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Abstract

Symmetryis an effectivegeometriccue to facilitate con-
ventionalsegmentationtechniqueson imagesof man-made
environment. Basedon three fundamentalprinciples that
summarizetherelationsbetweensymmetryandperspective
imaging, namely, structure from symmetry, symmetryhy-
pothesistesting, and global symmetrytesting, we develop
a prototypesystemwhich is able to automaticallysegment
symmetricobjectsin spacefromsingle2-D perspectiveim-
ages. Theresultof such a segmentationis a hierarchy of
geometricprimitives,calledsymmetrycellsandcomplexes,
whose3-D structure and poseare fully recovered. Such a
geometricallymeaningfulsegmentationmaygreatly facili-
tateapplicationssuch as feature matching androbotnavi-
gation.

1 Intr oduction

Let us �rst examinethe imagesshown in Figure 1. For

Figure1: Left andmiddle: In man-madeenvironment,symmetric
patternsareabundant.Right: Amesroomillusion.

the�rst two images,peoplehave little dif�culty �nding the
mostprobable3-D interpretationfor eachimage. We can
easilydescribethegeometricrelationsamongobjectsin the
images,especiallyfor objectswhich appearto be “regular
enough.” Of course,our will andability to performsuch
taskswill fail if ourunderlyingassumptionsarenotvalid,as
indicatedby thethird image(theAmesroom).Sowhatkind
of assumptionsmake humanbeingssocapableandwilling
to derive3-D informationfrom single(perspective)images,
despitethepotentialfor failure? In this paper, we summa-
rizesomeof thekey assumptionsinto threeprincipleswhich
essentiallyallow a computerto performa similar task.

� Thiswork is supportedby UIUC ECEstartupfund. Theauthorswould
like to thankanonymousreviewersfor their valuablecomments.

Structur e fr om symmetry. Oneof the fundamentaldif�-
cultiesfor deriving 3-D informationfrom a single2-D im-
ageis: Without knowing anythingabout3-D geometryof
a scene,thereare in�nitely many structuresin spacethat
maygive rise to exactly thesameimage. To narrow down
thein�nite possiblesolutionsto a uniqueone,we mustim-
poseextra assumptions.As one answerto this question,
we derive the principle of “structurefrom symmetry”: If
anobjectadmitsrich enoughsymmetry, no 3-D geometric
information (including structureandpose)is lost through
perspective imaging.
Symmetry hypothesistesting. However, this immediately
leadsto anotherfundamentaldif�culty: Given a region of
interest,to whatextentcanweclaimthatit couldbetheim-
ageof anobjectwith a certainkind of symmetry?Onean-
swerto thisquestionrequiresusto understandhow symme-
try is preciselyencodedthroughperspectiveimagingsothat
wecanverify whetherall geometricrelationsfor avalid im-
ageof a symmetricobjectaresatis�edin theregion. Hence
wededucetheprincipleof “symmetryhypothesistesting.”
Global symmetry testing. Nevertheless,a region that
passescertaintypesof symmetrytestingdoesnotautomati-
cally imply that it mustbetheimageof a symmetricobject
in space.Althougheachindividual tile in the�rst imageof
Figure1 passesany imagebasedtestingasa square,what
really makesthe squareinterpretation“unquestionable”is
thefactthatthis interpretationis alsooverwhelminglycon-
sistentamongall the tiles. This leadsto the principle of
“global symmetrytesting” that we rely on in order to ro-
bustly deduce3-D structure from images.In fact, it is ex-
actly this third principlethatmakestheAmesroomillusion
socompelling.

Thegoalof thispaperis to studyacomputationalmeans
for theimplementationof theaboveprinciplesanddevelop
a fully automaticsystemthat is ableto detect,extract and
segmentsymmetricobjectsin termsof bothsymmetrytypes
andgeometricrelationsin space.Withoutlossof generality,
in this paper, we introduceour algorithmsandsystemonly
for planarsymmetricobjects. This simpli�cation is based
on theobservation thatplanarsymmetricobjectsareubiq-
uitousin man-madeenvironment.
Relation to the literatur e. A lot of researchhasbeendone
to recognizegeometricstructureswith or without symme-
try from images.The problemof local geometriccell ex-



tractionis typically separatedinto two steps:imageprimi-
tive detectionandprimitive parameter�tting. For thegen-
eralproblemof imageprimitivedetection,therearefeature-
basedmethods,suchascornerpoints [17] and lines [12],
andpixel-basedmethods, suchasactive contours[8, 10]
andregionsegmentation[16, 1, 20]. If thesegmentssought
canbe parameterized,several techniqueshave beenintro-
duced,suchasthewell-known Houghtransform[3] or non-
linearparameterestimation[24].

