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Abstract. In this paper, we provide a principled explanationof how knowledgein global
3-D structuralinvariants,typically capturedby a groupactionon a symmetricstructure,can
dramaticallyfacilitatethetaskof reconstructinga 3-D scenefrom oneor moreimages.More
importantly, sinceevery symmetricstructureadmitsa “canonical”coordinateframewith re-
spectto which thegroupactioncanbenaturallyrepresented,thecanonicalposebetweenthe
viewer andthiscanonicalframecanberecoveredtoo,whichexplainswhy symmetricobjects
(e.g.,buildings)provide usoverwhelmingcluesto their orientationandposition.We give the
necessaryandsuf�cient conditionsin termsof thesymmetry(group)admittedby a structure
underwhichthisposecanbeuniquelydetermined.Wealsocharacterize,whensuchconditions
arenot satis�ed, to what extent this posecanbe recovered.We show how algorithmsfrom
conventionalmultiple-view geometry, after properlymodi�ed andextended,canbe directly
appliedto performsuchrecovery, from all “hidden images”of oneimageof the symmetric
structure.We alsoapply our resultsto a wide rangeof applicationsin computervision and
imageprocessingsuchascameraself-calibration,imagesegmentationandglobalorientation,
largebaselinefeaturematching,imagerenderingandphotoediting,aswell asvisualillusions
(causedby symmetryif incorrectlyassumed).

Keywords: Structurefrom symmetry, multiple-view geometry, symmetrygroup, re�ective
symmetry, rotationalsymmetry, andtranslationalsymmetry.
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2 Hong,Yang,Huang,andMa

1. Intr oduction

Oneof themaingoalsof computervision is thestudyof how to infer three-
dimensional(3-D) information(e.g.,shape,layout,motion)of a scenefrom
its two-dimensional(2-D) image(s).A particularthrustof effort is to extract
3-D geometricinformation from 2-D imagesby exploiting geometricrela-
tionshipsamongmultiple imagesof thesamesetof featureson a3-D object.
This gives rise to the subjectof multiple-view geometry, a primary focus
of studyin the computervision communityfor the pasttwo decadesor so.
Unfortunately, certainrelationshipsamongfeaturesthemselveshave been,to
a largeextent,ignoredor at leastunder-studied.Someof thoserelationships,
aswe will seefrom this paper, have signi�cant impacton theway that 3-D
informationcanbe(andshouldbe)inferredfrom images.

Before we proceedfurther, let us pauseand exam the imagesgiven in
Figure 1 below. What do they have in common?Notice that theseimages
arejust a few representativesof a commonphenomenonexhibited in nature
or man-madeenvironment:symmetry. It is not sohardto convinceourselves

Figure 1. Symmetry is in: architecture,machines,textures, crystals, molecules,
ornaments,andnatureetc.

that even from only a single image,we are able to perceive clearly the 3-
D structureandrelative pose(orientationand location)of the objectbeing

�
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On SymmetryandMultiple-View Geometry 3

seen,even thoughin the imagethe shapeof the objectsis distortedby the
perspective projection.Thereasonis, simplyput, thereis symmetryatplay.1

Thegoalsof this paperareto provide a principledexplanationwhy sym-
metrycouldencode3-D informationwithin asingleperspective imageandto
developalgorithmsbasedmultiple-view geometrythatef�ciently extract the
3-D informationfrom singleimages.Therearetwo thingswhich we wantto
pointoutalready:

1. Symmetryis not the only cuewhich encodes3-D informationthrough
relationshipsamongasetof features(in oneimageor moreimages).For
instance,incidencerelationsamongpoints,lines,andplanesmayaswell
provide 3-D informationto theviewer;

2. Theconceptof symmetrythatwe considerhereis not just the(bilateral)
re�ectivesymmetry, or the(statistical)isotopicsymmetrywhichhasbeen
studiedin a certainextent in thecomputervision literature.Insteadit is
amoregeneralnotiondescribingglobalstructuralinvariantsof anobject
undertheactionof any groupof transformations.To clarify thisnotionis
oneof thegoalsof thispaper.

Symmetry, as a useful geometriccue to 3-D information,hasbeenex-
tensively discussedin psychologicalvision literature(Marr, 1982; Plamer,
1999).Nevertheless,its contribution to computationalvision sofar hasbeen
explored often throughstatisticalmethods,such as the study of isotropic
textures(e.g.,for the � th imageof Figure1 above) (Gibson,1950;Witkin,
1988;Zabrodsky et al., 1995;Mukherjeeet al., 1995;Malik andRosenholtz,
1997;RosenholtzandMalik, 1997;LeungandMalik, 1997).It is the work
of (Garding,1992; Garding,1993;Malik andRosenholtz,1997) that have
providedpeopleawide rangeof ef�cient algorithmsfor recoveringtheshape
(i.e. theslantandtilt) of a texturedplanebasedontheassumptionof isotropy
(or weakisotropy). Thesemethodsaremainly basedon collectingstatistical
characteristics(e.g.,thedistribution of edgedirections)from samplepatches
of the texture and comparingthem with thoseof adjacentpatchesagainst
the isotropichypothesis.Informationaboutthe surfaceshapeis thenoften
convenientlyencodedin thediscrepancy or variationof thesecharacteristics.

But symmetryis by naturea geometricproperty!Althoughin many cases
the resultof a symmetryindeedcausescertainstatisticalhomogeneity(like
the � th imageof Figure1), thereis reasonto believe thatmoreaccurateand
reliable3-D geometricinformationcanberetrievedif wecandirectlyexploit
suchpropertythroughgeometricmeans.For example,for thetextureshown

1 In fact, therearestrongpsychologicalevidencesto believe that symmetryis oneof the
mosteffective assumptionsthathumansadoptto processvisual information.We will have a
morethoroughdiscussiononthis topicat theendof thispaperafterwehaveunderstoodbetter
thegeometricbasisfor it.
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4 Hong,Yang,Huang,andMa

in the � th imageof Figure1, shouldn't we directly exploit the fact that the
tiling is invariantundercertainpropertranslationsparallelto theplane?To a
largeextent,suchageometricapproachis complementaryto extantstatistical
approaches:if statisticalhomogeneitycanbe exploited for shaperecovery,
so can geometrichomogeneity, especiallyin caseswheresymmetryis the
underlyingcausefor suchhomogeneity. Of course,for caseswherestatistical
methodsno longerapply (e.g.,the � th imageof Figure1), geometricmeth-
odsremainastheonly option.Onemaycall this approachasstructure from
symmetry.

We are by no meansthe �rst to notice that symmetry, especially(bi-
lateral) re�ective symmetry, can be exploited by geometricmeansfor re-
trieving 3-D geometricinformation. (Mitsumoto et al., 1992) studiedhow
to reconstructa 3-D objectusingmirror imagebasedplanarsymmetry, (Vet-
ter andPoggio,1994)proved that for any re�ective symmetric3-D object
onenon-accidental2-D modelview is suf�cient for recognition,(Zabrodsky
and Weinshall,1997) usedbilateral symmetryassumptionto improve 3-D
reconstructionfrom imagesequences,and(Zabrodsky et al., 1995)provided
a goodsurvey on studiesof re�ective symmetryandrotationalsymmetryin
computervisionat thetime.

In 3-D objectandposerecognition,(Rothwell et al., 1993)pointedout
that the assumptionof re�ective symmetrycanbe usedin the construction
of projective invariantsand is able to eliminate certain restriction on the
correspondingpoints. (ChamandCipolla, 1996)built the correspondences
of contoursfrom re�ective symmetry. For translationalsymmetry, (Schaffal-
itzky andZisserman,2000)usedit to detectthe vanishinglines andpoints.
(Liu etal., 1995)analyzedtheerrorof obtaining3-D invariantsderivedfrom
translationalsymmetry. In addition to isometricsymmetry, (Liebowitz and
Zisserman,1998;A. Criminisi andZisserman,1999;A. Criminisi andZis-
serman,2000)showedthatotherknowledge(e.g.,lengthratio,vanishingline
etc)in 3-Dalsoallowsaccuratereconstructionof structuralmetricandcamera
pose.

For the detectionof symmetryfrom images,(Marola,1989;Kiryati and
Gofman,1998;Mukherjeeet al., 1995)presentedef�cient algorithmsto �nd
axesof re�ectivesymmetryin 2-D images,(SunandSherrah,1997)discussed
re�ective symmetrydetectionin 3-D space,and(Zabrodsky et al., 1995)in-
troducedasymmetrydistanceto classifyre�ectiveandrotationalsymmetryin
2-D and3-D spaces(with somerelatedcommentsgivenin (Kanatani,1997)).
(Carlsson,1998;Gool et al., 1996)derived methodsto �nd 3-D symmetry
from invariantsin the 2-D projection.(Liu and Colline, 1998) proposeda
methodto classifyany imageswith translationalsymmetryinto the7 Frieze
groupsand17wallpapergroups.

However, thereis still a lack of formal anduni�ed analysisaswell asef-
�cient algorithmswhichwouldallow peopleto easilymakeuseof numerous
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On SymmetryandMultiple-View Geometry 5

anddifferenttypesof symmetrythatnatureoffers.Is thereauni�ed approach
to study3-D informationencodedin a2-D perspective imageof anobjectthat
exhibitscertainsymmetry?Thispaperwill try to provideade�nite answerto
thisquestion.Ourwork differsfrom previousresultsin at leastthefollowing
threeaspects:

1. We studysymmetryunderperspectiveprojectionbasedon existing the-
ory of multiple-view geometry.2 We claim that in orderto fully under-
standsuch3-D informationencodedin a singleimage,onemustunder-
standgeometryamongmultiple images.

