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Abstract. In this paper we provide a principled explanationof how knowledgein global

3-D structuralinvariants,typically capturedby a groupactionon a symmetricstructure can
dramaticallyfacilitatethe taskof reconstructinga 3-D scenegrom oneor moreimagesMore

importantly sinceevery symmetricstructureadmitsa “canonical” coordinateframewith re-

spectto which the groupactioncanbe naturallyrepresentedhe canonicalposebetweerthe
viewer andthis canonicaframecanbereco/eredtoo, which explainswhy symmetricobjects
(e.g.,buildings) provide us overwhelmingcluesto their orientationandposition.We give the
necessarandsufcient conditionsin termsof the symmetry(group)admittedby a structure
underwhichthis posecanbeuniquelydeterminedWealsocharacterizeyhensuchconditions
arenot satis ed, to what extent this posecanbe recorered.We shawv how algorithmsfrom

corventionalmultiple-viev geometry after properlymodi ed andextended,canbe directly
appliedto performsuchrecovery, from all “hiddenimages”of oneimageof the symmetric
structure We also apply our resultsto a wide rangeof applicationsin computervision and
imageprocessinguchascameraself-calibrationjmagesegmentatiorandglobal orientation,
large baselindeaturematching,imagerenderingandphotoediting,aswell asvisualillusions
(causedy symmetryif incorrectlyassumed).

Keywords: Structurefrom symmetry multiple-vien geometry symmetrygroup, re ective
symmetryrotationalsymmetry andtranslationasymmetry
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2 Hong, Yang,Huang,andMa

1. Intr oduction

Oneof the main goalsof computervision is the studyof how to infer three-
dimensional3-D) information(e.g.,shape)ayout, motion) of a scenefrom
its two-dimensiona(2-D) image(s) A particularthrustof effort is to extract
3-D geometricinformation from 2-D imagesby exploiting geometricrela-
tionshipsamongmultiple imagesof the samesetof featureson a 3-D object.
This givesrise to the subjectof multiple-viev geometry a primary focus
of studyin the computervision communityfor the pasttwo decadesr so.
Unfortunately certainrelationshipsamongfeatureshemselvebave beento
alarge extent,ignoredor atleastunderstudied.Someof thoserelationships,
aswe will seefrom this papey have signi cant impacton the way that 3-D
informationcanbe (andshouldbe)inferredfrom images.

Before we proceedfurther, let us pauseand exam the imagesgiven in
Figure 1 belon. What do they have in common?Notice that theseimages
arejust afew representates of a commonphenomenomxhibitedin nature
or man-madesrvironment:symmetrylt is not sohardto corvince oursehes

L

Figure 1. Symmetryis in: architecture,machines,textures, crystals, molecules,
ornamentsandnatureetc.

that even from only a singleimage,we are able to perceve clearly the 3-
D structureandrelative pose(orientationandlocation) of the objectbeing

This work is supportedby UIUC ECE/CSL startupfund and NSF CareerAward I1S-
0347456.
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On SymmetryandMultiple-View Geometry 3

seen,even thoughin the imagethe shapeof the objectsis distortedby the
perspectie projection.Thereasoris, simply put, thereis symmetryat play.*

Thegoalsof this paperareto provide a principledexplanationwhy sym-
metrycouldencode3-D informationwithin asingleperspectie imageandto
develop algorithmsbasedmultiple-viav geometrythatef ciently extractthe
3-D informationfrom singleimages.Therearetwo thingswhich we wantto
pointoutalready:

1. Symmetryis not the only cue which encodes3-D informationthrough
relationshipsamonga setof featuregin oneimageor moreimages) For
instanceincidencerelationsamongpoints,lines,andplanesnayaswell
provide 3-D informationto theviewer;

2. Theconceptof symmetrythatwe considerhereis not justthe (bilateral)
re ective symmetryor the(statisticalisotopicsymmetrywhichhasbeen
studiedin a certainextentin the computervision literature.Insteadit is
amoregenerahotiondescribingglobalstructuralinvariantsof anobject
undertheactionof ary groupof transformationsTo clarify this notionis
oneof thegoalsof this paper

Symmetry as a usefulgeometriccue to 3-D information, hasbeenex-
tensvely discussedn psychologicalvision literature (Marr, 1982; Plamey
1999).Neverthelessits contritution to computationalision sofar hasbeen
explored often through statisticalmethods,such as the study of isotropic
textures(e.g.,for the th imageof Figure 1l abore) (Gibson,1950; Witkin,
1988;Zabrodsk etal., 1995;Mukherjeeet al., 1995;Malik andRosenholtz,
1997;RosenholtzandMalik, 1997; LeungandMalik, 1997).1t is the work
of (Garding,1992; Garding,1993; Malik and Rosenholtz1997)that have
providedpeopleawide rangeof ef cient algorithmsfor recoreringtheshape
(i.e.theslantandtilt) of atexturedplanebasedntheassumptiorof isotrofy
(or weakisotropy). Thesemethodsaremainly basedon collectingstatistical
characteristic¢e.g.,thedistribution of edgedirections)from samplepatches
of the texture and comparingthem with thoseof adjacentpatchesagainst
the isotropic hypothesislnformation aboutthe surface shapeis then often
corvenientlyencodedn thediscrepang or variationof thesecharacteristics.

But symmetryis by naturea geometrigoroperty! Althoughin mary cases
theresultof a symmetryindeedcausesertainstatisticalhomogeneity(like
the thimageof Figurel), thereis reasono believe thatmoreaccurateand
reliable3-D geometrianformationcanberetrievedif we candirectly exploit
suchpropertythroughgeometricmeansFor example,for the texture shavn

1 In fact, thereare strongpsychologicakvidencesto believe that symmetryis oneof the
mosteffective assumptionshathumansadoptto processvisual information.We will have a
morethoroughdiscussioron thistopic attheendof this paperafterwe have understoodetter
thegeometridvasisfor it.
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4 Hong, Yang,Huang,andMa

in the th imageof Figure 1, shouldnt we directly exploit the factthatthe
tiling is invariantundercertainpropertranslationgarallelto the plane?To a
large extent,suchageometricapproachs complementaryo extantstatistical
approachesif statisticalhomogeneitycanbe exploited for shaperecorery;

so can geometrichomogeneityespeciallyin caseswhere symmetryis the
underlyingcausdor suchhomogeneityOf coursefor casesvherestatistical
methodsno longerapply (e.g.,the th imageof Figurel), geometricmeth-
odsremainasthe only option. Onemay call this approachasstructue from
symmetry

We are by no meansthe rst to notice that symmetry especially(bi-
lateral) re ective symmetry can be exploited by geometricmeansfor re-
trieving 3-D geometricinformation. (Mitsumoto et al., 1992) studiedhow
to reconstruce 3-D objectusingmirror imagebasedplanarsymmetry (Vet-
ter and Poggio, 1994) proved that for ary re ective symmetric3-D object
onenon-accidenta?-D modelview is sufcient for recognition,(Zabrodsly
and Weinshall,1997) usedbilateral symmetryassumptiorto improve 3-D
reconstructiorirom imagesequencesnd(Zabrodsk etal., 1995)provided
a goodsurey on studiesof re ective symmetryandrotationalsymmetryin
computervision atthetime.

In 3-D objectand poserecognition,(Rothwell et al., 1993) pointedout
that the assumptiorof re ective symmetrycanbe usedin the construction
of projectve invariantsand is able to eliminate certainrestrictionon the
correspondingpoints. (Chamand Cipolla, 1996) built the correspondences
of contoursfrom re ective symmetry For translationasymmetry (Schafal-
itzky andZisserman2000)usedit to detectthe vanishinglines andpoints.
(Liu etal., 1995)analyzedheerrorof obtaining3-D invariantsdervedfrom
translationalsymmetry In additionto isometricsymmetry (Liebowitz and
Zisserman,1998; A. Criminisi and Zisserman,1999; A. Criminisi and Zis-
serman2000)shavedthatotherknowvledge(e.g.,lengthratio, vanishingline
etc)in 3-D alsoallows accurateeconstructiomf structuraimetricandcamera
pose.

For the detectionof symmetryfrom images,(Marola, 1989; Kiryati and
Gofman,1998;Mukherjeeetal., 1995)presentef cient algorithmsto nd
axesof re ective symmetryin 2-D images(SunandSherrah1997)discussed
re ective symmetrydetectionin 3-D spaceand(Zabrodsk etal., 1995)in-
troducecasymmetryistanceo classifyre ective androtationalsymmetryin
2-D and3-D spacegwith somerelatedcommentgjivenin (Kanatani,1997)).
(Carlsson,1998; Gool et al., 1996) derived methodsto nd 3-D symmetry
from invariantsin the 2-D projection.(Liu and Colline, 1998) proposeda
methodto classifyary imageswith translationabymmetryinto the 7 Frieze
groupsand17 wallpapergroups.