Differentsymmetryassumptionshave alsobeenstudied
to recognizeand recover structuresunderperspective, or-
thogonalor af�ne projections.This paperis not the �rst to
noticethat symmetry, especially(bilateral) re�ective sym-
metry, canbe usedto retrieve 3-D information. [13] �rst
studiedhow to reconstructa 3-D objectusingmirror image
basedplanarsymmetry, [2] providedamorecompletestudy
of the re�ective symmetry, [19] provedthat for any re�ec-
tive symmetric3-D object one non-accidental2-D model
view is suf�cient for recognition,[23] usedbilateralsym-
metryassumptionsto improve3-D reconstructionfrom im-
agesequences,and[22] provideda goodsurvey on studies
of re�ectivesymmetryandrotationalsymmetryin computer
vision. In 3-D object and poserecognition,[15] pointed
out that theassumptionof re�ective symmetrycanalsobe
usedin theconstructionof projective invariantsandis able
to eliminatecertainrestrictionon thecorrespondingpoints.
For symmetrydetection,[11, 9, 14] presentedef�cient al-
gorithms to �nd axes of re�ective symmetryin 2-D im-
ages,[18] discussedre�ective symmetrydetectionin 3-D
space,and[22] introducedaso-calledsymmetrydistanceto
classifyre�ective androtationalsymmetryin 2-D and3-D
spaces(with someinsightful commentsgivenin [7]).
Contrib utions of this paper. Re�ective, rotational,trans-
lational symmetrieshave beenprimarily studiedindepen-
dently. However, thispapershowsthatthekey to consistent
detectionand segmentationof symmetricstructuresfrom
their 2-D perspective imagesis analysisof the relations
amongall symmetriesasanalgebraic group. By introduc-
ing symmetrygroupasa geometriccue into conventional
imagesegmentationtechniques,we areableto, for the�rst
time, segmentan imagebasedon the preciseand consis-
tent 3-D geometryof the segmentedregions. The output
of sucha segmentationis a hierarchyof geometricprimi-
tives(calledsymmetrycellsandcomplexes) whose3-D ge-
ometricinformationis fully recovered.Thesenew typesof
geometricprimitivescanbeusedto replacecorneror edge
featuresandsigni�cantly simplify featurematchingacross
multiple images.We havedevelopeda fully automaticpro-
totypesystemthatis ableto accomplishtheabovetasks.

2 Geometry for a single image of a
planar symmetric structur e

De�nition 1 (Symmetric structur eand its group action)
A setof 3-D features(pointsor lines) S � R3 is called a

symmetricstructureif thereexistsa non-trivial subgroupG
of theEuclideangroupE(3) thatactson it. Thatis, for any
elementg 2 G, g de�nesan isomorphism(i.e. a one-to-one
map)fromS to itself: g 2 G : S ! S. In particular, we
haveg(S) = g� 1(S) = S for anyg 2 G.

[4] studiedmultiple-view geometryfor generalsymmetric
structures.However, it treatedtheplanarcaseasa special
case,and the resultswere not suf�cient for our purposes
here.In thispaper, weprovidesomenew characterizationof
theplanarcasethatis morepertinentto symmetrydetection
andsegmentation.

When the structureS is in a plane P, the symmetry
group G is also a subgroupof the 2-D Euclideangroup
E(2) (for theplane).With a choiceof a coordinateframe1

(x; y; z) attachedto thestructureS, any elementg = (R; T)
in G canbe represented(in the homogeneousrepresenta-
tion) asa 3 � 3 matrix of theform

g =
�

R T
0 1

�
2 R3� 3; (1)

whereR 2 R2� 2 is anorthogonalmatrix in O(2) (“R” for
rotation and re�ection) and T 2 R2 is a vector (“T ” for
translation).For any symmetricstructure,thereis a natural
choicefor thecoordinateframethatmakesthis representa-
tion thesimplest.Suchaframeis calledtheobjectcentered
canonicalframe, or simply theobjectframe.
Example 1 (The symmetry group of a rectangle) The
symmetrygroup of a rectangleshown in Figure 2, the dihedral
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Figure2: A rectanglewhosesymmetryincludesre�ectionsalong
thex andy axesanda rotationabouto by 180� . Thesetransfor-
mationsformsa dihedralgroupof order2, i.e. D 2 .