2. In additionto recover3-D structureof asymmetricobjectfrom its image,
we show thatany typeof symmetryis naturallyequippedwith a canon-
ical (world) coordinateframe, from which the viewer's relative poseto
theobjectcanberecovered.

3. Wegive thenecessaryandsuf�cient conditionsin termsof thesymmetry
groupof theobjectunderwhich thecanonicalposecanbeuniquelyre-
covered,andwe characterizetheinherentambiguityfor eachfundamen-
tal typeof symmetry. Thus,for the�rst time,geometricgrouptheoryand
(perspective)multiple-view geometryareelegantlyandtightly integrated.

During the development,an importantprinciple associatedwith imagesof
symmetricobjectswill be examinedwith care:One image of a symmetric
objectis equivalentto multipleimages.Thisprincipleis howevernotentirely
correctsince,aswe will see,often relationshipsamongsuch“images” will
notbethesameasthoseamongconventionalimages.It in factrequirescare-
ful modi�cationstoexistingtheoryandalgorithmsin multiple-view geometry
if they areto becorrectlyappliedto imagesof symmetricobjects.

2. Problem Formulation

Beforewe formulatetheproblemin a moreabstractform, let ustake a look
at a simpleexample:a planarboardwith a symmetricpatternasshown in
Figure2. It is easyto seethat,from any genericviewpoint, thereareat least
four equivalentvantagepoints(with only therotationalsymmetryconsidered,
for now) which give rise to an identical image.The only questionis which
cornersin theimagecorrespondto theoneson theboard.In thissense,these
imagesarein factdifferent from theoriginal one.We maycall thoseimages

2 Whereasmost existing studiesof symmetryare basedon orthogonalor af�ne camera
models,asapproximationto theperspective case.
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Figure 2. Left: a checker boardwhosesymmetryincludesre�ection alongthe � and
� axesandrotationabout� by ���	� . Right: animagetakenat location � � . Noticethat
theimagewould appearto beexactly thesameif it wastakenat �"! instead.#�$ is the
relativeposeof theboardweperceive from theimageto theright.

as“hidden.”3 For instance,in Figure2, we labeledin bracket corresponding
cornernumbersfor suchahiddenimage.

In addition to the rotational symmetry, anotherkind of symmetry, the
(bilateral) re�ective symmetry, can give rise to a not so conventional type
of hiddenimages,asshown in Figure3. Notice that, in the �gure, the two
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1(4)PSfragreplacements
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Figure 3. )+* : Cornercorrespondencebetweentheoriginal imageof theboardandan
“image” with theboardre�ected in the � -axisby ,.-"�	� ; )+/ : Cornercorrespondence
betweentheoriginal imageof theboardandan“image” with theboardre�ected in
the � -axisby ,.-"� � .

“hiddenimages”with thefour cornerslabeledby numbersin bracket cannot
bean imageof thesameboardfrom any (physicallyviable)vantagepoint!4

3 Thephenomenonwith “multiple images”from a singleonewasalreadypointedout by
(Malik andRosenholtz,1997).But we herewill make a moregeometricuseof theseimages.
For thelack of betterwords,we will call suchimagesas“hidden.” In fact,they areprobably
betterbecalledas“ulterior” or “covert” images,or “equivalent” images.

4 One may argue that they are imagestaken from behindthe board.This is true if the
boardis “transparent.” If thesymmetricobjectis a 3-D objectratherthana 2-D plane,sucha
argumentwill neverthelessfall apart.
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On SymmetryandMultiple-View Geometry 7

Nevertheless,as we will seebelow, just like the rotationalsymmetry, this
typeof hiddenimagesalsoencoderich 3-D geometricinformationaboutthe
object.

Thereis yetanothertypeof symmetry“hidden” in apatternlikeachecker
board.As shown in Figure4 below, for a patternthat repeatsa fundamental
region inde�nitely alongoneor moredirections,the so-called“in�nite rap-
port,” onewouldobtainexactly “the same”imagehadtheimagesbeentaken
at vantagepoints that differ from eachotherby multiples 021 of onebasic
translation1 . Although all imageswould appearto be the same,features
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Figure4. Thecheckerpatternis repeatedinde�nitely alongthe 5 -axis.Imagestakenat 6"798:6<; ,
and 6<= will bethesame.

(e.g.,point, line) in theseimagescorrespondto differentphysicalfeaturesin
theworld. Therefore,for animagelike the � th onein Figure1, it in factmay
giveriseto many (in theory, possiblyin�nitely many) “hiddenimages.” There
is clearlya reasonto believe that it is these(many) hiddenimagesthatgive
away thegeometryof theplane(e.g.,tilt, slant)to theviewer's eyes.

It is thennot hardto imaginethat the combinationof the rotational,re-
�ecti ve andtranslationalsymmetrieswill give rise to all sortsof symmetric
objectsin 2-D or 3-D space,many of which couldberathercomplicated.In
our man-madeworld, symmetricobjectsareubiquitous,underthenamesof
“ornament,” “mosaic,” “pattern,” or “tiling,” etc.Fascinationaboutsymmetric
objectscanbe tracedbackto ancientEgyptiansandGreeks.5 Nevertheless,
a formal mathematicalinquiry to symmetryis known asHilbert's 18thprob-
lem,anda completeanswerto it wasnot foundtill 1910by Bieberbach(see
(Bieberbach,1910)).While in the appendixwe brie�y review resultsof a
completelist for 2-D and3-D symmetricstructuresandgroups,this paper
will focusonhow to combinethisknowledgeaboutsymmetrywith multiple-

5 Egyptianscertainlyknew aboutall 17 possiblewaysof tiling the �oor; andPythagoras
alreadyknew aboutthe � ve platonicsolidswhich aretheonly non-trivial onesallowing 3-D
rotationalsymmetry, thatwereonly provenby mathematiciansin the19thcentury(Fedorov,
1885;Fedorov, 1891b;Fedorov, 1891a;Fedorov, 1971).
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8 Hong,Yang,Huang,andMa

view geometrysoasto infer 3-D informationof a symmetricobjectfrom its
image(s).

In orderto explain why symmetrygivesaway accurateinformationabout
structureandlocationof a symmetric3-D objectfrom a single2-D perspec-
tive image,we will needa mathematicalframework within which all types
of symmetries(thatwe have mentionedor notmentionedin theabove exam-
ples)canbe uniformly taken into account.Only if we cando that,will the
introductionof symmetryinto multiple-view geometrybecomenaturaland
convenient.

DEFINITION 1 (Symmetricstructureandits groupaction). A set of points
>@?BA

4

is calleda symmetricstructureif there existsa non-trivial subgroup
C

of theEuclideangroup D


:E � thatactsonit. Thatis, for anyelement�GF

C

,
it de�nesa bijection(i.e. a one-to-one, onto)mapfrom

>

to itself:

�HF

CJI >LK >NM

Sometimeswe say that
>

has a symmetrygroup
C

. Or
C

is a group of
symmetriesof

>

.

In particular, we have �2


>

�PO
�RQ

�




>

�PO

>

for any �SF

C

. Mathematically,
symmetricstructuresandgroupsareequivalentwaysto capturesymmetry:
any symmetricstructureis invariantundertheactionof its symmetrygroup;
andany group(hereasa subgroupof D


:E
� ) de�nes a classof (3-D) struc-

turesthat are invariantunderthis groupaction(seeAppendixA). Herewe
emphasizethat

C

is in generala subgroupof theEuclideangroup D


:E
� but

not the specialone
>

D


:E
� . This is becausemany symmetricstructuresthat

we aregoing to considerareinvariantunderre�ection which is an element
in T


:E
� but not

>

T


:E
� .6 For simplicity, in this paperwe consider

C

to bea
discontinuous(or discrete)group.7

Usingthehomogeneousrepresentationof D


:E
� , any element�

O

VUXW

1

�

in
C

canberepresentedasa �ZY[� matrixof theform

�
OL\

U

1

�]�X^

F

A`_"a�_bM

(1)

where UcF

A

4

a

4

is anorthogonalmatrix (“ U ” for both rotationandre�ec-
tion) and 1

F

A

4

is a vector (“ 1 ” for translation).Note that in order to
represent

C

in this way, a world coordinateframemusthave beenchosen.It
6 Here dfehg'i denotesthe group of gkjHg orthogonalmatricesincluding both rotations

( lmdfehg'i ) andre�ections.
7 In AppendixA, we give explanationto why this assumptionis valid. However, it will be

interestingto considerin the future generalizednotion of “symmetry” that is capturedby a
continuousor evennon-rigidgroup.
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On SymmetryandMultiple-View Geometry 9

is conventionalto choosetheorigin of theworld coordinateframeto be the
centerof rotationandits axesto lineupwith theaxesof rotationandre�ection
or directionof translation.Oftenthecanonicalworld coordinateframeresults
in thesimplestrepresentationof thesymmetry(Ma et al.,2003).

Now supposethatanimageof a symmetricstructure
>

is takenat a van-
tagepoint ��� O 
VUn�	W

1

� � F

>

D


:E � – denotingthe poseof the structure
relative to the viewer or the camera.Here � � is assumedto be represented
with respectto the canonicalworld coordinateframe for the symmetry. If
so,wecall �o� thecanonicalpose. As wewill soonsee,thecanonicalpose�p�

from theviewer to theobjectcanbeuniquelydeterminedfrom asingleimage
aslongassymmetryadmittedby theobject(or thescene)is “rich” enough.