However, thereis still alack of formalanduni ed analysisaswell asef-

cient algorithmswhich would allow peopleto easilymalke useof numerous
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On SymmetryandMultiple-View Geometry 5

anddifferenttypesof symmetrythatnatureoffers.|Is thereauni ed approach
to study3-D informationencodedn a2-D perspectie imageof anobjectthat
exhibits certainsymmetry?This papemwill try to provide ade nite answerto
this question Our work differsfrom previousresultsin atleastthefollowing
threeaspects:

1. We studysymmetryunderperspectiveprojectionbasedon existing the-
ory of multiple-viev geometry? We claim thatin orderto fully under
standsuch3-D informationencodedn a singleimage,onemustunder
standgeometryamongmultiple images.

2. In additionto recover 3-D structureof asymmetricobjectfrom its image,
we shawv thatary type of symmetryis naturallyequippedwith a canon-
ical (world) coodinate frame from which the viewer's relative poseto
theobjectcanberecovered.

3. We givethenecessarandsufcient conditionsin termsof thesymmetry
groupof the objectunderwhich the canonicalposecanbe uniquelyre-
covered,andwe characterizéheinherentambiguityfor eachfundamen-
tal typeof symmetry Thus,for the rst time,geometriagrouptheoryand
(perspectie) multiple-viav geometryareelegantlyandtightly integrated.

During the development,an importantprinciple associatedvith imagesof
symmetricobjectswill be examinedwith care:Oneimage of a symmetric
objectis equivalento multipleimages.This principleis however notentirely
correctsince,aswe will see,oftenrelationshipsamongsuch“images” will
notbethe sameasthoseamongcorventionalimageslt in factrequirescare-
ful modi cationsto existingtheoryandalgorithmsin multiple-viav geometry
if they areto becorrectlyappliedto imagesof symmetricobjects.

2. Problem Formulation

Beforewe formulatethe problemin a moreabstractform, let ustake alook
at a simple example:a planarboardwith a symmetricpatternas shovn in
Figure2. It is easyto seethat,from ary genericviewpoint, thereareat least
four equivalentvantagepoints(with only therotationalsymmetryconsidered,
for now) which give rise to anidenticalimage.The only questionis which
cornersin theimagecorrespondo theonesontheboard.In this sensethese
imagesarein factdifferentfrom the original one.We may call thoseimages

2 Whereasmost existing studiesof symmetryare basedon orthogonalor afne camera
models asapproximatiorto the perspectie case.
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6 Hong, Yang,Huang,andMa
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Figure 2. Left: achecler boardwhosesymmetryincludesre ection alongthe and

axesandrotationabout by . Right:animagetakenatlocation . Noticethat
theimagewould appeato beexactly the sameif it wastakenat instead. isthe
relative poseof theboardwe perceve from theimageto theright.

as“hidden’® For instancejn Figure2, we labeledin braclet corresponding
cornernumberdor sucha hiddenimage.

In addition to the rotational symmetry anotherkind of symmetry the
(bilateral) re ective symmetry can give rise to a not so corventionaltype
of hiddenimages,asshavn in Figure 3. Notice that, in the gure, the two

Figure3. : Cornercorrespondenceetweerthe originalimageof theboardandan
“image” with the boardre ectedin the -axisby ;. Cornercorrespondence
betweerthe original imageof the boardandan“image” with the boardre ectedin
the -axisby

“hiddenimages”with thefour cornerdabeledby numbersn braclet cannot
be animageof the sameboardfrom ary (physicallyviable) vantagepoint!*

% The phenomenonvith “multiple images”from a singleonewasalreadypointedout by
(Malik andRosenholtz1997).But we herewill make a moregeometricuseof theseimages.
For the lack of betterwords,we will call suchimagesas“hidden’ In fact,they areprobably
betterbe calledas“ulterior” or “covert” imagespor “equivalent” images.

4 One may amguethat they areimagestaken from behindthe board.This is true if the
boardis “transparent. If the symmetricobjectis a 3-D objectratherthana 2-D plane,sucha
amgumentwill neverthelesdall apart.
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On SymmetryandMultiple-View Geometry 7

Neverthelessas we will seebelow, just like the rotationalsymmetry this
type of hiddenimagesalsoencoderich 3-D geometrianformationaboutthe
object.

Thereis yetanothettype of symmetry‘hidden” in apatternlike achecler
board.As shavn in Figure4 below, for a patternthatrepeatsa fundamental
region inde nitely alongoneor moredirections,the so-called‘in nite rap-
port;” onewould obtainexactly “the same”imagehadtheimagesheentaken
at vantagepointsthat differ from eachotherby multiples of onebasic
translation . Although all imageswould appearto be the same,features

2 3

L L L

Figure4. Thechecler patternis repeatednde nitely alongthe -axis.Imagegakenat
and will bethesame.

(e.g.,point, line) in theseimagescorrespondo differentphysicalfeaturesn
theworld. Thereforefor animagelike the thonein Figurel, it in factmay
giveriseto mary (in theory possiblyin nitely mary) “hiddenimages. There
is clearlya reasonto believe thatit is these(mary) hiddenimagesthat give
away thegeometryof the plane(e.qg.,tilt, slant)to theviewer's eyes.

It is thennot hardto imaginethat the combinationof the rotational,re-
ective andtranslationakymmetrieswill give rise to all sortsof symmetric
objectsin 2-D or 3-D spacemary of which could berathercomplicatedIn
our man-madevorld, symmetricobjectsareubiquitous,underthe namesof
“ornament, “mosaic; “pattern; or“tiling,” etc.Fascinatioraboutsymmetric
objectscanbe tracedbackto ancientEgyptiansand Greeks® Nevertheless,
a formal mathematicainquiry to symmetryis known asHilbert's 18thprob-
lem, anda completeanswerto it wasnotfoundtill 1910by Bieberbachsee
(Bieberbach,1910)). While in the appendixwe brie y review resultsof a
completelist for 2-D and 3-D symmetricstructuresand groups,this paper
will focuson how to combinethis knowvledgeaboutsymmetrywith multiple-

® Egyptianscertainlyknew aboutall 17 possiblewaysof tiling the oor; andPythagoras
alreadyknew aboutthe ve platonicsolidswhich arethe only non-trivial onesallowing 3-D
rotationalsymmetry thatwere only proven by mathematiciang the 19th century(Fedora,
1885;Fedore, 1891b;Fedorw, 1891a;Fedora, 1971).
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8 Hong, Yang,Huang,andMa

view geometrysoasto infer 3-D informationof a symmetricobjectfrom its
image(s).

In orderto explain why symmetrygivesaway accuraténformationabout
structureandlocationof a symmetric3-D objectfrom a single2-D perspec-
tive image,we will nheeda mathematicaframewnork within which all types
of symmetriegthatwe have mentionecbr not mentionedn the above exam-
ples) canbe uniformly takeninto account.Only if we cando that, will the
introductionof symmetryinto multiple-viav geometrybecomenaturaland
convenient.

DEFINITION 1 (Symmetricstructureandits groupaction). A set of points
is calleda symmetricstructuref there existsa non-trivial subgoup
of theEuclideangroup thatactsonit. Thatis, for anyelement ,

it de nesa bijection(i.e. a one-to-oneonto) mapfrom to itself:

Sometimesve saythat hasa symmetrygroup . Or s a group of
symmetriesf

In particular we have for ary . Mathematically
symmetricstructuresand groupsare equivalentwaysto capturesymmetry:
ary symmetricstructureis invariantunderthe actionof its symmetrygroup;
andary group(hereasa subgroupof ) de nes a classof (3-D) struc-
turesthat are invariantunderthis group action (seeAppendixA). Herewe
emphasizeéhat is in generala subgroupof the Euclideangroup but
not the specialone . This is becausemary symmetricstructureghat
we aregoingto considerareinvariantunderre ection which is an element
in but not .8 For simplicity, in this paperwe consider to bea
discontinuougor discrete)group’
Usingthe homogeneousepresentationf , ary element

in canberepresentedsa matrix of theform

1)

where is anorthogonalmatrix (* " for bothrotationandre ec-
tion) and is a vector(“ " for translation).Note thatin orderto
represent in thisway, aworld coordinatdramemusthave beenchosenlit

 Here denotesthe group of orthogonalmatricesincluding both rotations
( ) andre ections.

" In AppendixA, we give explanationto why this assumptioris valid. However, it will be
interestingto considerin the future generalizechotion of “symmetry” thatis capturedby a
continuousor evennon-rigid group.
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On SymmetryandMultiple-View Geometry 9

is corventionalto choosethe origin of the world coordinateframeto bethe
centerof rotationandits axesto line upwith theaxesof rotationandre ection

or directionof translation Oftenthecanonicalworld coordinatdrameresults
in thesimplestrepresentationf the symmetry(Ma etal., 2003).

Now supposdhatanimageof a symmetricstructure is takenata van-
tage point — denotingthe poseof the structure
relative to the viewer or the cameraHere is assumedo be represented
with respectto the canonicalworld coordinateframe for the symmetry If
so,wecall thecanonicalpose As we will soonsee thecanonicabose
from theviewerto theobjectcanbeuniquelydeterminedrom asingleimage
aslongassymmetryadmittedby the object(or thescenejs “rich” enough.