groupD 2 of order2, canberepresentedwith respectto thecanon-
ical objectframe(x; y; z) by thefollowing four matrices:ge = I ,

gx =

2

4
� 1 0 0
0 1 0
0 0 1
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5 ; gy =

2
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1 0 0
0 � 1 0
0 0 1
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5 ; gz =
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4
� 1 0 0
0 � 1 0
0 0 1
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wheregx andgy denotethere�ectionsalongthex andy axes,re-
spectively, andgz therotationaboutthez-axisby 180� . Elements
in thegroupG = f I ; gx ; gy ; gz g satisfythegrouprelations

g2
x = g2

y = g2
z = I ; gx gy = gz ;

gx gz = gz gx = gy ; gy gz = gz gy = gx :

Note that the symmetryof the rectanglehasno translationalpart
(with respectto theobjectframe)andthereforein all g's,T = 0.

1We herechoosethez-axisof theframeto bethenormalto theplane
suchthatany pointon theplaneis determinedby its (x; y) coordinates.



2.1 Homography groupsin an image

Now considera perspective imageof S that is taken by a
cameraatavantagepointg0 2 SE(3). Typically, g0 is rep-
resentedwith respectto theobjectframe.SinceS is planar,
it is known from multiple-view geometrythatthereexistsa
homographyH 0 2 GL(3) dependingon thevantagepoint
g0 whichmapstheplaneP � S in spaceto theimageplane.
Supposethatthevantagepointg0 is (R0; T0) 2 SE(3) and
theplaneP is de�ned by theequationN T X = d for any
point X 2 R3 on P. N 2 R3 is the unit normalvector
of theplaneandd 2 R+ is its distanceto thecenterof the
cameraframe(e.g.,seeFigure3). With a homographyH 0
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Figure3: Equivalent imagesof a rectangle,beforeand after a
re�ection gx . Left: frontal view; right: top view. Pr is theplane
of re�ection andt is its (unit) normalvector.

givenby

H0
:= R0 +

1
d

T0N T 2 R3� 3; (2)

thecoordinatesof a point X = [x; y; z]T on theplaneare
given by g0(X ) = H0X . In essence,H 0 givesa matrix
representationfor takinganimageof S atg0.

Dueto thesymmetryof S, wehaveg(S) = S andthere-
foreH0(g(S)) = H0(S). For aparticularpointX 2 S, we
have

H0(g(X )) = H0gH � 1
0 (H0(X )) : (3)

The quantityon the left canbe viewed asthe imageof S
takenat g0 aftera symmetrytransformationg hasbeenap-
plied to S. This is equivalentto thattheimageis takenat a
“new” vantagepoint g0gg� 1

0 � g0 = g0g. Oneimageof S
is thenequivalentto jGj such“new” images.Theseimages
will bereferredto asequivalentimagesof theoriginalone.

Betweenthe structureS with a symmetrygroup G in
spaceandits imageI (S) taken at g0, we canusethe fol-
lowing commutativediagramto describetheir relations

S
H 0� � � � ! I (S)

g
?
?
y

?
?
y H 0 gH � 1

0 :

S
H 0� � � � ! I (S)

(4)

Thegroupactionof G on theplaneP in spaceis thennat-
urally representedby its conjugategroupG0 := H0GH � 1

0

actingontheimageplane.Wecall it thehomographygroup.
Any elementg0 = H0gH � 1

0 2 G0 representsthe homog-
raphy transformationbetweentwo equivalent images,as
shown in Figure3 for a re�ectivesymmetry.

Computationally, with morethan4 correspondingpoints
betweenany pair of equivalentviews, suchasthe4 corner
featuresof therectanglein Figure3, theassociatedhomog-
raphymatrix H 0 of g0 canbe linearly recoveredfrom the
following equationup to scale,wherex 0 is theimageof its
symmetricpointg(X )

x 0 � H 0x , x 0 � (H 0x ) = 0: (5)

Example 2 (The homography group of a rect-
angle) For the rectangle case studied in Example 1,
the homography group G0 = H 0GH � 1

0 is given by
f I ; H 0gx H � 1

0 ; H 0gy H � 1
0 ; H 0gz H � 1

0 g := f I ; g0
x ; g0

y ; g0
z g andits

elementssatisfythesamesetof relationsasG in Example1, since
they areisomorphic:

(g0
x )2 = (g0

y )2 = (g0
z )2 = I ; g0

x g0
y = g0

z ;

g0
x g0

z = g0
z g0

x = g0
y ; g0

y g0
z = g0

z g0
y = g0

x :

Although the above examplesonly show the re�ective
symmetryof a rectangle,the framework encompassesall
threetypesof symmetryin aplane:re�ection, rotation, and
translation.