A (calibrated)imageof
>

is a setof imagepoints q

�

?rA

4

andin homo-
geneouscoordinateseachimagepoint s

F

q

� satis�es
t

s

Oru

� � �wv

Oyx U � W

1

�<z{v W (2)

where u
�

M

O|x

�

W

�

z
F

A

4

a�_

, v
F

A

_

is homogeneouscoordinatesof a point
}rF

>

, and
t

F

A

is the depthscale.Now since �~


>

�kO

>

for all �BF

C

,
we have �2


q

�
�[O

q

� .8 That is, if we changethe vantagepoint from ��� to
�o�.� , dueto thesymmetryof

>

wewouldgetapparentlythesameimagefrom
>

. Although at a differentvantagepoint ���<� an image s of a point }•F

>

will becomea differentpoint on the image,say s•€ , s`€ mustcoincidewith
oneof theimagepointsin q

� (takenfrom theoriginal vantagepoint).Thatis
sN€

F

q

� andwecall s`€

O
�2


s

� . Thus,thegroup
C

doesnothingbut permutes
imagepointsin q

� , which is an actioninducedfrom its actionon
>

in 3-D.
For simplicity, if we ignore(for now) theeffect of self-occlusionandlimited
�eld of view, wemayalwaysassume�~


s

�
F

q

� for all s

F

q

� andall �GF

C

.
Fromthesymmetry

C

, theequation(2) yieldsasystemof equations
t

€

�~


s

�`Oru
�<�o�<�

v
Wƒ‚„�GF

CkM

(3)

Therefore,givenonly oneimageq

� , if we know thetypeof symmetry
C

in
advanceandhow its elementsact on pointsin q

� , every imagepoint in the
set …

�~


s

�

I

�†F

Cˆ‡

canbeinterpretedasa differentimageof thesamepoint
v seenfrom differentvantagepoints.That is, we effectively have asmany
as ‰

C

‰ imagesof thesame3-D structure
>

.9

The problemweare interestedhere is thatgivenoneimage of a symmet-
ric structure

>

(with a knownsymmetrygroup
C

) takenat a vantagepoint �m� ,
to whatextentwemayrecover thepose��� andthestructure

>

, andhow?
Notice that here ��� is not the relative motion betweendifferentvantage

pointsbut the relative posefrom the objectto the viewer! As we will soon
8 Herewehaveeffectively identi�ed, throughagrouphomomorphism,Š asasubgroupof

thepermutation(or automorphism)group ‹ of thesetŒŽ• whenŒ�• is a �nite (or in�nite) set.
9 Herewe use • Šf• to denotethecardinalityof Š . In particular, when Š is �nite, • Šf• is the

numberof elementsin Š .
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10 Hong,Yang,Huang,andMa

see,symmetryin generalencodesstrong3-D informationwhichoftenallows
us to determine��� . Of course,dueto symmetry, thereis no uniquesolution
to the canonicalpose�3� either. That is, becausesy•

u �<�o�<�~
‘�bQ

�

v

� ,10 the
imagepoint s might aswell be the imageof thepoint � Q

�

v seenfrom the
vantagepoint ���<� . Hencetheabove questionshouldberestatedas“to what
extentwemayidentify theset …

�3�'�

‡

. Algebraically, this is to identify theleft
coset� �

C

amongthesetof all cosetsof
C

(in D


:E � ). Thesetof all cosetsof
C

in D


:E � is typically denotedas D


:E �9’

C

. Since
C

is in generalnotanormal
subgroupof D


:E � , D


:E �9’

C

is not necessarilya groupitself andis calledthe
left cosetspace.Sincein mostcaseswe will be dealingwith a discreteand
�nite group

C

, determining�3� up to oneof its cosetswill thengivesuf�cient
informationabouttherelative orientationof theobject.

3. Symmetry and Multiple-V iew Geometry

Aswehavesuggestedbefore,althoughsymmetryis aphenomenonassociated
with a singleimage,a full understandingof its effect on 3-D reconstruction
dependsonthetheoryof multiple-view geometry. In thissection,weexamine
analyticallyhow thegeometryof a singleimageis closelyrelatedto thatof
multipleoneswhenever symmetryis present.

3.1. SYMMETRIC MULTIPLE-VIEW RANK CONDITION

Let …

�	“
O


VU”“•W

1

“
�

‡�–

“h—
� be ˜ differentelementsin

C

. Then,oneimage s@•

u
�o
‘�	�

v

� of a symmetricstructurewith thesymmetry
C

is equivalent to at
least̃ differentimagesthatsatisfythefollowing equations

�Ž�"


s

�

•

u
�<�o�<�Ž�™�

Q

�

�


‘�	�
v

�
W

�
�




s

�

•

u
�<�o�<�

�
�

Q

�

�


‘�	�
v

�
W

...
�

–




s

�

•

u
�<�o�<�

–

�

Q

�

�


‘�o�
v

�

M

Theseimagesmustberelatedby theso-calledmultiple-view rankcondition
(Ma etal., 2002).Thatis, thefollowing multiple-view matrix11

šœ›




s

�

M

O

•ž

ž

ž

ž

žŸ¡ 

����


s

�
U¢
‘�Ž�

�

s

 

���"


s

�

1


‘���
�

 

�	�o


s

�
U¢
‘�o�

�

s

 

�	��


s

�

1


‘�	�
�

...
...

 

�

–




s

�
U¢
‘�

–

�

s

 

�

–




s

�

1


‘�

–

�

£¥¤

¤

¤

¤

¤

¦

W (4)

10 Weusethesymbol“ § ” to denote“equalup to a scale.”
11 In thematrix,we usethenotation̈© to denotetheskew symmetricmatrix associatedto a

vector ©nªP«

= suchthat ¨ ©	¬•­[©®j¯¬ for all ¬°ªP«

= .
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with±

U¢
‘� “ �

M

O U � U”“²U”³

�

F

T


:E � W

1


‘� “´�

M

O 


�kµ

Un�'U “ U”³

�

�

1

�·¶¸Un�

1

“ W�F

A

4

W ¹

O

�

W»ºŽW

MwMwM

W

˜ (5)

satis�estherankcondition

rank


šœ›




s

�9�f¼

�

W½‚

s

F

q

�

M

(6)

Note that this rank condition is independentof any particularorder of the
groupelements�p��W•� � W

MwMwM

W•�

– andit capturestheonly fundamentalinvariant
that a perspective imageof a symmetricstructureadmits.12 Thus,we call
it the symmetricmultiple-view rank condition. Note that if

C¿¾

T


:E � (i.e.
1

“ O

�

for all
¹

), theexpressionfor 1


‘��“ � canbesimpli�ed to

1


‘�
“:�ÀO




�Áµ

Un�wU
“

U

³

�

�

1

�	W

¹

O

�

W»ºŽW

MwMwM

W

˜

M

(7)

Therefore,oneimageof asymmetricstructure
>

with its symmetrygroup
C

is equivalentto ˜

O

‰

C

‰ imagesof 0

O

‰

>

‰ featurepoints.13 Therecon-
structionof 
VU¢
‘�

“Â�
W

1


‘�
“´�9� andthe3-D structureof

>

canbeeasilysolvedby
a factorizationalgorithmbasedon the above rank condition,see(Ma et al.,
2002).Nevertheless,in orderto solvefor the“canonicalpose”�m�

O

VUn�	W

1

�
� ,

we needto further solve themfrom equation(5) once U¢
‘�
“Â� and 1


‘�
“Â� are

recovered.To solve for U
� , it requiresusto solve a systemof Lyapunov type

equations:14

U¢
‘�	“
�

U
�

µ

U
�

U”“
O

�

W

¹

O

�

W»ºŽW

MwMwM

W

˜

W (8)

with U¢
‘�
“´� and U

“ known. The uniquenessof the solution UÁ� dependson
therelationbetweenU¢
‘�o“

� and U”“ . Beforewe canreacha generalstatement
on the solvability of suchequations,let us �rst study individual typesof
symmetry, i.e. there�ective, rotational,andtranslationalsymmetry.

3.2. AMBIGUITY INDUCED FROM THREE TYPES OF SYMMETRY

3.2.1. Re�ectivesymmetry
Many man-madeobjects,for examplea building or a car, are symmetric
with respectto a centralplane(the planeor mirror of re�ection). That is,
the structureconcernedis invariant undera re�ection with respectto this
plane.Without loss of generality, supposethis plane is the �pÃ -planeof a
pre-chosenworld coordinateframe.For instance,in Figure2, the boardis

12 Here“only” is in thesenseof suf�ciency: if a setof featuressatis�estherankcondition,
it canalwaysbeinterpretedasa valid imageof anobjectwith thesymmetryŠ .

