+62.

Two possible solutions that satisfy the given boundary conditions are

t; 0<t<?2 0; 0<t<i
mo(t):{z’. 2 _ 5 »T*(t):{ o1, 8
3 s<t<l1 t—3 z<t<l
each with a single corner, at t = % and t = %, respectively.

The W-E corner conditions are:



i) ¢; = 2&[1 — ]? — 222[1 — @] [0 = 0 also |,. = 0 first condition holds trivially

i) ¢ —ddy = #?[1 — @] {1l —i—2+a} £ 0 which again holds trivially for both z = 2° and x = 2*.

21.

i) Construct the extremal piecewise over the sub-intervals [0, 1] and [3,1], while making sure that
it remains continuous at the point ¢ = % The Euler-Lagrange equation (which applies to both

sub-intervals) is

d . 1 .
%[Q(JZlfg)] =0 = T1=c¢ = :L‘l(t):clt+62

Over the first sub-interval, the given boundary conditions lead to: co = 0,¢; = 2, and over the
second sub-interval, they lead to: ¢; = 0,co = 1. Hence, the extremal for z; is:

. 2t, ift €0,
2

Since ¢z = 2 > 0, the strengthened Legendre condition is satisfied.

ii) Because of the mid-point constraint, which was forced on the solution, we cannot expect the
Weierstrass-Erdmann corner conditions to be satisfied at the point ¢ = % where the extremal is
not continuously differentiable. In fact, in the present case they are not satisfied.