2.2 Consistent3-D recovery fr om symmetry

Oncethe homographymatrix H 0 = H0gH � 1
0 is obtained

from equivalentviews,we candecomposeit into

H 0 !
n

R0;
1
d

T 0; N
o

to obtainthe relative pose(R0; T 0) betweentheequivalent
views. The 3-D structureof S can then be uniquely de-
terminedby triangulation. Furthermore,sinceH 0 and g
are known, we may further use H 0 = H0gH � 1

0 to re-
cover information about the homographymatrix H 0 =
R0 + 1

d T0N T . H0 obviously satis�es the following Lya-
punov typelinearequation

H 0H0 � H0g = 0; 8g 2 G (6)

with bothH 0 andg now known. OnceH 0 is solved,wecan
furtherdecomposeit into

H0 !
n

R0;
1
d

T0; N
o

to obtaintheinitial cameraposeg0 = (R0; T0).
Hence,we maysummarizethe resultsso far asthe fol-

lowing principle:
Principle 1 (Structur e fr om symmetry) For any(planar)
symmetricobject, its 3-D structure and poseare already



encodedin a single2-D perspectiveimage. No 3-D infor-
mationis lost throughthe perspectiveimaging, as long as
thesymmetricassumptionis correct.

As we know from theprevioussection,thehomography
matricesassociatedto different symmetryelementsin G
mustpreserve thesamegrouprelations.Furthermore,each
homographyshouldleadsto thesame3-D reconstructionof
the structureS. This is a very importantconditionand it
leadsto thefollowing principle:
Principle 2 (Symmetry hypothesis testing) To verify if
(part of) an image can be interpretedas that of an object
with a symmetrygroupG, we needto verify for all theel-
ementsin the group G whetherthe resultinghomography
matricespreservethesamegroupstructure andall leadto
a consistent3-D structure andpose(in particular, surface
normal)recoveryfor theobject.
Example 3 (Symmetry of a tiled �oor) In practice,an ob-
ject oftenadmitsall threetypesof symmetry, suchasa tiled �oor
shown in Figure4 left. In the�gure, thethreeregionswith corners
markedareobviously translationalcopiesof oneanother. Eachre-
gionitself is asquarewhosesymmetrygroupis thedihedralgroup
of order4, i.e. D 4 , whichcontainsa rotationsubgroup(thecyclic
groupC4). The inter-relationsbetweenthe homographyare in-

Figure4: Left: An imageof a tiled �oor with all typesof planar
symmetryencoded.Right: Threeregionson the �oor recovered
from thehomographygroupamongthemselves.

ducedfrom all threeelementsof thesymmetrygroup,whichallow
a uniquerecovery of not only the3-D structureandposeof each
region but the relative 3-D positionsbetweenthe threedifferent
regions,asthereconstructionresultshows in Figure4 right.

Lastly, we needto pointout thatthereareseveraldegen-
eratedcasedthatonly partial3-D informationof theirstruc-
turescanberetrievedfrom their images,andtheinterested
readeris referredto [4].

3 Symmetry-based hierarchical im-
agesegmentation

Equippedwith basicknowledgeaboutsymmetryandper-
spective imagingandtwo geometricprinciples,wearenow
readyto show how to segmenta 2-D imageof a scenein
termsof 3-D geometricinformationencodedin it. Ourgoal
is to segmentthe imageinto regions, identify the regions
which potentiallyhave a consistentinterpretationassym-

metricobjectsin space,andrecover relative 3-D geometric
relationsbetweentheseidenti�ed regions(e.g.,ascongru-
enttilesonthesame3-D planeetc.).Ourremarkableability
to perceivesuchinformationfrom a singlepaintingor pho-
tographsuggeststhatthis is aviabletask,at leastfor scenes
consistingoverwhelminglyof objectswith “regular struc-
tures.”

Figure5 outlinesthearchitectureof a prototypesystem
that we have developedto achieve thesetasks. The hier-
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Figure5: Thesystemdiagramof thesymmetrybasedgeometric
segmentationalgorithm.

archicalarchitectureconsistsof threemain levels. In this
paper, we show how to realizethelow-level symmetrycell
extractionandmiddle-level symmetryhierarchyconstruc-
tion on imagesof quadrilateralstructures. But againthe
given systemalso works on generalsymmetricpolygons.
The outputof the systemprovides“geometricprimitives”
whichencodesmuchricher3-D geometricinformationthan
corneror edgefeaturesandfacilitateshigh-level taskssuch
asmatchingfeaturesin differentimages.In Section4, we
will show onesuchexamplewith detailsgivenin [5].