13 It is possiblethatboth • Š and • lÄ• arein�nite. In practice,onecanconvenientlychoose
only �nitely many of them.

14 In someliterature,suchequationsarealsocalledSylvesterequations.
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obviously symmetricwith respectto the �pÃ -planeif the Ã -axis is thenormal
to theboard.Thena re�ection in this planecanbe describedby themotion

� O 
VUXW

�

� where

U O

•

Ÿ

µ

�Å�Æ�

� �Å�

� �y�

£

¦

F

T


:E �

?ÅA

4

a

4

(9)

is an elementin T


:E � and it has ÇmÈwÉ


VU �ÊO

µ

�

. Notice that a re�ection
always�x estheplaneof re�ection. If a re�ection is theonly symmetrythat
a structurehas,thenthegroup

C

consistsof only two elements…"Ë

W•�

‡

where
Ë

O �

�

is theidentitymap.In otherwords,
C

is isomorphicto thegroup Ì

� .
If oneimageof sucha symmetricobjectis taken at �„� O 
VUn�	W

1

� � , then
wehave thefollowing two equationsfor eachimagepointon thisstructure:

t

s

Oru
�»�o�

v
W

t

€

�~


s

�ÀOÍu
�<�o�<�

v

M

(10)

To simplify thenotation,de�ne U

€

M

O
Un�'UÎU

³

� and 1
€

M

O



�¢µ

Un�wUÎU
³

�

�

1

� .
Thenthe symmetricmultiple-view rank condition,in the two-view case,is
reducedto thefollowing well-known epipolarconstraint:

�2


s

�

³NÏ

1

€

U

€

s

O

�

M

(11)

Note thathere ÇmÈwÉ


VU

€

�ÎO

ÇmÈwÉ


VU
�ÎO

µ

�

is not a rotationmatrix. Therefore
thematrix D

O

Ï

1

€

U

€ is not a conventionalEssentialmatrix andtheclassical
8-point(or 7-point)algorithmneedsto bemodi�ed accordingly, if it is to be
usedto recover 
VU

€

W

1P€

� !15

Oncethe U

€

O
Un�'UÎU

³

� is obtained,weneedto useU

€ and U to solve for
Un� . TheassociatedLyapunov equationcanberewrittenas

U

€

Un�

µ

Un�'U
O

�

W (12)

with U

€ and U known.

LEMMA 2 (Re�ective Lyapunov equation).Let Ð

I¢A

4

a

4

KÑA

4

a

4pÒ

U”�

K

U

€

Un�

µ

Un�<U be the Lyapunov mapassociatedto the above equation,with
U a re�ection and U

€

O
Un�'UÎU

³

� both known.The kernel ker 


Ð

� of Ð is
in general � -dimensional.Nevertheless,for orthogonal solutionsof UX� , the
intersectionker 


Ð

�mÓ

>

T


:E
� is onlya 1-parameterfamilywhich corresponds

to an arbitrary rotationin theplaneof re�ection.

15 In fact, Ô is equalto ¨

Õ×ÖÙØ

Ö

­

¨

ÕÚÖ

, which is askew-symmetricmatrixandtheextractionof
Ø

Ö

and
Õ

Ö

from suchan Ô is very muchsimpli�ed. Furthermore,to recover suchan Ô from
theepipolarconstraint,only 4, insteadof 8, correspondingpointsareneeded.
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Proof: Let …

t

��W

t

� W

t

4

‡

and …�Û

�wW

Û

� W

Û

4

‡

be the eigenvaluesof U

€ and U

respectively. Let …�Ü

��W

Ü

� W

Ü

4

‡

betheright eigenvectorof U

€ and …�Ý

��W

Ý

� W

Ý

4

‡

betheleft eigenvectorof U .

U

€

Ü

“ÚO

t

“

Ü

“ W

Ý”Þ

ß

U O

Û

ß

Ý”Þ

ß

M

Theeigenvaluesof Ð are …

t

“

µ

Û

ß

‡

W

¹

WÂà O

�

W»ºŽW»E with Ü

“

Ý

Þ

ß ascorresponding
eigenvectorsbecause

ÐÊá.Ü

“

Ý Þ

ß3â

O U

€

Ü

“

Ý Þ

ß

µ

Ü

“

Ý Þ

ß

U O 


t

“

µ

Û

ß

�

Ü

“

Ý Þ

ß

M

Thenthekernelof Ð is thespan…�Ü

“

Ý

Þ

ß

‰

t

“ãO

Û

ß

‡

.
Without lossof generality, we assumethe re�ection U is with respectto

the �pÃ -plane,

U
O

•

Ÿ

µ

�Å�Æ�

� �Å�

� �y�

£

¦

F

A

4

a

4

M

(13)

Its eigenvaluesare
Û

�
O

µ

�

W

Û

�°O

Û

4
O

�

M

Theleft eigenvectorassociatedwith Û

�
O

µ

�

is Ý

Þ

�

O|x

�ä�®�

z . Two real left
eigenvectorsassociatedwith the two repeatedeigenvalue Û

�ZO

Û

4
O

�

are
Ý

Þ

�

Oyx

�¢�ä�

z , Ý

Þ

4

Oyx

�®�å�

z .
For the U

€ , wehave

U

€

Ü

“ãO
Un�wUÎU

³

�

Ü

“ÚO

t

“

Ü

“ æ
U

á

U

³

�

Ü

“

â

O

t

“

á

U

³

�

Ü

“

â

M

Fromtheequationabove,theeigenvaluesof U

€ arethesameastheeigenvalue
of U whichare

t

�
O

µ

�

W

t

�PO

t

4
O

�

M

SinceÝ

�wW

Ý

�
W

Ý

4 areobviouslyalsotheright eigenvectorsof U , theeigenvec-
torof U

€ associatedwith
t

�
O

µ

�

is Ü

�
O

U”�

Ý

� ; andtwo realeigenvectorsof
U

€ associatedwith thetwo repeatedeigenvalue
t

�
O

t

4

O

�

are Ü

�
O

U
�

Ý

� ,
Ü

4
O

Un�

Ý

4 , respectively. Ü

� and Ü

4 arerealandorthogonalto eachother.
We have a total of � ve combinationsof

¹

WÂà suchthat
t

“
O

Û

ß . Thus,
thekernelof Ð is a 5-dimensionalspacewhich hasa basisconsistingof the
elements

Ü

�

Ý

Þ

�

Oçx

Ü

�
W

�

W

�

z
W

Ü

�

Ý

Þ

�

Oçx

�

W

Ü

�	W

�

z
W

Ü

�

Ý

Þ

4

Oyx

�

W

Ü

4
W

�

z
W

Ü

4

Ý
Þ

�

Oyx
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W

�

W

Ü

�

z
W

Ü

4

Ý
Þ

4

OJx

�

W

�

W

Ü

4
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F

A

4

a

4

M

Any linearcombinationof thebasiselements

Un�
O è

é

“h—
�bê

“

Ü

“

Ý”Þ

“

F

A

4

a

4

W

ê

“
F

A
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will bea solutionof theequationU

€

U”�

µ

Un�wU O

�

. BecauseUn�åF

>

T


:E � ,
wecanimposetheconstraintof rotationmatrix.This givesus

Un� Oçxìë

Ü

��W

Ü

�~í'î�ï 
:ð � ¶

Ü

4 ï+ñhò 
:ð � W

µ

Ü

�2ï+ñhò 
:ð � ¶

Ü

4 í'î�ï 
:ð �

z F

>

T


:E � W

where ðLF

A

is an arbitrary angle.So U � has in�nitely many solutions.
Geometrically, thethreecolumnof U

€ canbeinterpretedasthethreeaxesof
theworld coordinateframethatwe attachedto thestructure.Theambiguity
in Un� thencorrespondsto an arbitrary rotationof the �ŽÃ -planearoundthe


 -axis.

If thestructurealsohassymmetrywith respectto anotherplane,saythe 


Ã -
planeasin thecaseof thechecker board(Figure2), this 1-parameterfamily
ambiguitycanthereforebeeliminated.

In practice,it is very commonthat the object,like the checker boardin
Figure2, is �at andall the featurepointson

>

lie in a 2-D plane ó in 3-D
space,i.e.

>¸?

ó . In thiscase,theaboveambiguitycanalsobereducedeven
if anextra symmetryis not available.Without lossof generality, theplane ó

canbedescribedby anequationô

³

v

Orõ
W (14)

with

ô

F

A

4

asits normalvectorand õ
F

A÷ö

asthedistancefrom thecenter
of thecamerato theplane ó . Usingthis notation,the imagepoint s andits
symmetrypoint �~


s

� satisfytheplanarhomography16

ø

�~


s

�•ù

s

O

�

W (15)

wherethematrix ù is thehomographymatrixof theform

ùcO
U

€

¶

�

õ

1

€

ô

³

F

A

4

a

4

M

(16)

With morethan4 points,thematrix ù canberecoveredfrom equation(15).
Decomposingthehomographymatrix ù yields17

ù

K]ú

U

€

W

�

õ

1

€

W

ô@û

M

(17)

If we assumethe normal of the planarstructureis in the direction of the
Ã -axis,we maygetauniquesolutionfor therotation,

Un�
Ocühë

Ü

�wW
ë

¨

ô

Ü

�wW

ô†ý

F

>

T


:E
�

W

16 The planarhomographyis alsoa direct consequenceof the (symmetric)multiple-view
rankcondition(Ma et al., 2002),appliedto planarscene.