A (calibrated)mageof is asetof imagepoints andin homo-
geneousoordinategachimagepoint satis es

)

where , is homogeneousoordinateof a point
, and is the depthscale.Now since for all ,
we have 8 Thatis, if we changethe vantagepoint from  to
, duetothesymmetryof we wouldgetapparentlythesamemagefrom

. Although at a differentvantagepoint animage of a point

will becomea differentpoint on the image,say , mustcoincidewith
oneof theimagepointsin  (takenfrom the original vantagepoint). Thatis
andwecall . Thus,thegroup doesnothingbut permutes

imagepointsin , which is anactioninducedfrom its actionon in 3-D.

For simplicity, if we ignore(for now) the effect of self-occlusiorandlimited

eld of view, we mayalwaysassume for all andall
Fromthesymmetry , theequation(2) yieldsa systemof equations

®3)

Thereforegivenonly oneimage , if we know thetype of symmetry in
advanceandhow its elementsacton pointsin  , every imagepointin the
set canbeinterpretedasa differentimageof the samepoint

seenfrom differentvantagepoints. Thatis, we effectively have asmary
as imagesof thesame3-D structure .°

The problemweare interestedhere is that givenoneimage of a symmet-
ric structue (with aknownsymmetngroup )takenatavantae point
to whatextentwemayrecoverthepose andthestructue ,andhow?

Notice thathere is not the relatve motion betweendifferentvantage
pointsbut the relatve posefrom the objectto the viewer! As we will soon

8 Herewe have effectively identi ed, throughagrouphomomorphism, asasubgroupof
thepermutation(or automorphismygroup  of theset when isa nite (orin nite) set.

® Hereweuse to denotethecardinalityof . In particulay when is nite, isthe
numberof elementsn
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10 Hong, Yang,Huang,andMa

see symmetryin generakncodestrong3-D informationwhich oftenallows
usto determine . Of course,dueto symmetry thereis no uniquesolution
to the canonicalpose either Thatis, because 10 the
imagepoint might aswell betheimageof the point seenfrom the
vantagepoint . Hencethe aborve questionshouldbe restatedas“to what
extentwe mayidentify theset . Algebraically thisis to identify theleft
coset amongthe setof all cosetof (in ). Thesetof all cosetsof
in is typically denotedhs . Since isin generahotanormal
subgroupof , is not necessarila groupitself andis calledthe
left cosetspace Sincein mostcasesve will be dealingwith a discreteand
nite group ,determining uptooneof its cosetawill thengive sufcient
informationabouttherelative orientationof the object.

3. Symmetry and Multiple-V iew Geometry

Aswe have suggestebefore althoughsymmetryis aphenomenoassociated
with a singleimage,a full understandingf its effect on 3-D reconstruction
depend®nthetheoryof multiple-viev geometryin this sectionwe examine
analyticallyhow the geometryof a singleimageis closelyrelatedto that of
multiple oneswhene&er symmetryis present.

3.1. SYMMETRIC MULTIPLE-VIEW RANK CONDITION

Let be differentelementsn . Then,oneimage
of a symmetricstructurewith the symmetry is equivalentto at
least differentimageshatsatisfythefollowing equations

Theseimagesmustbe relatedby the so-calledmultiple-vienv rank condition
(Maetal., 2002).Thatis, thefollowing multiple-viev matrix

(4)

10 We usethesymbol“ " to denote‘equalupto ascale’
11 |n thematrix, we usethenotation to denotethe skew symmetricmatrix associatedo a
vector suchthat for all

IJCV03-symmetry.tex; 9/03/2004; 11:43; p.10



On SymmetryandMultiple-View Geometry 11

with

®)

satis estherankcondition

rank (6)

Note that this rank conditionis independenbdf ary particularorder of the

groupelements andit captureghe only fundamentainvariant

that a perspectie image of a symmetricstructureadmits? Thus, we call

it the symmetricmultiple-viav rank condition Note that if (i.e.
for all ), theexpressiorfor canbesimpli ed to

()

Thereforepneimageof asymmetricstructure with its symmetrygroup

is equialentto imagesof featurepoints!® Therecon-
structionof andthe3-D structureof canbeeasilysolvedby
a factorizationalgorithmbasedon the above rank condition,see(Ma et al.,
2002).Neverthelessin orderto solve for the“canonicalpose” ,
we needto further solve themfrom equation(5) once and are
recovered.To solvefor it requiresusto solve a systemof Lyapune type
equationg?

(8)
with and  known. The uniquenes®f the solution  dependson
therelationbetween and . Beforewe canreachageneralstatement

on the sohvability of suchequationsjet us rst study individual types of
symmetryi.e. there ective, rotational,andtranslationabymmetry

3.2. AMBIGUITY INDUCED FROM THREE TYPES OF SYMMETRY

3.2.1. Re ectivesymmetry

Marny man-madeobjects,for example a building or a car are symmetric
with respectto a central plane (the plane or mirror of re ection). Thatis,
the structureconcerneds invariant undera re ection with respectto this
plane.Without loss of generality supposethis planeis the -planeof a
pre-choserworld coordinateframe. For instance,in Figure 2, the boardis

12 Here“only” is in the senseof sufciency: if asetof featuressatis estherankcondition,
it canalwaysbeinterpretedasa valid imageof anobjectwith thesymmetry .

13 1t is possiblethatboth and  arein nite. In practice,onecanconvenientlychoose
only nitely mary of them.

14 In someliterature,suchequationsarealsocalled Sylvesterequations.
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12 Hong, Yang,Huang,andMa

ohbviously symmetricwith respecto the -planeif the -axisis thenormal
to the board.Thenare ection in this planecanbe describedby the motion
where

9)

is an elementin andit has . Notice that a re ection
always x esthe planeof re ection. If are ection is the only symmetrythat
astructurehas,thenthegroup consistof only two elements where
is theidentity map.In otherwords, isisomorphicto thegroup
If oneimageof sucha symmetricobjectis taken at , then
we have thefollowing two equationgor eachimagepointon this structure:

(10)

To simplify the notation,de ne and .
Thenthe symmetricmultiple-viev rank condition,in the two-view case,is
reducedo thefollowing well-knowvn epipolarconstraint:

(11)
Note thathere is not a rotationmatrix. Therefore
the matrix is not a corventionalEssentiamatrix andthe classical

8-point(or 7-point) algorithmneedso be modi ed accordinglyif it is to be
usedto recover 115
Oncethe is obtainedwe needtouse and to solwe for
. Theassociatedlyapune equationcanberewritten as

(12)
with  and known.

LEMMA 2 (Re ective Lyapuna equation).Let
be the Lyapune map associatedo the above equation,with

a re ection and both known. The kernel ker of is
in geneal -dimensionalNeverthelessfor orthogonal solutionsof  , the
intersectionker is only a 1-parmameterfamily which corresponds

to anarbitrary rotationin the planeof re ection.

1% Infact, isequalto , whichis askew-symmetricmatrix andthe extractionof
and fromsuchan isvery muchsimpli ed. Furthermoreto recover suchan from
theepipolarconstraintonly 4, insteadof 8, correspondingpointsareneeded.

IJCV03-symmetry.tex; 9/03/2004; 11:43; p.12



On SymmetryandMultiple-View Geometry 13

Proof. Let and be the eigevaluesof  and
respectrely. Let betheright eigervectorof  and
betheleft eigervectorof

Theeigewaluesof are with ascorresponding
eigervectorsbecause

Thenthekernelof isthespan .
Without loss of generality we assumehere ection is with respecto
the -plane,

(13)
Its eigevaluesare
Theleft eigervectorassociatedvith is . Two realleft
eigervectorsassociatedavith the two repeateckigewvalue are

Forthe ,wehave

Fromtheequatiorabore,theeigevaluesof  arethesameastheeigewalue
of whichare

Since areobviously alsotheright eigevectorsof |, theeigewec-
torof associatewith is ; andtwo realeigewectorsof
associateavith thetwo repeatectigevalue are ,
,respectiely. and arerealandorthogonato eachother
We have a total of ve combinationsof suchthat . Thus,
thekernelof is a5-dimensionakpacewhich hasa basisconsistingof the
elements

Any linearcombinationof the basiselements

IJCV03-symmetry.tex; 9/03/2004; 11:43; p.13



14 Hong, Yang,Huang,andMa

will be a solutionof the equation . Because ,
we canimposethe constrainof rotationmatrix. This givesus

where is an arbitrary angle. So hasin nitely mary solutions.
Geometricallythethreecolumnof  canbeinterpretedasthethreeaxesof
theworld coordinateframethatwe attachedo the structure.The ambiguity
in thencorrespondgo an arbitrary rotationof the -planearoundthe

-axis. n

If the structurealsohassymmetrywith respecto anothermlane,saythe -
planeasin the caseof the checler board(Figure2), this 1-parametefamily
ambiguitycanthereforebe eliminated.