3.1 Low-level symmetry cell extraction

In orderto “recognize”symmetryin an image,we �rst se-
lect somecandidatesetsof imageregions which we call
cellsanddeterminewhethereachcell passesthe testingof
certaintypesof local symmetrycriteria. For instance,we
canchooseany setof four connectedline segmentsthaten-
closea homogeneousregion in the imageasa cell. It may
correspondto a 3-D quadrilateralthat falls into thefollow-
ing cases:1. one re�ection symmetry(G = Z2); 2. a
rectangle(G = D2); 3. a square(G = D 4). Using the
algorithmprovidedin theprevioussection,we cantestthe
cell againstall threehypothesesanddeterminewhich type
of symmetrythis cell admits. If it falls into the �rst cate-
gory, wecansimplydiscardit. A cell thatbelongsto any of
theothercategoriesis calleda symmetrycell, with thetype
of symmetrylabeledon it.

To makeourexplanationintuitive,wewill usetheimage
shown in Figure6 to demonstratetheprocessof theoverall



system.In Section4, otherexampleswill begivenfor more

Figure6: An imageof a cubeanda checkerboard.

genericscenes.
Image segmentation. We �rst usethe color basedmean
shift algorithm[1] to obtaincandidateregionsfor symme-
try cells from the image.2 Second,for every region that is
larger thana minimal size,we computetheconvex hull of
the region in order to guaranteeits externalcontourto be
convex andreducethenoiseon its boundary.
Polygon �tting and extraction. Next, we �t theextracted
convex hulls from image segmentationwith a polygon.
Sincethe contourof a polygonconsistsof piecewise line
segmentsasspecialcurveswith zeroconstantcurvatureand
cornerswith localcurvaturepeaks,wedevelopedapolygon
�tting techniquebasedon the constantcurvaturecriterion
proposedby [21]. From the constantcurvaturecriterion,
wedirectlyknow how many edgeseachconvex regioncon-
tains.In thispaper, oursystemextractsonly quadrilaterals.

Theoutputfrom thesetwo stepsis theimagecoordinates
of line segmentsof polygonalregions.Theresultfor Figure
6 is shown in Figure7. Comparedto the original image,

Figure7: Left: Theoutputof polygonextraction.Right: Details.

someof the“cells” aremissingdueto noise.
Local symmetry testing. For eachquadrilateralextracted
from above, usingthesymmetryhypothesistestingprinci-
plegivenin theprevioussection,wecantestwhetherit sat-
is�es the symmetryof a rectangleor a square. However,
in real images,theboundariesobtainedfrom segmentation
canbeextremelynoisysometimes,asexamplesin Section
4 show. As a morepracticaltestingcriterion,sayfor a rect-
angle,we maycomputethethreenon-identityhomography
matricesH 0

x ; H 0
y ; H 0

z andif thereconstructedplanenormals

maxf cos� 1(N T
x Ny ); cos� 1(N T

x Nz ); cos� 1(N T
y Nz )g � �

2Thetwo primaryparametersfor themeanshift algorithmaresetto be
� S = 7, � R = 9.

for somesmall threshold� (in our experiments� = 15� ),
we claim that the polygonpassesthe testfor symmetryas
a rectangle. Otherwise,we discardthis polygon as non-
symmetric.

If the cell sizeis small (asin this example,eachcell is
only about1/20 thesizeof the image),dueto a low SNR,
someof the cells will fail the above symmetrytest. To
improve accuracy, we may usenonlinearprogrammingto
optimizethehomographymatricessubjectto all thegroup
relationsthat they are supposedto satisfy. The result of
thesymmetrytestfor theextractedpolygonsof Figure7 is
shown below in Figure9 left.

3.2 Middle-level symmetry hierarchy: geo-
metric segmentation

A cell that passesthe symmetrytest of a rectangleor a
squaredoesnot necessarilycorrespondsto the imageof a
rectangleor squarein space.We shouldfurther verify its
validity in thecontext of thewholescene.For this purpose,
wepropose:
Principle 3 (Global symmetry testing) Symmetrycells
which haveconsistent3-D geometricproperties(e.g., ori-
entations)with other cells more likely correspondto sym-
metric3-D structuresin space.