17 In general,onegetsa total of four solutionsfrom the decomposition,but only two of
themarephysicallypossible(Wengetal., 1993).
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whereÜ

��W

Ü

� W

Ü

4 areeigenvectorsof U

€ asin theproofof Lemma2.
After Un� is recovered,1

� is recoveredup to thefollowing form

1

�ÆF

á

�ˆµ

Un�wUÎU

³

�

âbþ

1

€

¶ null 


�ˆµ

UÎ�<UÎU

³

�

� W (18)

where 


�ÿµ

Un�wUÎU”³

�

�

þ

is the pseudoinverseof
�[µ

U®�wUÎU”³

� andnull 


�ÿµ

Un�'UÎU ³

�

�ZO span…�Ü

� W

Ü

4

‡

sinceboth Ü

� and Ü

4 (as in the proof of Lemma
2) are in the null spaceof the matrix

�ÿµ

UÁ�'UÎU”³

� . Suchambiguity in the
recovered ��� O 
VUn� W

1

� � is exactly what we shouldhave expected:With a
re�ection with respectto the �pÃ -plane,we in principle canonly determine
the � -axis and Ã -axis (including the origin) of the world coordinateframe
up to any orthonormalframewithin the �pÃ -plane,which obviously hasthree
degreesof freedom,parameterizedby 
:ð·W��ÀW�� � (where ð is asin theproofof
Lemma2). If

>

itself is in a plane,we may choosethe Ã -axis of the world
frameto be thenormalto theplaneandtheorigin of the frameto be in the
plane.Thus,we canreducethis ambiguityto a 1-parameterfamily: only the
origin � now may translatefreely along the � -axis, the intersectionof the
planewhere

>

residesandtheplaneof re�ection.
To concludeourdiscussionon there�ective symmetry, wehave

PROPOSITION3 (Canonicalposefrom re�ective symmetry). Givenan im-
age of a structure

>

with a re�ective symmetrywith respectto a plane in
3-D, thecanonicalpose�3� canbedeterminedupto anarbitrary choiceof an
orthonormalframein thisplane, which is a 3-parameterfamilyof ambiguity
(i.e.

>

D


:º
� ). However, if

>

itself is in a (different)plane, �
� is determinedup

to an arbitrary translationof theframealongtheintersectionline of thetwo
planes(i.e.

A

).

Figures5 and6 demonstrateanexperimentwith there�ective symmetry.
Thecheckerboardis aplanarstructurewhichis symmetricwith respectto the
centralline of itself (in facttherearemany morelocal re�ectivesymmetryon
partsof theboard).

3.2.2. Rotationalsymmetry
Now supposewe replacethe re�ection U above by a properrotation.For
instance,in Figure2, thepatternis symmetricwith respectto any rotationby

0��

�	�
�

radiansaround� in the 


� -plane.Now thequestionbecomes,knowing
the rotation U and its conjugation U

€

O
Un�'UÎU”³

� , to what extent we can
determineUn� from theequationU

€

Un�

µ

Un�'U
O

�

. Withoutlossof generality,
we assumeU is of theform U

O

Ë

¨ ��� with 	�
�	

O

�

and
��
���
��

, henceit
hasthreedistincteigenvalues…

�

W

Ë

ö

ß

�

W

Ë

Q

ß

�

‡

.

LEMMA 4 (RotationalLyapunov equation).Let Ð

IkA

4

a

4

K A

4

a

4pÒ

Un�

K

U

€

U
�

µ

U
�

U betheLyapunov mapassociatedto theaboveequation,with U a
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16 Hong,Yang,Huang,andMa

Figure 5. Top: An imageof a re�ectively symmetricchecker board.Bottom: Thesymmetry
is representedby somecorrespondingpoints.We draw two identicalimageshereto illustrate
thecorrespondencemoreclearly:Pointsin the left imagearecorrespondingto pointsin the
right imageby a re�ective symmetry.

rotationand U

€

O
U

�
UÎU”³

� bothknown.Thekernelker 


Ð

� of this Lyapunov
mapis in general E -dimensional.Nevertheless,for orthogonal solutionsof

Un� , the intersectionker 


Ð

�NÓ

>

T


:E
� is a 1-parameterfamily corresponding

to an arbitrary rotation(of ð radians)abouttherotationaxis 
 of U .

Proof: Let …
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�
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‡

and …�Û
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�
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‡

aretheeigenvaluesof U

€ and U

respectively. Let …�Ü
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Ü
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Ü
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betheright eigenvectorof U

€ and …�Ý
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betheleft eigenvectorof U .
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Thenthekernelof Ð is thespan…�Ü
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Ý

Þ
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.
Without lossof generality, we assumethe rotationis with respectto the

Ã -axis.So U is

U
O

Ë
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On SymmetryandMultiple-View Geometry 17

Figure6. The reconstructionresult fr om the re�ecti ve symmetry. Therecoveredstructure
is representedin thecanonicalworld coordinateframe.Fromourdiscussionabove, theorigin

6 of theworld coordinateframemaytranslatefreely alongthe � -axis.Thesmallercoordinate
frameis thecameracoordinateframe.Thelongestaxisis the � -axisof thecameraframewhich
representsthetheopticalaxisof thecamera.

with 


O x

�

W

�

W

�

z

³ and
��
���


º

�

. Any sucha rotationmatrix hasthree
distincteigenvalues,
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The left eigenvectorassociatedwith Û

�
O

�

is Ý

Þ

�

O x

�

W

�

W

�

z which hasa
realvalue.Theothertwo left eigenvectorsassociatedwith the two complex
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�
O��

Û
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Þ
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Fromtheequationabove,theeigenvaluesof U

€ arethesameastheeigenvalue
of U whichare
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The eigenvector associatedwith
t

�
O

�

is Ü

Þ

� which hasa real value.The
othertwo eigenvectorsassociatedwith the two conjugatecomplex eigenval-
ues
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Therealandimaginarypartsof thecomplex basis
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Ü
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whichhasthebasis

…

x

�

W

�

W

Ü

� z W

�

º x

µ

Im 


Ü

��� W Re


Ü

��� W

�

z W

�

º x

µ

U

Ë




Ü

��� W Im 


Ü

��� W

�

z

‡

F

A

4

a

4

M

Thesolutionof U®� will bethelinearcombinationof thebasis,

Un�
O

ê

�
x

�

W

�

W

Ü

�
z

¶

ê

�

�

º
x

µ

Im 


Ü

���
W Re


Ü

���
W

�

z
¶

ê

4

�

º
x

µ

Re


Ü

���
W Im 


Ü

���
W

�

z
W

wherecoef�cients
ê

�wW

ê

�
W

ê

4kF

AäM

BecauseUÎ�ˆF
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� , we canimposethe

constraintof it beinga rotationmatrix.Then U
� is of theform
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where ðLF

A

is an arbitrary angle.So UÁ� has in�nitely many solutions.
Geometrically, thethreecolumnsof U

€ canbeinterpretedasthethreeaxesof
theworld coordinateframethatwe attachedto thestructure.Theambiguity
in Un� thencorrespondsto an arbitrary rotationof the 


� -planearoundthe
Ã -axis.

This lemmaassumesthat
��
 ��
 �

. If
�

O

�

, U hastwo repeated
µ

�

eigen-
valuesandthe proof above no longerapplies.Nevertheless,we notice that

µ

U is exactly a re�ection with two ¶

�

eigenvalues,with a re�ection plane
orthogonalto the rotationaxis of U . Thus,this caseis essentiallythe same
asthere�ective casestatedin Lemma2. AlthoughtheassociatedLyapunov
maphasa 5-dimensionalkernel,its intersectionwith

>

T


:E
� is the sameas

any otherrotation.
In addition,it canbeveri�ed directly thatthenull spaceof thematrix

�Îµ

Un�'UÎU
³

� is always1-dimensional(for
�!
"�

¼

�

) and 


�kµ

UÁ�wUÎU
³
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Ü

�
O

�

(whereÜ

� wasde�ned in theproofof theabove lemma).Thus,thetranslation
1

� is recoveredup to theform:
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�ÆF

á

�ˆµ

Un�wUÎU

³

�

âbþ

1

€

¶ null 


�ˆµ

UÎ�<UÎU

³

�

�
W (19)

wherenull 


�Hµ

U
�

UÎU”³

�

�kO span…�Ü

�

‡

. Togetherwith the ambiguityin U
� ,

�o� is determinedup to a so-calledscrew motionaboutthe rotationaxis 
 .
Similar to there�ective case,wehave
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Figure7. Top: An imageof acubewhich is rotationallysymmetricaboutits longestdiagonal
axis.Bottom: Thesymmetryis representedby somecorrespondingpoints.Pointsin the left
imagescorrespondto pointsin theright imageby a rotationalsymmetry.

PROPOSITION5 (Canonicalposefrom rotationalsymmetry).Givenanim-
age of a structure

>

with a rotationalsymmetrywith respectto an axis 


F

A

4

, thecanonicalpose��� is determinedup to an arbitrary choiceof a screw
motionalong this axis,which is a 2-parameterfamily of ambiguity(i.e. the
screw group

>

T


:º
�

Y

A

). However, if
>

itself is in a (different) plane, �p� is
determinedup to an arbitrary rotationaroundtheaxis(i.e.

>

T


:º
� ).

Figures7 and8 demonstrateanexperimentwith therotationalsymmetry.
Eachfaceof thecubeis aplanarstructurewhich is symmetricto anotherface
by a rotationaboutthelongestdiagonalof thecubeby 120degree.