In practice,it is very commonthat the object, like the checler boardin
Figure2, is at andall the featurepointson lie in a2-D plane in 3-D
spacej.e. . In this casetheabore ambiguitycanalsobereducedeven
if anextrasymmetryis not available.Withoutlossof generalitythe plane
canbedescribedy anequation

(14)
with asits normalvectorand asthedistanceérom thecenter
of the camerato theplane . Usingthis notation,theimagepoint andits
symmetrypoint satisfythe planarhomographyf

(15)
wherethematrix  is the homographymatrix of theform

- (16)

With morethan4 points,thematrix ~ canberecoeredfrom equation(15).
Decomposinghe homographynatrix  yieldst’

- (17)

If we assumethe normal of the planarstructureis in the direction of the
-axis,we maygetauniquesolutionfor therotation,

8 The planarhomographyis alsoa direct consequencef the (symmetric)multiple-view
rankcondition(Ma etal., 2002),appliedto planarscene.

17 In general,one getsa total of four solutionsfrom the decompositionput only two of
themarephysicallypossible(\Wengetal., 1993).
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On SymmetryandMultiple-View Geometry 15

where areeigermvectorsof  asin theproofof Lemmaz2.
After  isrecovered, isrecoveredupto thefollowing form

null (18)

where is the pseudoinverseof andnull
span sinceboth and (asin the proof of Lemma
2) arein the null spaceof the matrix . Suchambiguityin the
recovered is exactly what we shouldhave expected:With a

re ection with respectto the -plane,we in principle canonly determine
the -axisand -axis (including the origin) of the world coordinateframe
upto ary orthonormalframewithin the -plane,which olbviously hasthree
degreesof freedom parameterizety (where is asin theproofof

Lemma?2). If itselfis in a plane,we may choosethe -axisof the world

frameto be the normalto the planeandthe origin of the frameto bein the

plane.Thus,we canreducethis ambiguityto a 1-parametefamily: only the

origin  now may translatefreely alongthe -axis, the intersectionof the

planewhere residesandtheplaneof re ection.

To concludeour discussioronthere ective symmetrywe have

PROPOSITIONS (Canonicalposefrom re ective symmetry). Givenan im-

age of a structue  with a re ective symmetrywith respectto a planein

3-D,thecanonicalpose canbedeterminedipto anarbitrary choiceofan
orthonormalframein this plane which is a 3-parameterfamily of ambiguity
(i.e. ). However if itselfisin a (different)plane  is determinedip
to an arbitrary translationof the framealongtheintersectionline of thetwo
planes(i.e. ).

Figuresb and6 demonstrat@n experimentwith there ective symmetry
Thecheclerboardis aplanarstructurewhichis symmetriowith respecto the
centralline of itself (in facttherearemary morelocalre ective symmetryon
partsof theboard).

3.2.2. Rotationalsymmetry

Now supposewe replacethe re ection  above by a properrotation. For

instancejn Figure2, the patternis symmetricwith respecto ary rotationby
radiansaround inthe -plane.Now thequestiorbecomesknowing

the rotation andits conjugation , to what extent we can
determine fromtheequation . Withoutlossof generality
weassume is of theform with and , henceit

hasthreedistincteigemwalues

LEMMA 4 (RotationalLyapun@ equation).Let
betheLyapune mapassociatedo theaboreequationwith a

IJCV03-symmetry.tex; 9/03/2004; 11:43; p.15



16 Hong, Yang,Huang,andMa

Figure 5. Top: An imageof are ectively symmetricchecler board.Bottom: The symmetry
is representethy somecorrespondingoints.We drawv two identicalimageshereto illustrate
the correspondencmore clearly: Pointsin the left imageare correspondindo pointsin the
rightimageby are ective symmetry

rotationand bothknown.Thekernelker  of thisLyapune

mapis in geneal -dimensional Neverthelessfor orthagonal solutionsof
, theintersectionker is a 1-parameterfamily corresponding

to anarbitrary rotation(of radians)abouttherotationaxis of

Proof: Let and arethe eigewvaluesof  and

respectrely. Let betheright eigervectorof and

betheleft eigervectorof

Theeigewaluesof are with ascorresponding
eigervectorsbecause

Thenthekernelof isthespan .
Without loss of generality we assumehe rotationis with respecto the
-axis.So is
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On SymmetryandMultiple-View Geometry 17

Figure 6. The reconstructionresultfrom the re ective symmetry. Therecovreredstructure
is representeih the canonicaworld coordinatedrame.Fromour discussiorabove, the origin

of theworld coordinateramemaytranslatefreely alongthe -axis. Thesmallercoordinate
frameis thecameracoordinatdrame.Thelongestaxisis the -axisof thecamerdramewhich
representthetheoptical axisof thecamera.

with and . Any sucha rotationmatrix hasthree
distincteigewvalues,

The left eigewvector associatedvith is which hasa
realvalue. The othertwo left eigevectorsassociateavith the two complex
eigemwvalues are , with

Forthe ,wehave

Fromtheequatiorabore,theeigevaluesof  arethesameastheeigewalue
of whichare

The eigervector associatedvith is  which hasareal value.The
othertwo eigervectorsassociatedavith the two conjugatecomplex eigemval-
ues are , where

We have threepairsof suchthat . Thus,we get
thebasisfor thekernelof
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18 Hong, Yang,Huang,andMa

Therealandimaginarypartsof the comple basis

Re Im Re
Im ~ Re Im
Re ~Im Re Re
Im " Re Im Im

arealsoin thekernelof . Thentherealkernelof isa3-dimensionaspace
which hasthebasis

Im Re Im

Thesolutionof will bethelinearcombinationof thebasis,

Im Re Re Im

wherecoefcients Because , we canimposethe
constrainbf it beingarotationmatrix. Then is of theform

Im Re Re Im

where is an arbitrary angle. So hasin nitely mary solutions.
Geometricallythethreecolumnsof ~ canbeinterpretedasthethreeaxesof
theworld coordinateframethatwe attachedo the structure.The ambiguity
in thencorrespondgo an arbitrary rotationof the  -planearoundthe

-axis. n

Thislemmaassumethat f , hastworepeated eigen-
valuesandthe proof abore no longerapplies.Neverthelessye notice that
is exactly a re ection with two eigemwvalues,with are ection plane

orthogonalto the rotationaxisof . Thus,this caseis essentiallythe same
asthere ective casestatedin Lemmaz2. Althoughthe associated.yapune
map hasa 5-dimensionakernel, its intersectiorwith is the sameas
ary otherrotation.

In addition,it canbeveri ed directly thatthenull spaceof the matrix

is always 1-dimensional(for ) and

(where wasde nedin theproofof theabose lemma).Thus,thetranslation

is recoveredup to theform:

null (19)

wherenull span . Togethermwith the ambiguityin
is determinedup to a so-calledscrew motion aboutthe rotation axis
Similarto there ective casewe have
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Figure7. Top: An imageof acubewhichis rotationallysymmetricaboutits longestdiagonal
axis.Bottom: The symmetryis representethy somecorrespondingpoints.Pointsin the left
imagescorrespondo pointsin theright imageby a rotationalsymmetry

PROPOSITIONS (Canonicalposefrom rotationalsymmetry). Givenanim-
age of a structue  with a rotational symmetrywith respecto an axis

, thecanonicalpose is determinedupto an arbitrary choiceof a screw
motionalong this axis, which is a 2-parameterfamily of ambiguity(i.e. the
SCIewW group ). However if  itselfis in a (different) plang s
determinedip to an arbitrary rotationaroundthe axis (i.e. ).

Figures7 and8 demonstrat@anexperimentwith therotationalsymmetry
Eachfaceof thecubeis aplanarstructurewhichis symmetricto anotherface
by arotationaboutthelongestdiagonalof the cubeby 120degree.

3.2.3. Translationalsymmetry
In thiscasegsince and , equation(5) is reducedo thefollowing
equations

(20)

Obviously, the rst equationdoesnot give ary informationon (andthe
associated.yapun@ mapis trivial), noron . From the secondequation
however, sinceboth and areknown(uptoascale), canbedetermined
uptoa -parametefamily of rotations(i.e. ). Thus,the choiceof the
world frame(including )isuptoa -parametefamily (i.e. ).
Furthermoreif is planar which oftenis the casefor translationakym-
metry, theorigin  of theworld framecanbe choserin the supportingplane,
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20 Hong, Yang,Huang,andMa

Figure 8. Reconstructionresultfrom the rotational symmetry. Therecoveredstructureis
representeth the canonicalworld coordinateframe.From our discussiorabove, the origin
of theworld coordinatemaytranslatefreely alongthe -axis,andthe  -axiscanberotated
within the  planefreely. The smallercoordinatframeis the cameracoordinateframe.The
longestaxis is the -axis of the cameraframe which representshe the optical axis of the
camera.

theplanenormalasthe -axis,and asthe -axis.Thus

whereboth and canberecoreredfrom decomposinghe homography
- . We end up with a 2-parametefamily of ambiguityin

determining -—translating arbitrarilyinsidetheplane(i.e. ). Evenwith
an extra translationasymmetryalonga differentdirection,the origin can
be ary placeon the plane.Figures9 and10 demonstrat@n experimentwith
re ective symmetry A mosaic oor is aplanarstructurethatis invariantwith
respecto thetranslationalongproperdirections.

We summarizen Tablel theambiguitiesn determininghepose from
eachof thethreetypesof symmetryfor bothgenericandplanarscenes.