For example,if anumberof neighboringsymmetrycells
havemutuallyconsistentnormals,thenit is likely thatthese
cellscomefrom thesame3-D plane.Furthermore,a setof
cellstogethermaycorrespondto a 3-D structurewhich ad-
mits a new symmetryon a larger scale. For example,two
neighboringcellscanbetranslationalcopiesof oneanother
in space,which is often the casefor window patternson
thesideof a building. This leadsto thenotionof a symme-
try complex: a groupof (preferablyneighboring)cellswith
consistent3-D geometricproperties. Different geometric
propertiesmayleadto differenttypesof symmetrycomplex
segmentation.In thispaper, weconsiderthreepropertiesas
examples:orientation,topology(connectivity), andcopla-
narity.
Orientation clustering. To identify theorientationsof the
obtainedplanarsymmetrycells,we canclassifythespher-
ical coordinatesof their normalvectorsusingany standard
clusteringalgorithm.In ourcurrentimplementation,weuse
the ISODATA algorithm[6], known for its simplicity and
ef�ciency3. For the above image,the clusteringresult of
the spaceangles(� ; � ) of the normal vectorsof all sym-
metrycells is shown in Figure8. The two primary groups
correspondto symmetriccellsof thetwo mainorientations
in space.Theremainingcellsareoutliersdueto noiseand
polygon�tting errors.
Topology. With theorientationsclassi�ed,symmetrycells
can be further relatedor separatedby their neighborhood
relations(within eachorientationgroup). For example,for
two cellsin thesameorientationgroup,if theiredgesor cor-
nersareadjacenttoeachother(say� 50pixels),they canbe

3Theinter-clusterangledistanceis chosento be� =12.



Figure8: Clustersof normalsof symmetrycells.

consideredas“connected.” Thiswill segmentthesymmetry
cellsinto differentgroupsin termsof their connectivity.

Coplanarity. For a set of neighboringcells of the same
orientation,we can further verify if they are also copla-
narby consideringthetranslationalsymmetryamongthem.
FromPrinciple2 andExample4 in theprevioussection,if
two cellsarecoplanar, theplanenormalrecoveredfrom the
translationalhomographybetweenthecellsneedsto bethe
sameasthenormalof thecells. This allows us to testif a
setof cellsof thesameorientationarecoplanar. Obviously,
therearetwo planesin Figure6 wherecellshave thesame
orientationbut arenot coplanar. The�nal segmentationre-
sult for the cells in this imageis shown in Figure9 right.

Figure9: Left: Cellsthatpassthelocalsymmetrytestaremarked
with their 3-D objectframe(x; y; z)-axesdrawn in red,greenand
bluearrows,respectively. Right: The�nal outputof thesymmetry-
basedgeometricsegmentation.The normalvectorsaredrawn in
differentcolorsbasedon their grouping.Connectivity andcopla-
narityareillustratedasconnectedgreenlinesbetweencells.

Throughthe above segmentationprocess,every image
givesrise to a hierarchyof symmetrycells andcomplexes
that resemblesa tree-like structure,asshown in Figure10.
Cells are the leavesof the tree. At eachlevel of the hier-
archy, cells andcomplexesareorderedby their sizes,dis-
tances,or neighboringtopologyandlabeledwith theirsym-
metry types. One can view sucha tree-like hierarchyof
symmetrycellsandcomplexesasa“(2 1

2 )-D” representation
of theimage:Althoughthehierarchyis notyeta full recon-
structionof theentirescene,3-D geometricinformationon
regionsof the sceneis alreadyavailableandrelationsbe-
tweentheseregionsarealsoencodedwithin thehierarchy.
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Figure10: A hierarchicalsegmentationof a 2-D imageby 3-D
geometricproperties.

4 Experimentsand applications

In this section,we demonstratetheperformanceof thepro-
totypesystemby applyingit to a varietyof images,shown
in Figure11. For all the experiments,thereis no manual
interferenceatall. Thesystemusesthesamesetof parame-
tersfor meanshift segmentation,polygon�tting, andsym-
metrytesting.All imagesare1280� 960pixelsRBGcolor
images. The speedfor low-level cell extraction is within
oneminuteon a 1.4GHzPCin Matlab,which includesthe
meanshift segmentationandpolygon�tting. Thecomputa-
tion of symmetryhierarchywithout nonlinearoptimization
takes lessthan � ve seconds,but the optimizationversion
usuallyneedseveralminutesdependingonhow many cells
areextractedfrom theimage.