3.2.3. Translationalsymmetry
In thiscase,sinceU

O

�

and 1$#

O

�

, equation(5) is reducedto thefollowing
equations

U

€

O
U

�

�

U

³

�

O

�

W

1

€

O
U

�

1

M

(20)

Obviously, the �rst equationdoesnot give any informationon UX� (andthe
associatedLyapunov map is trivial), nor on 1

� . From the secondequation
however, sinceboth 1 and1

€ areknown (upto ascale),U®� canbedetermined
up to a

�

-parameterfamily of rotations(i.e.
>

T


:º
� ). Thus,thechoiceof the

world frame(including 1

� ) is up to a � -parameterfamily (i.e.
>

T


:º
�

Y

A

4

).
Furthermore,if

>

is planar, which oftenis thecasefor translationalsym-
metry, theorigin � of theworld framecanbechosenin thesupportingplane,
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20 Hong,Yang,Huang,andMa

Figure 8. Reconstructionresult fr om the rotational symmetry. Therecoveredstructureis
representedin thecanonicalworld coordinateframe.Fromour discussionabove, theorigin 6

of theworld coordinatemaytranslatefreely alongthe � -axis,andthe 5Ž8%� -axiscanberotated
within the 5&� planefreely. Thesmallercoordinateframeis thecameracoordinateframe.The
longestaxis is the � -axis of the cameraframe which representsthe the optical axis of the
camera.

theplanenormalasthe Ã -axis,and 1 asthe 
 -axis.Thus

Un�
Oyx

1

€

W

¨

ô

1

€

W

ô

z
F

>

T


:E
�

W

whereboth 1¯€ and

ô

canberecoveredfrom decomposingthehomography
ù O

�

¶

�

'

1
€

ô

³ . We end up with a 2-parameterfamily of ambiguity in
determining��� – translating� arbitrarily insidetheplane(i.e.

A

�

). Evenwith
an extra translationalsymmetryalonga differentdirection,the origin � can
beany placeon theplane.Figures9 and10 demonstrateanexperimentwith
re�ectivesymmetry. A mosaic�oor is aplanarstructurethatis invariantwith
respectto thetranslationalongproperdirections.

Wesummarizein TableI theambiguitiesin determiningthepose�
� from

eachof thethreetypesof symmetry, for bothgenericandplanarscenes.

3.3. NECESSARY AND SUFFICIENT CONDITION FOR A UNIQUE POSE

RECOVERY FROM SYMMETRY

As we have seenfrom above sections,thereis always someambiguity in
determiningthe relative pose( �3� ) from the vantagepoint to the canonical
world coordinateframe (wherethe symmetrygroup

C

was representedin
the �rst place)if only onetype of symmetryis considered.In reality, most
symmetricstructures(or objects)havemorethanonetypesof symmetry. For
instance,theboardin Figure2 hasall threetypesof symmetrypresent.It is
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Figure 9. Top: An imageof a mosaic�oor which admitstranslationalsymmetry. Bottom:
The symmetryis representedby somecorrespondingpoints.We draw two identical images
hereto representthecorrespondencemoreclearly:Pointsshown in theleft imagescorrespond
to pointsshown in theright imageby a translationalsymmetry.

TableI. Ambiguity in determiningthecanonicalposefrom threetypesof symme-
try. ( ( : “ e*),+.-9i -parameter”meanstherearean ) -parameterfamily of ambiguity
in

Ø

• of /'• and - -parameterfamily of ambiguityin
Õ

• of /<• .)

Ambiguity Lyapunov equation /'• (generalscene) /'• (planarscene)

Re�ective 5-dimensional (1+2)-parameter
�

(0+1)-parameter

Rotational 3-dimensional (1+1)-parameter (1+0)-parameter

Translational 9-dimensional (1+3)-parameter (0+2)-parameter

the joint work of all symmetriesasa group,not its individual elements,that
conveys to theviewer astrongperceptionof theposeof theobject.

PROPOSITION6 (Rotationalandre�ective symmetry). Givena (discrete)
subgroup

C

of T


:E
� , a rotation U

� is uniquelydeterminedfrom thepair of
sets 
VUn�

C

U
³

�

W

C

� if andonly if theonly �xed point of
C

actingon
A

4

is the
origin.
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22 Hong,Yang,Huang,andMa

Figure 10. Reconstruction result for the translational symmetry. The structureis repre-
sentedin thecanonicalworld coordinateframe.Fromourdiscussionabove,theorigin 6 of the
world coordinatemaytranslatefreelywithin the 50� -plane.Thesmallercoordinateframeis the
cameracoordinateframe.Thelongestaxisis the � -axisof thecameraframewhich represents
thetheopticalaxisof thecamera.

Proof: If 
VU
�

C

U”³

�

W

C

� arenotsuf�cient to determineU
� , thenthereexistsat

leastoneother UX�PF

>

T


:E
� suchthat UÎ�'UÎU

³

�

O
Uˆ�9UÎU

³

� for all UyF

C

. Let
U

�ÁO
U”³

�

Un� . Then, U
�

U
O

UÎU
� for all U|F

C

. HenceU
� commuteswith

all elementsin
C

. If U
� is a rotation,all U in

C

musthave thesamerotation
axisas U

� ; if U
� is a re�ection, U musthave its axisnormalto theplanethat

Un� �x es.This is impossiblefor a group
C

thatonly �x estheorigin. On the
otherhand,if 
VU®�

C

U
³

�

W

C

� is suf�cient to determineU®� , thenthe group
C

cannot�x any axis(or aplane).Otherwise,simplychooseU
� to bearotation

with thesameaxis(or anaxisnormalto theplane),thenit commuteswith
C

.
Thesolutionfor U®� cannotbeunique.

OnceU
� is determined,it is thennotdif�cult to show that,with respectto

thesamegroup
C

, 1

� canbeuniquelydeterminedfrom thesecondequation
in (5). Thus,asa corollary to theabove proposition,we have the following
theorem:

THEOREM7 (Uniquecanonicalposefrom asymmetrygroup). Suppose
that a symmetricstructure

>

admitsa symmetrygroup
C

which containsa
rotational or re�ective subgroup that �xes only the origin of

A

4

. Thenthe
canonicalpose��� canalwaysbeuniquelydeterminedfromoneimage of

>

.

Note that thegroup
C

doesnot have to be theonly symmetrythat
>

allows
– aslong assucha

C

existsasa subgroupof thetotal symmetrygroupof
>

,
onemayclaimuniquenessfor therecovery of �

� .
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Now onemaywonderwhy thethird columnin TableI is necessary?Why
do we have to treat a planarstructureseparatelyand why not treat more
“uniformly” the planarrestrictionas an extra re�ective symmetrywith re-
spectto theplaneitself?Theproblemwith that is, evenif we couldaddthis
re�ection, say U , into the symmetrygroup

C

, it is not possibleto recover
its correspondingelementU®�wUÎU”³

� in Un�

C

U”³

� via multiple-view geometric
meansbecausefeatureson the planecorrespondto themselves under this
re�ection andnootherfeaturepointsoutsideof theplaneis available(by our
own planarassumption).Thus,wecanno longerapplytheabove theoremto
thiscase.

In orderto give a correctstatementfor theplanarcase,for a re�ection U

with respectto a plane,we call the normalvector to its planeof re�ection
astheaxisof there�ection.18 Usingthis notion,we derive thethefollowing
corollary:

COROLLARY 8 (Canonicalposefrom asymmetrygroupof aplanarscene).
If a planar symmetricstructure

>

allowsa rotationalor re�ectivesymmetry
subgroup

C

(withoutthere�ection with respectto thesupportingplaneof
>

itself)with two independentrotationor re�ection axes,thecanonicalpose�b�

canalwaysbeuniquelydeterminedfromoneimageof
>

(with theworld frame
origin � restrictedin theplaneandthe Ã -axischosenastheplanenormal).

As a consequence,to have a unique solution for ��� , a planar symmetric
structure

>

mustallow at leasttwo re�ectionswith independentaxes,or one
re�ection andonerotation(automaticallywith independentaxesfor a planar
structure).This is consistentwith theambiguitygivenin TableI.

3.4. CAMERA SELF-CALIBRATION FROM SYMMETRY

In additionto structureandpose,anotherimportantknowledgefor 3-D re-
constructionis in fact readily available from imagesof symmetricobjects:
thecamera intrinsic parameters, or calibration,which we will studyin this
subsection.

Resultsgivenin theprecedingsubsections,suchasTheorem7, arebased
ontheassumptionthatthecamerahasbeencalibrated.If thecamerais uncal-
ibratedandits intrinsic parametermatrix, say 1

F

A

4

a

4

, is unknown, then
theequation(2) becomes

t

s

O

1

u
�»�o�

v

M

Fromtheepipolarconstraintsbetweenpairsof hiddenimages,insteadof the
Essentialmatrix D

O

Ï

1

€

U

€ , wecanonly recover theFundamentalmatrix
2

•"1

Q
³ãÏ

1

€

U

€

1

Q

�

(21)
18 Theroleof theaxisof a re�ection is verysimilar to thatof theaxisof a rotationoncewe

noticethat,for any re�ection
Ø

, 3

Ø

is a rotationof angle4À­65 aboutthesameaxis.
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whereasbeforeU

€

O Un�'UÎU ³

�

F
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:E � and 1 €
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�®µ

Un�'UÎU ³

�

�

1

�À¶ Un�

1
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4

. Noticethathere 1 is automaticallythesamefor theoriginal imageand
all thehiddenones.