3.3. NECESSARY AND SUFFICIENT CONDITION FOR A UNIQUE POSE
RECOVERY FROM SYMMETRY

As we have seenfrom above sections,thereis always someambiguity in
determiningthe relatve pose( ) from the vantagepoint to the canonical
world coordinateframe (wherethe symmetrygroup  wasrepresentedn
the rst place)if only onetype of symmetryis consideredin reality, most
symmetricstructuregor objects)have morethanonetypesof symmetry For
instancethe boardin Figure2 hasall threetypesof symmetrypresentlt is
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Figure 9. Top: An imageof a mosaic oor which admitstranslationalsymmetry Bottom:
The symmetryis representedby somecorrespondingpoints. We drav two identicalimages
hereto representhe correspondena@oreclearly: Pointsshavn in theleft imagescorrespond
to pointsshawn in theright imageby a translationasymmetry

Tablel. Ambiguity in determiningthe canonicaposefrom threetypesof symme-
try. (1" -parametermeanstherearean -parametefamily of ambiguity
in of and -parametefamily of ambiguityin  of )

| Ambiguity || Lyapuno equation|  (generabcene)|  (planarscene)|
| Reective || 5-dimensional | (1+2)-parameter | (0+1)-parameter|
| Rotational || 3-dimensional | (1+1)-parameter | (1+0)-parameter|
| Translational|| ~ 9-dimensional | (1+3)-parameter | (0+2)-parameter|

thejoint work of all symmetriesasa group,notits individual elementsthat
corveys to theviewer a strongperceptiorof the poseof the object.

PROPOSITIONG (Rotationalandre ective symmetry). Givena (discrete)

subgoup of , arotation is uniquelydeterminedrom the pair of
sets if andonly if theonly xed pointof actingon isthe
origin.
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22 Hong, Yang,Huang,andMa

Figure 10. Reconstructionresultfor the translational symmetry. The structureis repre-
sentedn thecanonicaworld coordinatdrame.Fromour discussiorabove, theorigin  of the
world coordinatamaytranslatereelywithin the -plane.Thesmallercoordinateérameis the
cameracoordinatdframe.Thelongestaxisis the -axisof thecameradramewhich represents
thetheopticalaxis of thecamera.

Proof: If arenotsufcient todetermine ,thenthereexistsat
leastoneother suchthat for all . Let
. Then, for all .Hence commuteswith

all elementsn . If isarotation,all in musthave thesamerotation
axisas ;Iif isare ection, musthaveits axisnormalto the planethat
x es.Thisis impossiblefor agroup thatonly x estheorigin. Onthe
otherhand,if is sufcient to determine , thenthe group
cannotx ary axis(oraplane).Otherwisesimplychoose tobearotation
with the sameaxis (or anaxisnormalto the plane) thenit commutesvith
Thesolutionfor  cannotbeunique. n

Once isdeterminedit is thennotdif cult to shav that,with respecto
thesamegroup , canbeuniquelydeterminedrom the secondequation
in (5). Thus,asa corollary to the abore proposition,we have the following
theorem:

THEOREMY7 (Uniguecanonicabosefrom a symmetrygroup).  Suppose
that a symmetricstructue admitsa symmetrygroup  which containsa
rotational or re ective subgoup that xes only the origin of . Thenthe
canonicalpose canalwaysbe uniquelydeterminedromoneimage of

Notethatthegroup doesnot have to bethe only symmetrythat allows
—aslongassucha existsasasubgroupof thetotal symmetrygroupof
onemayclaim uniquenes$or therecorery of
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Now onemaywonderwhy thethird columnin Tablel is necessaryWhy
do we have to treata planar structureseparatelyand why not treat more
“uniformly” the planarrestrictionas an extra re ective symmetrywith re-
spectto the planeitself? The problemwith thatis, evenif we couldaddthis
re ection, say , into the symmetrygroup , it is not possibleto recover
its correspondingelement in via multiple-viav geometric
meansbecausdeatureson the plane correspondo themseles underthis
re ection andno otherfeaturepointsoutsideof the planeis available (by our
own planarassumption)Thus,we canno longerapply the above theoremto
this case.

In orderto give a correctstatementor the planarcase for are ection
with respectto a plane,we call the normalvectorto its planeof re ection
astheaxis of there ection.'® Usingthis notion, we derive the the following
corollary:

COROLLARY 8 (Canonicaposefrom a symmetrygroupof a planarscene).
If a planar symmetricstructue allowsa rotational or re ective symmetry
subgoup (withoutthere ection with respecto the supportingplaneof
itself) with two independentotationor re ection axesthecanonicalpose
canalwaysbeuniquelydeterminedromoneimageof  (withtheworld frame
origin restrictedin theplaneandthe -axischosemastheplanenormal).

As a consequenceto have a unique solutionfor , a planar symmetric
structure mustallow atleasttwo re ectionswith independenaxes,or one
re ection andonerotation(automaticallywith independenéaxesfor a planar
structure)Thisis consistentvith the ambiguitygivenin Tablel.

3.4. CAMERA SELF-CALIBRATION FROM SYMMETRY

In additionto structureand pose,anotherimportantknowledgefor 3-D re-
constructionis in fact readily available from imagesof symmetricobjects:
the camen intrinsic parametes, or calibration,which we will studyin this
subsection.

Resultsgivenin the precedingsubsectionssuchas Theorem?/, arebased
ontheassumptiorthatthecamerahasbeencalibratedlf thecamerds uncal-
ibratedandits intrinsic parametematrix, say , Is unknawvn, then
theequation(2) becomes

Fromthe epipolarconstraintdetweerpairsof hiddenimagesjnsteadof the

Essentiamatrix , we canonly recover the Fundamentatatrix
(21)
18 Therole of theaxis of are ection is very similar to thatof the axis of a rotationoncewe
noticethat,for ary re ection is arotationof angle aboutthe sameaxis.
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whereasbefore and
. Noticethathere is automaticallythe samefor the originalimageand
all thehiddenones.

3.4.1. Calibrationfromtranslationalsymmetry

In the translationalsymmetrycase,we have and Af
giventhreemutuallyorthogonatranslations underwhichthe
structures invariant,thenfrom the fundamentamatrix
we getvectors

(22)
Thatis, is equalto up to an (unknawn) scale® Since
areassumedo be mutually orthogonalwe have

(23)
We getthreelinearequationson entriesof the matrix . If thereare

lessthanthreeparametersn  unknawn,?0 thecalibration canbeuniquely
determinedrom thesethreelinear equationgall from a singleimage).The
readershouldbe aware that thesethree orthogonaltranslationscorrespond
preciselyto thenotionof “vanishingpoint” or “vanishingline” usedin exist-
ing literature(A. CriminisiandZissermanl1999;A. CriminisiandZisserman,
2000)2*

3.4.2. Calibrationfromre ective symmetry
In the re ective symmetrycase,if is are ection, we have and
. Thus, . Then is of the sameform as
a fundamentaimatrix for the translationalcase.Thus,if we have re ective
symmetryalongthreemutually orthogonaldirectionsthe cameracalibration
canbereco/eredsimilarly to thetranslationatase?? Sohaving are ective
symmetryin certaindirectionis asgoodashaving atranslationasymmetry
alongthatdirection,asfar ascamereacalibrationis concerned.

3.4.3. Calibration fromrotationalsymmetry
A moreinterestingcasewhere symmetrymay help with self-calibrationis
the rotationalsymmetry In this case,it is easyto shav thatthe axis of the

19 Thereademay checkthat  canalsobe obtainedfrom the homographymatrix if the
scends planar

2 For example pixelsaresquare.

21 Herewe see symmetryis amoreprincipledway to unify in computewision notionslike
“orthogonality’ “parallelism’ or “vanishingpoint” without usingpointsor planeatin nity .

22 Noticethatin boththetranslationabndre ective symmetrycasesfor planarstructures,
onecanobtainthevector from now the“uncalibrated’homographymatrix
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rotation is alwaysperpendiculato the translation . Accordingto (Ma
etal.,2000),the Fundamentamatrix mustbe of theform

(24)
where of unit lengthis the (left) epipoleof andthe scalar is
oneof thetwo non-zerceigervaluesof the matrix . Thenthecalibration
matrix  satis estheso-calledhormalizedKruppas equation

(25)
with knowvn and only unknavn. This equation,as shavn in
(Ma et al., 2000), givestwo linearly independentonstraintson . For

instancejf only thecameraocal length is unknavn, we may re-writethe
above equationas

(26)
whichis alinearequatioron . It isthereforegpossibleto recorerfocallength

from a singleimage(of someobjectwith rotationalsymmetry).

EXAMPLE 9 (A numericalexample). For arotationalsymmetrylet

Notethattherotation by correspondso therotationalsymmetrythat
acubeadmits.Thenwe have

and (with the othereigemwalue of rejected).Then
theequation(26) givesalinearequationn

This gives which is thefocal lengthgivenby thematrix  in the rst
place.
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Thereforeusingsymmetry onecannot only recover a 3-D symmetricstruc-
ture, poseto the structure,but also obtain the cameraintrinsic parameters
suchasthe focal lengthof the camerafrom only oneimageif onewishes).
Furthermore symmetrybasedcalibrationtechniqueshappento be always
linear!