In Figure11, the �rst imageis thesideof a corridor in
a library. Despitethenoisybackground,thesideof thecu-
bicle passesthesymmetrytestandeventuallybecomesthe
onlycell extracted.Thesecondandthird imagesbothreturn
multiple cellsandcomplexeswhich areobviously themost
salientrectangularobjectsin the scene. Notice that rect-
angleswith inhomogeneousinternalcolor patternarealso
correctlyextracted. On the otherhand,in the secondim-
agenext to theTV stand,an illusory rectangleis extracted
– whichis createdby occludededgesfrom surroundobjects
– oneof many manifestationsassociatedwith asingleview.
Thelastimageis themostchallengingone:cell boundaries
arenot sowell-de�ned and3-D geometricrelationsamong
cellsarenot precise.The systemstill doesa decentjob of
extractingandsegmentingmostcells.

Applications in matching. If multiple imagesof onescene
aregiven,it is mucheasierto establishcorrespondencebe-
tweencellsandcomplexesthanusingonlypurepointor line
features. This is becausethe matchingnow canuseboth
the 3-D geometricinformationandtexture of the cells (or
complexes).Thereis noneedfor any iterative robuststatis-
tic methods(suchasRANSAC for point features)andthe
allowablemotionbetweenimagescanbevery large. Once
two cellsin two differentimagesarematched,therelative3-
D cameraposeis automaticallyrecovered.Figure12shows
onesuchexample.For detailsonmatching,see[5].



5 Conclusions

This paperdemonstratesthat it is computationallyfeasible
to segmentandrepresentanimageof a man-madeenviron-
mentbasedonaccurate3-D geometricinformationencoded
in theimageitself. Thekey to this is thatsymmetrygroups
admittedby (planar)symmetricobjectsin spaceare pre-
ciselyencodedin theimagethroughtheso-calledhomogra-
phy groups.This stipulatesthatno 3-D informationis lost
throughperspective projectionfor symmetricobjects.The
resultof suchgeometry-basedsegmentationis a hierarchi-
cal representationof (symmetric)objectsin termsof their
spatialgeometricpropertiesandrelations.

Correspondingly, the architectureof our systemis also
hierarchical.Thisallows thedevelopmentof algorithmsfor
eachlayer to be relatively independentandeasilyreplace-
able. Computationally, a strongcoupling(or feedback)is
introducedbetweendifferent layers throughmultiple hy-
pothesistestings. Although this mechanismwill probably
rejectssomevalid cells due to noise,it doessigni�cantly
reducethe numberof falsepositivesin symmetrycell ex-
traction,whichis importantfor high-levelapplicationssuch
asmatching. Testedon a variety of images,the systemis
robustandaccurate.

In the future, we will try to extendour systemto work
undervarying lighting conditions,cameracalibration,oc-
clusion,andnon-planarsymmetricobjects.Sucha system
will have a wide rangeof applicationsin imagematching,
objectrecognition,androbotnavigation.

References
[1] D. ComanicuandP. Meer. Meanshift: A robust approach

towardfeaturespaceanalysis.IEEETransactionsonPattern
Analysis& MachineIntelligence, pages603–619,2002.

[2] A. Francois,G.Medioni,andR.Waupotitsch.Rconstructing
mirror symmetricscenesfrom a single view using 2-view
stereogeometry. In Proceedingsof Int. Conferenceon Pat-
tern Recognition, 2002.

[3] Y. C. HeckerandR.M. Bolle. Ongeometrichashingandthe
generalizedhoughtransform.IEEETransactionsonsystems,
man,& cybernetics, 24(9):1328–1338,1994.

[4] W. Hong,A. Y. Yang,andY. Ma. Onsymmetryandmultiple
view geometry:Structure,poseandcalibrationfrom asingle
image.Int. Journalon ComputerVision, submitted2002.

[5] K. Huang,W. Hong, A. Y. Yang, and Y. Ma. Symmetry-
based3-D reconstructionfrom perspectiveimages:matching
andreconstruction.IEEE Transactionson PatternAnalysis
& MachineIntelligence, submitted2003.

[6] A.K. JainandR.C.Dubes.Algorithmsfor ClusteringData.
PrenticeHall, 1988.

[7] K. Kanatani. Commentson symmetryasa continuousfea-
ture. IEEE Transactionson PatternAnalysis& MachineIn-
telligence, 19(2):246–247,1997.