3.4.1. Calibration fromtranslationalsymmetry
In the translationalsymmetrycase,we have U

€

O

�

and 1 €

O Un�

1 . If
giventhreemutuallyorthogonaltranslations1

�wW

1

� W

1

4®F

A

4

underwhichthe
structureis invariant,thenfrom thefundamentalmatrix
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(22)

That is, 8

“ is equalto 1

UÎ�

1

“ up to an (unknown) scale.19 Since 1

�wW

1

� W

1

4

areassumedto bemutuallyorthogonal,wehave
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³
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O
à

M

(23)

We getthreelinearequationson entriesof thematrix 1

Q
³

1

Q

�

. If thereare
lessthanthreeparametersin 1 unknown,20 thecalibration1 canbeuniquely
determinedfrom thesethreelinearequations(all from a singleimage).The
readershouldbe aware that thesethreeorthogonaltranslationscorrespond
preciselyto thenotionof “vanishingpoint” or “vanishingline” usedin exist-
ing literature(A. Criminisi andZisserman,1999;A. Criminisi andZisserman,
2000).21

3.4.2. Calibration fromre�ectivesymmetry
In the re�ective symmetrycase,if U is a re�ection, we have U

�

O

�

and
U

€
1

€

O

µ

1
€ . Thus, Ï

1

€

U

€

O

Ï

1

€

. Then
2

•

ø

1 1

€

is of the sameform as
a fundamentalmatrix for the translationalcase.Thus,if we have re�ective
symmetryalongthreemutuallyorthogonaldirections,thecameracalibration

1 canberecoveredsimilarly to thetranslationalcase.22 Sohaving are�ective
symmetryin certaindirectionis asgoodashaving a translationalsymmetry
alongthatdirection,asfar ascameracalibrationis concerned.

3.4.3. Calibration fromrotationalsymmetry
A more interestingcasewheresymmetrymay help with self-calibrationis
the rotationalsymmetry. In this case,it is easyto show that the axis of the

19 The readermay checkthat 9;: canalsobe obtainedfrom thehomographymatrix if the
sceneis planar.

20 For example,pixelsaresquare.
21 Herewesee,symmetryis amoreprincipledwayto unify in computervisionnotionslike

“orthogonality,” “parallelism,” or “vanishingpoint” withoutusingpointsor planeat in�nity .
22 Noticethat in boththetranslationalandre�ective symmetrycases,for planarstructures,

onecanobtainthevector <
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rotation U

€ is alwaysperpendicularto the translation1 € . Accordingto (Ma
etal., 2000),theFundamentalmatrix

2

mustbeof theform
2

O

t

¨ L

1

U

€

1

Q

�

W (24)

where L

F

A

4

of unit length is the (left) epipoleof
2

andthe scalar
t

is
oneof thetwo non-zeroeigenvaluesof thematrix

2

³

L̈ . Thenthecalibration
matrix 1 satis�estheso-callednormalizedKruppa's equation

2

1M1
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W (25)

with
2

W

L

W

t

known and only 1N1

³ unknown. This equation,as shown in
(Ma et al., 2000),givestwo linearly independentconstraintson 1N1

³ . For
instance,if only thecamerafocal length O is unknown, we mayre-writethe
above equationas
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whichis alinearequationon O

�

. It is thereforepossibleto recoverfocallength
from asingleimage(of someobjectwith rotationalsymmetry).

EXAMPLE 9 (A numericalexample). For a rotationalsymmetry, let
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Notethattherotation U by º
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E correspondsto therotationalsymmetrythat

acubeadmits.Thenwe have
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theequation(26)givesa linearequationin O
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This gives OMT

º which is thefocal lengthgivenby thematrix 1 in the�rst
place.
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Therefore,usingsymmetry, onecannotonly recover a 3-D symmetricstruc-
ture, poseto the structure,but also obtain the cameraintrinsic parameters
suchasthefocal lengthof thecamera(from only oneimageif onewishes).
Furthermore,symmetrybasedcalibrationtechniqueshappento be always
linear!

4. Applications and Experiments

Severaldistinctive featuresallow symmetry-basedtechniquesto beextremely
in a wide rangeof applicationsin computervision and imageprocessing.
Firstly, by imposingglobal structuralinvariantssuchassymmetry, multiple-
view geometricalgorithmsbecomemuchmoreaccurateandrobust.Therea-
sonis thatthe“baseline”of therelativeposesbetweenthe“hidden” imagesis
largemostof thetime.Secondly, sincereconstructioncannow bedonewithin
asingleimage,nomoretrackingor matchingfeaturesacrossmultiple images
is needed.23 This dramaticallyreducesthecomputationalcomplexity, which
is importantin time-criticalapplicationssuchasrobotvision.Lastbut not the
least,a typical man-madesceneconsistsof numeroussymmetricstructures.
Thesestructurescanbe usedasa new type of “primiti ves” whenwe try to
establishcorrespondencesacrossmultiple views. Thesecomplex primitives,
servinga similar role aslandmarks,may simplify the matchingtaskwhich
is otherwisea moredif�cult problemfor simplefeaturessuchaspointsand
lines.

Herewedonotclaimto bethe�rst to suggesttheapplicationsgivenin this
section– many of themhave beenstudiedseparatelybeforeby researchers
in eitherthecomputervision, imageprocessing,or graphicscommunity. We
heremostlywanttodemonstratethat,now underouruni�ed framework, these
previously isolatedcasestudiescanall beputcoherentlytogether.

4.1. SYMMETRY-BASED SEGMENTATION AND GLOBAL ORIENTATION

Whenwetouraroundaman-madeenvironment,wetypically havelittle prob-
lem to orientandlocateourselvessinceobjectsof regular shape,especially
symmetricshapes,easilystandout andprovide usoverwhelminggeometric
information.In orderfor a machinevision systemto emulatethis function-
ality and to utilize the rich geometricinformation encodedin symmetric
objects,we �rst needto know how to segmentsuchobjectsfrom the image.
Using the techniquesintroducedearlier in this paper, we can test whether

23 Although matching,or morepreciselypermutation,of featuresis still requiredwithin
a single image,sincethe techniqueswork very well with only a small numberof features,
matchingoftenbecomesrelatively easierto do in asingleimageoncethetypeof symmetryis
speci�ed.
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certainimagesegments,obtainedby otherlow-level segmentationalgorithms
suchas(?), canbe the perspective projectionof symmetricobjectsin 3-D.
Suchobjectscanalreadybeusedaslandmarksby themachinevisionsystem
when navigating in the man-madeenvironment.Moreover, the segmented
symmetricobjectsmayserveasprimitivesfor otherhigher-level applications
suchaslargebaselinematching(SeeSection4.2).

In thesymmetry-basedsegmentationmethod,theinput imagewill be�rst
segmentedinto polygonalregions which may or may not be a perspective
projectionof asymmetricobjectsin 3-D. Thentheregionswhichpotentially
can be interpretedas imagesof symmetricobjectsin spacewill be tested
againsteachfundamentaltypeof symmetriesdescribedin Section3.2.Here
we show via an example.In Figure11, eachregion in the imageenclosed
by four connectedline segmentsmay be interpretedasa 3-D quadrilateral
thatfalls into thefollowing cases:1. quadrilateral(no symmetry)2. trapezia
(one re�ective symmetry).3. a rectangle(two re�ective symmetries).4. a
square(two re�ectivesymmetries+ threerotationalsymmetries).Wecantest
this region againstthe four hypothesesby usingthe reconstructionmethods
in Section3.2 and determineto which type of symmetryit belongs.Most
commonly, symmetricregionsin man-madeworldarerectanglesandsquares.
A region is simply discardedif it canonly be interpretedasa quadrilateral
or trapeziumin 3-D. Thesymmetry-basedtestingwill eliminatemostof the
uselesssegmentsandkeeponly symmetricones.Theresultingsegmentswill
be labeledby their type of symmetry, position,andorientation(the normal
vectorof theregion in space).Theseoutputsegmentsencodemuchricher3-
D geometricinformationthansimplefeaturessuchascornersandedges,as
shown in Figure11.

Figure11. Examplesof symmetry-basedsegmentationof rectangles.Rectangularre-
gionsaresegmentedandattachedwith localcoordinateframeswhichrepresenttheir
orientations.Thesegmentationdoesnotneedany humanintervention.

After thesegmentation,wecanfurtherapplyclusteringalgorithmsto clas-
sify the symmetricobjectsin termsof their orientationsandpositions.For
instance,if a numberof neighboringsymmetricobjectshave mutually con-
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sistentnormalvectors(e.g.,the� ve panelsin theleft imageof Figure11), it
is likely thattheseobjectscomefrom thesameplane.Sucha planeprovides
a“global” referenceof orientationfor theagentthatis navigatingthroughthe
environment.More detailsaboutsymmetry-basedsegmentationandclassi�-
cationcanbefoundin (Yangetal., 2003).

4.2. LARGE-BASELINE MATCHING AND RECONSTRUCTION

Matchingfeaturesacrossmultiple views is a key stepfor almostall recon-
structionalgorithmsbasedonmultiple-view geometry. Conventionalmethods
for featurematchingmostly rely on trackingfeaturesbetweenimageswith
smallmotions.However, the3-D geometryrecoveredfrom imageswith small
baselineis severelyinaccuratedueto asmallsignal-to-noiseratio(SNR).For
imageswith largebaseline,somemethodssuchasRANSAC andLMeDs(?)
userobust statistictechniquesto iteratively matchfeaturesandestimatethe
geometry. However, suchtechniquesusually requiregood initialization. In
theseconventionalmethods,normally pointsandlines areusedasfeatures
to match.As we have mentionedearlier, thesymmetricregionsthatwe can
obtainfrom symmetry-basedsegmentationencodefull geometric/textural in-
formationof their3-D counterparts.Hencethey canbemoreeasilyidenti�ed
andmatchedacrossdifferentviews.