4. Applications and Experiments

Severaldistinctive featuresallow symmetry-basetechniqueso beextremely
in a wide rangeof applicationsin computervision and image processing.
Firstly, by imposingglobal structuralinvariantssuchassymmetry multiple-
view geometricalgorithmsbecomaenuchmoreaccurateandrobust. Therea-
sonis thatthe“baseline”of therelative posedetweerthe“hidden” imagess
largemostof thetime. Secondlysincereconstructiotannown bedonewithin
asingleimage,no moretrackingor matchingfeaturesacrosamultipleimages
is needed? This dramaticallyreduceshe computationatompleity, which
is importantin time-criticalapplicationsuchasrobotvision. Lastbut notthe
least,a typical man-madesceneconsistsof numeroussymmetricstructures.
Thesestructurescanbe usedasa new type of “primitives” whenwe try to
establishcorrespondenceacrosamultiple views. Thesecomple primitives,
servinga similar role aslandmarksmay simplify the matchingtaskwhich
is otherwisea moredif cult problemfor simplefeaturessuchaspointsand
lines.

Herewedonotclaimto bethe rst to suggestheapplicationgivenin this
section— mary of them have beenstudiedseparatehbeforeby researchers
in eitherthe computervision,imageprocessingor graphicscommunity We
heremostlywantto demonstratéhat,now underouruni ed framework, these
previously isolatedcasestudiescanall be put coherentlytogether

4.1. SYMMETRY-BASED SEGMENTATION AND GLOBAL ORIENTATION

Whenwe tourarounda man-madernvironment,we typically have little prob-
lem to orientandlocateourseles sinceobjectsof regular shapegspecially
symmetricshapeseasily standout and provide us overwhelminggeometric
information.In orderfor a machinevision systemto emulatethis function-
ality andto utilize the rich geometricinformation encodedin symmetric
objects,we rst needto know how to sgmentsuchobjectsfrom theimage.
Using the techniquedntroducedearlierin this paper we cantestwhether

2 Although matching,or more preciselypermutation,of featuresis still requiredwithin
a singleimage,sincethe techniqueswork very well with only a small numberof features,
matchingoftenbecomeselatively easierto doin a singleimageoncethetype of symmetryis
speci ed.
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certainimagesegmentspbtainedoy otherlow-level sggmentatioralgorithms
suchas(?), canbe the perspectie projectionof symmetricobjectsin 3-D.
Suchobjectscanalreadybe usedaslandmarksy themachinevision system
when navigating in the man-madeervironment. Moreover, the segmented
symmetricobjectsmay sene asprimitivesfor otherhigherlevel applications
suchaslarge baselinanatching(SeeSection4.2).

In the symmetry-basedegmentatiormethod theinputimagewill be rst
sgmentedinto polygonalregions which may or may not be a perspectie
projectionof asymmetricobjectsin 3-D. Thentheregionswhich potentially
canbe interpretedas imagesof symmetricobjectsin spacewill be tested
againsteachfundamentatype of symmetriedescribedn Section3.2.Here
we shav via an example.In Figure 11, eachregion in the imageenclosed
by four connectedine sggmentsmay be interpretedas a 3-D quadrilateral
thatfalls into the following casesi. quadrilateralno symmetry)2. trapezia
(onere ective symmetry).3. a rectangle(two re ective symmetries)4. a
squargtwo re ective symmetries threerotationalsymmetries)We cantest
this region againstthe four hypothesedy usingthe reconstructiormethods
in Section3.2 and determineto which type of symmetryit belongs.Most
commonly symmetriaegionsin man-madevorld arerectanglesindsquares.
A region is simply discardedf it canonly beinterpretedasa quadrilateral
or trapeziumin 3-D. The symmetry-basetestingwill eliminatemostof the
uselessgmentsandkeeponly symmetricones.Theresultingsegmentswill
be labeledby their type of symmetry position,and orientation(the normal
vectorof theregion in space)Theseoutputsegmentsencodemuchricher 3-
D geometricinformationthansimplefeaturessuchascornersandedgesas
shavnin Figurell.

Figure11. Exampleof symmetry-basedegmentatiorof rectanglesRectangulare-
gionsaresggmentedandattachedvith local coordinateframeswhich representheir
orientationsThe sggmentatiordoesnot needary humanintervention.

After thesggmentationyve canfurtherapplyclusteringalgorithmsto clas-

sify the symmetricobjectsin termsof their orientationsand positions.For
instancejf a numberof neighboringsymmetricobjectshave mutually con-
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sistentnormalvectors(e.g.,the ve panelsin theleft imageof Figure11), it
is likely thattheseobjectscomefrom the sameplane.Sucha planeprovides
a“global” referenceof orientationfor theagenthatis navigatingthroughthe
ervironment.More detailsaboutsymmetry-basedegmentationandclassi -
cationcanbefoundin (Yangetal., 2003).

4.2. LARGE-BASELINE MATCHING AND RECONSTRUCTION

Matching featuresacrossmultiple views is a key stepfor almostall recon-
structionalgorithmsbasednmultiple-viev geometryCorventionalmethods
for featurematchingmostly rely on tracking featuresbetweenimageswith
smallmotions.However, the 3-D geometryecoveredfrom imageswith small
baselings severelyinaccuratalueto a smallsignal-to-noiseatio (SNR). For
imageswith large baselinesomemethodsuchasRANSAC andLMeDs (?)
userohust statistictechniquedo iteratvely matchfeaturesand estimatethe
geometry However, suchtechniquesusually requiregood initialization. In
thesecorventionalmethods normally pointsandlines are usedas features
to match.As we have mentionedearlier the symmetricregionsthatwe can
obtainfrom symmetry-basedegmentatiorencoddull geometric/tetural in-
formationof their 3-D counterpartsdencethey canbemoreeasilyidenti ed
andmatchedacrosdlifferentviews.

Matchinga symmetricobjectacrosstwo imagesinduceslessambiguity
thanmatchinga pointsor aline becauseot only the positionandorientation
but alsothe shapeandtexture of the symmetricobjectneedto be matched.
Although theremay be morethan one possiblematchingfor a single sym-
metric object, thereis typically a unigue and unambiguousmatchingthat
is consistenffor all the symmetricobjectsin the scene A systematicsolu-
tion to matchingsymmetricobjectsin multiple imagesis givenin arelated
paper(Huanget al., 2004), which corverts the matchingproblemto one
of identifying the maximal completesubgraphsthe cliques,of a matching
graph.

As the experimentin Figure12 shaws, the symmetry-basedhatchingal-
gorithmis effective evenin the presencef both smallandlarge baselinejn
which caseexisting techniqgueshormally fail: the baselinebetweenthe rst
andsecondmagess large andthe baselinebetweerthe secondandthethird
imageis almostzero.The camergoseandgeometryof the symmetricstruc-
turesare accuratelyreconstructedising the symmetry-basednethodgiven
in the precedingsection.The groundtruth for the lengthratios of the white
boardandtableare 1.51and 1.00,andthe recoveredlengthratio are 1.506
and1.003,respecitrely. Errorin all theright angless lessthan 24

In additionto rectangulashapespthermorecomplex symmetricshapes
canalsobereconstructedccuratelyusingthe methodgivenin this paper For

24 Resultsfrom point- or line-basednultiple-view algorithmsgive muchlargererrors.
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example,(Hong et al., 2004) hasdemonstratethat even smoothsymmetric
curveswithout ary distinctve featurecanbe reconstructedccuratelyfrom
theirperspectie imagesA moredetailedstudyof thenumericalperformance
of the symmetry-basedeconstructioralgorithmsunder different levels of
randomnoisesanddifferentview anglescanalsobefoundin thatpaper

Figure 12. Top: Two symmetryobjectsmatchedin threeimages.From the raw images,
symmetryobjectssegmentatiorandmatchingdo not needary manualintervention.Bottom:
Camergposesandstructureof symmetricobjectsarerecovered.Fromleft to right: top, side,
andfrontal views of the matchedandreconstructedbjectsandthe camergoses.

4.3. SYMMETRY-BASED PHOTO EDITING

Thesymmetry-basedthethodsntroducedearliercanalsobe usedfor editing
photos,which is animportantproblemin digital photographyandgraphics.
But corventionalphotoediting softwaressuchasPhotoshopsuallyarelack

of mechanismghat may presere the perspectie projectionof geometric
objects.lt is thenvery desirableif we areableto edit the photoswhile au-

tomatically preservingthe perspectie geometricrelationsof objectsin the

sceneWith the knowledgein symmetry it is possiblefor usto manipulate
2-D imageregionsbasedn their 3-D shapes&ndrelationshipsFor example,
mary photoediting operationsare basedon the “copy-and-paste’function.