[8] S. Kichenassamy, A. Kumar, P. Olver, A. Tannenbaum,and
A. Yezzi Jr. Gradient �ows and geometricactive contour
models. Techniquereport,Universityof Minnesota,1994.

[9] N. Kiryati andY. Gofman.Detectingsymmetryin grey level
images:The global optimizationapproach.Int. Journal on
ComputerVision, 29(1):29–45,1998.

[10] R. Malladi, J. A. Sethian,andB. C. Vemuri. Shapemod-
eling with front propagation:a level set approach. IEEE
Transactionson Pattern Analysis& Machine Intelligence,
17(2):158–175,1995.

[11] G. Marola. On the detectionof the axes of symmetry
of symmetricand almostsymmetricplanarimages. IEEE
Transactionson Pattern Analysis& Machine Intelligence,
11(1):104–108,1989.

[12] P. Meer andB. Georgescu. Edgedetectionwith embedded
con�dence. IEEE Transactionson PatternAnalysis& Ma-
chineIntelligence, 23(12):1351–1365,2001.

[13] H. Mitsumoto,S.Tamura,K. Okazaki,andY. Fukui. 3-D re-
constructionusingmirror imagesbasedonaplanesymmetry
recoveringmethod. IEEE Transactionson PatternAnalysis
& MachineIntelligence, 14(9):941–946,1992.

[14] D. P. Mukherjee,A. Zisserman,andJ.M. Brady. Shapefrom
symmetry—detectingandexploiting symmetryin af�ne im-
ages.Phil. Trans.RoyalSoc.LondonA, 351:77–106,1995.

[15] C. A. Rothwell, D. A. Forsyth, A. Zisserman,and J. L.
Mundy. Extractingprojective structurefrom singleperspec-
tive views of 3D point sets. In Proceedingsof IEEE Inter-
national Conferenceon ComputerVision, pages573–582,
1993.

[16] J. Shi andJ. Malik. Normalizedcutsandimagesegmenta-
tion. In Proceedingsof Int. Conferenceon ComputerVision
& PatternRecognition, pages731–737,1997.

[17] J.ShiandC.Tomasi.Goodfeaturesto track. In Proceedings
of Int. Conferenceon ComputerVision & Pattern Recogni-
tion, pages593–600,1994.

[18] C. SunandJ.Sherrah.3D symmetrydetectionusingtheex-
tendedgaussianimage.IEEETransactionson PatternAnal-
ysis& MachineIntelligence, 19(2):164–169,1997.

[19] T. VetterandT. Poggio. Symmetric3D objectsareaneasy
casefor 2d object recognition. Spatial Vision, 8:443–453,
1994.

[20] Y. Weiss.Segmentationusingeigenvectors:A unifying view.
In Proceedingsof IEEE InternationalConferenceon Com-
puterVision, pages975–982,1999.

[21] D. M. WuescherandK. L. Boyer. Robust contourdecom-
positionusinga constantcurvaturecriterion. IEEE Transac-
tionsonPatternAnalysis& MachineIntelligence, 13(1):41–
51,1991.

[22] H. Zabrodsky, S. Peleg, andD. Avnir. Symmetryasa con-
tinuousfeature. IEEE Transactionson Pattern Analysis&
MachineIntelligence, 17(12):1154–1166,1995.

[23] H. Zabrodsky andD. Weinshall. Using bilateralsymmetry
to improve3D reconstructionfrom imagesequences.Comp.
VisionandImage Understanding, 67:48–57,1997.

[24] Z. Zhang. Parameterestimationtechniques:a tutorial with
applicationto conic�tting . INRIA, 1995.



Figure11: Experiments.Left: original images;Middle left: geometriccell extraction(1 minute)andlocal symmetrytestingwithout
nonlinearoptimization(< 5 seconds),cells without frame attachedfail the test; Middle right: local symmetrytestingwith nonlinear
optimization.Right: groupedsymmetrycells,eachwith its objectframeposerecoveredandmarked. Differentgroupsof symmetrycells
areidenti�ed by boldarrows with differentcolorsfor thenormals.

Figure12: A uniquematchingandreconstructionof cells acrossimages:from the raw imagesto symmetrycell extraction,matching,
and3-D cell structureandcameraposerecovery, thewholeprocessis fully automatic.Noticethatconventionalfeaturepoint matchingor
trackingtechniqueswill fail with theseimagesbecausetherelativerotationis largebut baselineis almostzeroandsymmetriesin thescene
would inducemany ambiguousmatchesandgenerateoutliersfor theRANSAC typetechniques.