The corventional“copy-and-paste’simply copiesa region pixel-wise onto

a new location. Artifactsbecomeeasily noticeablef perspectienesss dis-

tortedor destrged by the editing. The symmetry-basethethodsallow usto

manipulatea region realisticallyasif manipulatingan objectin 3-D without

explicitly reconstructinghe 3-D structureof theobject.
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With very little humanintervention,we may rst registersymmetricob-
jectsof interestin oneor multipleimagesandrecorer theirrelatve positions
andorientationsusingthe methodgiven earlier The transformatiorof such
a region from one place or one image to anothercan thereforebe easily
performedFigure 13 shawvs an comprehense exampleof symmetry-based
photo editing, which includesremoving occlusion,copying and replacing
objectsin the scene andaddingnew objects.More detailsand examplesof
symmetry-baseghotoeditingcanbefoundin arelatedpaper(Huangetal.,
2003).

Figure 13. An exampleof photoediting. Left: The original picturewith somesym-
metricregionsregisteredRight: Theshadaevs of theroof onthefrontalwall andthe
occlusionghy the lamp polesareremovedusingsymmetry-basetcopy-and-pasté.
Somepaintingsarepastedn thesidewalls accordingo thecorrectperspectieness.
Additionalwindows areaddedon the sidewalls.

Figure 14 shaws anotherexampleof generatingpanoramaor imagemo-
saicsfrom multiple imagesbasedon ideassimilar to the symmetry-based
photoediting.Cornventionalpanoramapproachesasuallyrequiretheimages
aretakenwith a x edcameracenterorthecamergositionsareknown. Using
ourmethodsthecamergosesanbeeasilyobtainedasa“by-product”when
we alignthe symmetricobjectsin differentimages.

4.4, VISUAL ILLUSIONS AND SYMMETRY

Anotherinterestingapplicationof our computationatheoryof symmetryis
to helpunderstandertainpsychologicabspect®f humanvision.In previous
sectionswe have shavn thatif an3-D objectis indeedsymmetric,multiple-
view geometridechniqueenableusto easilyandaccuratelyetrieve its 3-D
geometryfrom even a single image. One might wonderif the samegeo-
metric assumptions strongly held up by our humanvision system?Vore
speci cally, onemightwantto know: Is symmetna fundamentaassumption
adoptedby humanvisualperception?

Compellingexamplesrom psychologicaktudiesof humanvision give us
sufcient con dencethat this hypothesids true. Ironically, the bestway to
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Figure 14. Mosaic of the two imageson the top using correspondingsymmetryobjectsin
thescengin this casewindows on thefront sideof the building). Themiddle pictureis a bird
view of therecaorered3-D shapeof thetwo sidesof thebuilding andthecamergosegthetwo
coordinateframes).Notice that perspectienesss preciselypresered for the entire building
in the nal result(bottomimage).

demonstratéhis is not by shaving how usefulsymmetryis for humanvisual
perceptionput by shawving certainnegative “side effects” of the symmetry
assumptioron humanperceptionAs wewill seethisalsosenesasaground
for mary famousvisualillusions. The following two examplesdemonstrate
two aspect®f suchsideeffects.

The rst exampleis to shav thathumanvision systemoftenreconstructs
3-D geometnby imposingonthescengheassumptiorthat“regular” objects
arelikely to be symmetric.Especiallywhenparallax(or stereo)information
is not available,this assumptiorbecomeslominant.The Amesroom, Figure
15 (top), is a controlledexperimentwhich deliberatelyexcludesthe parallax
informationfrom the viewer. Obviously, our humanperceptiontendsto as-
sumethattheframesof thewindows andthetilesonthegroundarerectangles
or square®f thesamesize,only “properly” distortedby the perspectie.
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Figure 15. Top: Ames room. Ames room is located in San Francisco Exploratorium
(www.exploratorium.edu)This room actually hasno squarecorners,but carefully designed
so asto exploit the natureof humanvision, andviewer will getawrong 3-D perceptionby
lookinginto theroomfrom this vantagepoint (only). Bottom: Escher's waterfall. It isa2-D
drawing of a bizzarewatergll by Maurits C. EscherWhenwe focuson the tunnel,it guides
thewaterfrom low closeto highfarfrom thewaterfll, butif we focusonthetower, it actually
raiseghetunneldirectly from low to high alongthe waterfll.

Ontheotherhandanillusion canalsobecreatedn suchawaythatit con-
tainsmorethanonesetof symmetriesvhichhoweverarenotcompatiblewith
eachother The consequences to throw our visual perceptioninto a dizzy
dilemma.The Eschemvatertll, Figure15 (bottom),is onegoodexamplefor
thistypeof illusion. If we only focuson the watertunnel,it hasa horizontal
symmetryalongthe -axis,andthe two towersalsohave their own vertical
symmetryalongthe -axis.A contradictiorreachesttheintersection®f the
tunnelandthe towers.Underthesetwo differentsymmetriesalongdifferent
axes, it would beimpossiblefor the tunnelandthe towersto intersecton the
locationsasshavn in the gure. Neverthelesssincethe symmetryassump-
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tionis only appliedlocally to individual symmetrigpart,anillusion is created
oncetheviewer trying to put everythingbacktogetherglobally.

Examplesabore shav thatsymmetryis indeedoneof mary fundamental
assumptionadoptedoy our humanvisual system A goodunderstandingf
thisassumptiowill helpusimprove the designof computervision systems.
Symmetricpatternsor structuresn onesingleimagemay give usthe same
geometridnformationasmultiple imagesonly if our assumptiorabouttheir
symmetryis correct;otherwise multiple imagesof the sameobjectwill be
neededjn orderto resole ambiguitiesor illusions suchasthe onesshavn
above. The studyin this paperprovidesa computationabasisfor the cause
of suchillusions.

Perspectiverersusorthographic projection.

Lastbut notthelest,despite¢heabove illusions,ourtheoryshavsthatin gen-
eral, underperspectie projection,reconstructiofrom symmetryis hardly
ambiguoug(at leastlocally) sinceperspectie projectionencodesdepthin-

formationproperly However, this may no longer be true underothertypes
of projection. Figure 16 shavs an example of the famousNecler's Cube
illusion, from which the viewer can easily identify two equally probable
interpretationsThe reasonis that the draving of the cubeaccordingto or-

Figure 16. Necler's Cube.

thographigprojectioneliminatesary cuefor depthinformation.But this am-
biguity hardly existsfor a perspectie imageof a cube.This exampleshavs
thattheeffect of (assumingsymmetryunderdifferentprojectionmodelscan
be signi cantly different.But a more detailedcomparaire studyis beyond
the scopeof this paper
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5. Discussionsand Conclusions

Points,lines, and planesare specialsymmetricobjectswhich have beenex-
tensvely studiedas primitive geometricfeaturesfor reconstructinga 3-D
scenefrom 2-D images.This paperbeginsto look at primitives at a higher
level (hencewith a larger scale):primitives which have certain “regular”
structure,with the regularity characterizedy certain symmetriesthat the
structureadmits.Obviously this is a more principledway to studyassump-
tionsabout3-D structurethat peoplehave exploited beforein multiple-vien
geometry such as orthogonalityand parallelism (hencevanishing points)
etc. Our experimentationdemonstrateghat, at this level of generalization,
multiple-viev geometricalgorithmsbecomeextremelywell-conditioneddue
to almostalwayslarge baselinebetween‘hidden images. Becauseof this,
nonlineamptimization(suchasbundleadjustment)s notreallyneededo im-
prove theresults.Sincereconstructiortannow be donereliably from evena
singleimage featurecorrespondendeecomesdessof aproblemandaproper
permutationof featuresfrom the sameimageis often all that an algorithm
requires.

Probablythe mostimportantobsenration from this paperis that, in addi-
tion to the 3-D structure the “canonical’ posebetweerthe canonicalworld
coordinateframe of a symmetricobjectandthe cameracanalso be recor-
ered. This extra pieceof informationis extremely useful and allows us to
achieve mary new taskswhich usedto be dif cult to do with only points,
lines and planes.For example,in an ervironmentrich with symmetricob-
jects,aviewer caneasilyidentify its locationandorientationby referencing
with thesecanonicalframes.Furthermore suchinformation can be readily
utilizedto establistcorrespondencacrossmagesakenwith alargebaseline
or changeof view angle:Aslongasonecommon(local) symmetrycanberec-
ognizedandalignedproperly therestof thestructuresn thescenecanthenbe
correctlyregisteredandreconstructedT he remainingproblemis mostly an
engineeringoneof how to ef ciently registernumerousymmetricpartsand
objectspresentn a sceneandto obtaina consistenB-D reconstructionWe
believethat,togethemwith corventionalgeometricconstrainteamongmultiple
images,symmetryis indeedan importantcue which eventually makes 3-D
reconstructiorm morewell-conditionedproblem.

In this paper we have only shavn how to performreconstructiorif we
know the type of symmetryin advance.But a more challengingproblemis
how to identify whattype of symmetrya structureadmitsfrom its (perspec-
tive) imageswhenthe symmetryis notknown a priori. Thisleadsto:

The inverse problem that, givena (perspective)image of a symmetric
structue  with an unknavn symmetngroup taken at some(unknownyan-
tage point, howto nd a maximumsubgoup of the permutationgroup

of  which can be representedas a subgoup of through a group
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isomorphism andtherepresentations consistentvith the
symmetrianultiple-viev rank condition?

Notice thatthis is a constrainedyroup representatioproblemsubjectto
the multiple-vienv rank condition. Although solutionsto simple symmetric
structurecanbe found already(e.g.,the symmetry-basedegmentationex-
ampledescribedn Section4.1), this problem,at this point, remainslargely
openfor generakymmetricstructuresin both2-D and3-D.

Appendix
A. Symmetric Structur esand AssociatedSymmetry Groups

As we have mentionedn the problemformulationsection,the questto un-
derstandvarioustypesof symmetryandtheir relationshipshasa history of
morethantwo thousand/ears.But not until the 20th century with the aid of
modernalgebradid mathematicianformulatedit asa formal mathematical
problem,whichis ever sinceknown asHilbert's  th problem:

Is ther in n-dimensionalEuclideanspacealso only a nite number

of essentiallydifferent kinds of groups of motionswith a fundamental

region?
A de nite answerto this problemwasgivenin (Bieberbach1910).In this
appendixwe give ashortsuney of mathematicalactsonthesubjectof group
actionson symmetricstructure For applicationsn computervision, we will
primarily suney resultsrelatedto symmetricstructureand groupsin 3-D
Euclideanspace All factsandstatementsvill be givenwithout proofs,and
interestedeadersnayreferto (Weyl, 1952;GriinbaumandShephard]1987;
Martin, 1975).

A.1. GROUP ACTIONS ON SYMMETRIC STRUCTURES

DEFINITION 10 (Isometry). Anisometryis a mappingfromthesetof points
into itself (i.e. an automorphismyvhich preserveslistance

THEOREM11. Anisometryis adistancepreservingautomorphismandthe
setof all isometrieformsa group , Where is theidentity mapping
(or element)n

Regardingisometryin ary -dimensionaEuclideanspace , we have the
following facts:

PROPOSITION12. Everyisometryofthe Euclideanspace is oneofthe
following threefundamentatypes® (Figure 17):

%5 |n fact,all threetypescanbeexpressedn termsof productof (atmost ) re ections.
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1. Rotationabouta point aroundan axisby a givenangle . Thepoint
is calledthe centerof rotation.

2. Re ectionin a givenhyperplane .

3. Translationin a givendirectionby a givendistance

B

I

I

I

I

I

. _ I
B - |
I

I

I

I

I

I

1

(a) Rotation (c) Reflection

Figure 17. Thethreebasictypesof isometrictransformations.

A.2. SYMMETRY IN A 1-D OR 2-D EUCLIDEAN SPACE

A.2.1. Groupsassociatedo 1-D and2-D symmetry

Onespeciall-D symmetricpatternis a bandornamenipattern,alsocalleda

friezepattern(Figurel18).A realbandornaments notstrictly 1-dimensional,
but its symmetryoftenmakesuseof oneof its dimensionsTheonly possible
typesof symmetryfor band ornamentsare re ection, translationand their

combinations.The (bilateral) re ective symmetryis penasie in both art

Figure 18. Bandornamenpatterns.

andnature,which is alsoconspicuousn the structureof man-madeobjects
including buildings and machines(Weyl, 1952). Any re ection symmetry
is isomorphicto thegroup . Thatis if we denotea re ection by , we
alwayshave identity A translationmay be representedby a vector .
A patterninvariantunderthetranslation is alsoinvariantunderits iterations

andundertheinverse  of andits iterationswhich give rise
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to anin nite group.It is not hardto shawv thatif a 1-D patternadmitsboth
translatiorandre ection symmetrythere ection mayonly occuratlocations
whicharemultiplesof - .

If we take a bandornamentwherewe repeatits individual sectionagain
andagainandslingit arounda circularcylinder, we obtaina patternwhichis
in 3-D spacéiut hasarotationalsymmetryin 2-D —we only haveto payatten-
tion to thecross-sectionf thecylinder. Any nite groupof rotationscontains
aprimitive rotationoperation aroundsomeaxisby ananglewhich mustbe
of theform — for some , andits iterations iden-
tity. We know this forms a cyclic groupof order , corventionally denoted
a . It isisomorphicto the Abeliangroup  andthe orderof the group

completelycharacterizeshe group. We may also generalizethe cyclic
symmetryto other3-D objects.Thenthe cylinder may also be replacedby
ary surface or structurewith cylindrical symmetry namelyby one that is
carriedinto itself by arotationaroundcertainaxis.

Rotational(or cyclic) symmetrydoesnot changethe orientationof an
object.If re ections, also calledimproper rotations are taken into consid-
eration,we have the dihedmal group of order , denotedas , and is
isomorphicto . One canthink of this is a (cyclic) rotation group

combinedwith there ectionsin linesforming anglesof - . A re ec-
tion changeghe orientationof the objectit is appliedto. Finally, we have
Leonado's Theoem(Martin, 1975).

THEOREM 13 (Leonardaos Theorem). Theonly nite groupsofisometryin
a 2-D planearethecyclicgroups andthedihedial groups

A.2.2. Groupsassociatedo tiling of a 2-D Euclideanspace
AlthoughLeonardos Theoremcompletelycharacterizesiite groupsof 2-D
symmetryHilbert's th problem,i.e. exhaustall possiblerealizationsof the
rotationalandre ective symmetrytogetherwith the translationakymmetry
as2-D lattice patterngof afundamentategion), or theso-callediling, turns
outto beamuchmoredif cult problem?®

Thedifferencebetweeratiling patternandgeneral2-D patternss thata
planarfundamentategion (a*“tile”) lls theentire2-D planeby its congruent
pieceswithoutgapsor overlaps(e.g.,the thimageof Figurel).

DEFINITION 14. Aplanetiling isacountablgamily of closedcongruent
sets which covertheplane  withoutgapsor overlaps.

Thecountabilityconditionexcludesfamiliesin whichatile is allowedto have
zeroareaFromthede nition, we seethattheintersectiorof ary nite setof

2 The problemof tiling in non-Euclidear(elliptic and hyperbolic)spacegurnsoutto be
mucheasiemathematicallydueto thework of Jordan Fricke, Klein et. al., aswassuneyed
by Hilbert whenheproposecdhis  th problemin 1901.
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tilesof necessarilyhaszeroarea,suchan intersectionmay be empty or
may consistof a setof isolatedpointsandarcs.In thesecaseghe pointswill
becalledverticesof thetiling andthearcswill becallededges A specialcase
of tiling is thateachtile is apolygon.

Let us startour discussionfrom the group of translationsbecausehis
operationis the mostconspicuousn 2-D tilings. We have mentionedbefore
thetranslationform a group.In generalthe groupsof re ections androta-
tionsdo not obegy the commutatie law, but the combinatiornof translationss
commutatie, thatis to say the groupof translationss Abelian

If agroup containstranslations, will not be nite, but canstill be
discontinuousFor sucha group thereare three possibilities(Weyl, 1952):
Either it only consistsof identity; or all the translationsin the group are
iterations of onebasictranslation  identity; or thesetranslationgorm a
2-dimensionalattice : where andtheindependent
vectors form alattice basis

At least 17 different ways of tiling were known to ancientEgyptians.
However, it remainedasa mysteryfor thousand®f yearsthatif thesewere
the only possibilities.In 19th century (Fedorw, 1885;Fedore, 1891b;Fe-
dorov, 1891a;Fedore, 1971)gave the rst mathematicaproof that this is
indeedtrue which solved Hilbert's  th problemfor the 2-D and3-D cases.
27 |t waspointedout thatfor properandimproperrotationgroups,the only
possiblechoicesin 2-D planeallowed by tiling are and

sincewhen , or , Suchan -goncannot
tile the whole planewithout gaps(Weyl, 1952). Thesel0 groupscan fur-
therberealizedas 13 differenttypesof 2-D latticeswhich areunimodularly
inequivalent. Finally, by taking into accounttranslationswhich have to be
compatiblewith theselattices,thereareessentiallyin total only 17 different
waysto tile a 2-D plane.Interestedeaderscan nd afull descriptionof all
the 17 patterndgn (GrinbaumandShephard]1987).

A.3. SYMMETRY IN A 3-D EUCLIDEAN SPACE

Similar analysiscan be appliedto study groupsassociatedo symmetryor
tiling in a 3-D EuclideanspaceOnesurprisingresultin the 3-D spacds that
althoughin a2-D plane thereis for every number aregularpolygonof
sides,n 3-D spacehereonly exists veregularpolyhedrapftencalledthe
Platonicsolids(seeFigurel9). Basedonthis,onecanshav thatany groupof
rotationalandre ective symmetryarounda center in 3-D canbegenerated

27 A generalsolutionto Hilbert's  th problemwasnot solved till 1910by (Bieberbach,
1910).
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Figure 19. Five Platonicsolids.

by , andthreeadditionalisometric(rotational) groupsassociatedo
the ve Platonicsolids(Fedora, 1971;Weyl, 1952:Bulatos, www).28

Among all theserotationaland re ective groups,only 32 of them are
allowed in ary 3-D lattice, andthey give rise to a total of 70 differentre-
alizationsof lattice. Togethemith propertranslationatomponentsthereare
atotal of 230differentwaysto tile a 3-D Euclidearspacewith afundamental
region (atile).
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