Matchinga symmetricobjectacrosstwo imagesinduceslessambiguity
thanmatchingapointsor a line becausenotonly thepositionandorientation
but alsothe shapeandtexture of the symmetricobjectneedto be matched.
Although theremay be morethanonepossiblematchingfor a singlesym-
metric object, there is typically a uniqueand unambiguousmatchingthat
is consistentfor all the symmetricobjectsin the scene.A systematicsolu-
tion to matchingsymmetricobjectsin multiple imagesis given in a related
paper(Huanget al., 2004), which converts the matchingproblem to one
of identifying the maximalcompletesubgraphs,the cliques,of a matching
graph.

As theexperimentin Figure12 shows, thesymmetry-basedmatchingal-
gorithmis effective evenin thepresenceof bothsmallandlargebaseline,in
which caseexisting techniquesnormally fail: the baselinebetweenthe �rst
andsecondimagesis largeandthebaselinebetweenthesecondandthethird
imageis almostzero.Thecameraposeandgeometryof thesymmetricstruc-
turesareaccuratelyreconstructedusing the symmetry-basedmethodgiven
in theprecedingsection.Thegroundtruth for the lengthratiosof thewhite
boardandtableare1.51and1.00,andthe recoveredlengthratio are1.506
and1.003,respectively. Error in all theright anglesis lessthan

�

M

�

�

.24

In additionto rectangularshapes,othermorecomplex symmetricshapes
canalsobereconstructedaccuratelyusingthemethodgivenin thispaper. For

24 Resultsfrom point-or line-basedmultiple-view algorithmsgive muchlargererrors.
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example,(Honget al., 2004)hasdemonstratedthatevensmoothsymmetric
curveswithout any distinctive featurecanbe reconstructedaccuratelyfrom
theirperspective images.A moredetailedstudyof thenumericalperformance
of the symmetry-basedreconstructionalgorithmsunderdifferent levels of
randomnoisesanddifferentview anglescanalsobefoundin thatpaper.

Figure 12. Top: Two symmetryobjectsmatchedin three images.From the raw images,
symmetryobjectssegmentationandmatchingdo not needany manualintervention.Bottom:
Cameraposesandstructuresof symmetricobjectsarerecovered.Fromleft to right: top,side,
andfrontal views of thematchedandreconstructedobjectsandthecameraposes.

4.3. SYMMETRY-BASED PHOTO EDITING

Thesymmetry-basedmethodsintroducedearliercanalsobeusedfor editing
photos,which is an importantproblemin digital photographyandgraphics.
But conventionalphotoeditingsoftwaressuchasPhotoshopusuallyarelack
of mechanismsthat may preserve the perspective projectionof geometric
objects.It is thenvery desirableif we areableto edit the photoswhile au-
tomaticallypreservingthe perspective geometricrelationsof objectsin the
scene.With the knowledgein symmetry, it is possiblefor us to manipulate
2-D imageregionsbasedon their3-D shapesandrelationships.For example,
many photoediting operationsarebasedon the “copy-and-paste”function.
The conventional“copy-and-paste”simply copiesa region pixel-wiseonto
a new location.Artif actsbecomeeasilynoticeableif perspectivenessis dis-
tortedor destroyedby theediting.Thesymmetry-basedmethodsallow usto
manipulatea region realisticallyasif manipulatinganobjectin 3-D without
explicitly reconstructingthe3-D structureof theobject.
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With very little humanintervention,we may �rst registersymmetricob-
jectsof interestin oneor multiple images,andrecover their relativepositions
andorientationsusingthe methodgiven earlier. The transformationof such
a region from one placeor one image to anothercan thereforebe easily
performed.Figure13 shows ancomprehensive exampleof symmetry-based
photo editing, which includesremoving occlusion,copying and replacing
objectsin thescene,andaddingnew objects.More detailsandexamplesof
symmetry-basedphotoeditingcanbefoundin a relatedpaper(Huanget al.,
2003).

Figure 13. An exampleof photoediting.Left: Theoriginal picturewith somesym-
metricregionsregistered.Right: Theshadowsof theroof on thefrontalwall andthe
occlusionsby thelamppolesareremovedusingsymmetry-based“copy-and-paste.”
Somepaintingsarepastedonthesidewallsaccordingto thecorrectperspectiveness.
Additionalwindowsareaddedon thesidewalls.

Figure14 shows anotherexampleof generatingpanoramaor imagemo-
saicsfrom multiple imagesbasedon ideassimilar to the symmetry-based
photoediting.Conventionalpanoramaapproachesusuallyrequiretheimages
aretakenwith a�x edcameracenteror thecamerapositionsareknown.Using
ourmethods,thecameraposescanbeeasilyobtainedasa“by-product”when
wealign thesymmetricobjectsin differentimages.

4.4. V ISUAL ILLUSIONS AND SYMMETRY

Anotherinterestingapplicationof our computationaltheoryof symmetryis
to helpunderstandcertainpsychologicalaspectsof humanvision.In previous
sections,we have shown thatif an3-D objectis indeedsymmetric,multiple-
view geometrictechniquesenableusto easilyandaccuratelyretrieve its 3-D
geometryfrom even a single image.One might wonder if the samegeo-
metric assumptionis stronglyheld up by our humanvision system?More
speci�cally, onemightwantto know: Is symmetrya fundamentalassumption
adoptedby humanvisualperception?

Compellingexamplesfrom psychologicalstudiesof humanvisiongiveus
suf�cient con�dencethat this hypothesisis true. Ironically, the bestway to
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Figure 14. Mosaicof the two imageson the top usingcorrespondingsymmetryobjectsin
thescene(in this casewindows on thefront sideof thebuilding). Themiddlepictureis a bird
view of therecovered3-D shapeof thetwo sidesof thebuilding andthecameraposes(thetwo
coordinateframes).Notice thatperspectivenessis preciselypreserved for theentirebuilding
in the�nal result(bottomimage).

demonstratethis is notby showing how usefulsymmetryis for humanvisual
perception,but by showing certainnegative “side effects” of the symmetry
assumptiononhumanperception.As wewill see,thisalsoservesasaground
for many famousvisual illusions.The following two examplesdemonstrate
two aspectsof suchsideeffects.

The�rst exampleis to show thathumanvision systemoftenreconstructs
3-D geometryby imposingonthescenetheassumptionthat“regular” objects
arelikely to besymmetric.Especiallywhenparallax(or stereo)information
is notavailable,this assumptionbecomesdominant.TheAmesroom,Figure
15 (top), is a controlledexperimentwhich deliberatelyexcludestheparallax
informationfrom the viewer. Obviously, our humanperceptiontendsto as-
sumethattheframesof thewindowsandthetilesonthegroundarerectangles
or squaresof thesamesize,only “properly” distortedby theperspective.
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x 

y 

z

Figure 15. Top: Ames room. Ames room is located in San FranciscoExploratorium
(www.exploratorium.edu).This room actuallyhasno squarecorners,but carefully designed
so asto exploit the natureof humanvision, andviewer will get a wrong 3-D perceptionby
looking into theroomfrom thisvantagepoint (only). Bottom: Escher's waterfall. It is a 2-D
drawing of a bizzarewaterfall by MauritsC. Escher. Whenwe focuson thetunnel,it guides
thewaterfrom low closeto highfar from thewaterfall, but if wefocusonthetower, it actually
raisesthetunneldirectly from low to high alongthewaterfall.

Ontheotherhand,anillusion canalsobecreatedin suchawaythatit con-
tainsmorethanonesetof symmetrieswhichhoweverarenotcompatiblewith
eachother. The consequenceis to throw our visual perceptioninto a dizzy
dilemma.TheEscherwaterfall, Figure15 (bottom),is onegoodexamplefor
this typeof illusion. If we only focuson thewatertunnel,it hasa horizontal
symmetryalongthe � -axis,andthe two towersalsohave their own vertical
symmetryalongthe Ã -axis.A contradictionreachesat theintersectionsof the
tunnelandthe towers.Underthesetwo differentsymmetriesalongdifferent
axes,it would beimpossiblefor thetunnelandthetowersto intersecton the
locationsasshown in the �gure. Nevertheless,sincethesymmetryassump-

IJCV03-symmetry.tex; 9/03/2004; 11:43; p.32



On SymmetryandMultiple-View Geometry 33

tion is only appliedlocally to individualsymmetricpart,anillusion is created
oncetheviewer trying to puteverythingbacktogetherglobally.

Examplesabove show thatsymmetryis indeedoneof many fundamental
assumptionsadoptedby our humanvisualsystem.A goodunderstandingof
this assumptionwill helpusimprove thedesignof computervision systems.
Symmetricpatternsor structuresin onesingleimagemay give us thesame
geometricinformationasmultiple imagesonly if our assumptionabouttheir
symmetryis correct;otherwise,multiple imagesof the sameobjectwill be
needed,in orderto resolve ambiguitiesor illusions suchasthe onesshown
above. Thestudyin this paperprovidesa computationalbasisfor thecause
of suchillusions.

Perspectiveversusorthographicprojection.
Lastbut not thelest,despitetheabove illusions,ourtheoryshowsthatin gen-
eral, underperspective projection,reconstructionfrom symmetryis hardly
ambiguous(at leastlocally) sinceperspective projectionencodesdepthin-
formationproperly. However, this may no longerbe true underothertypes
of projection.Figure 16 shows an exampleof the famousNecker's Cube
illusion, from which the viewer can easily identify two equally probable
interpretations.The reasonis that the drawing of the cubeaccordingto or-

Figure16. Necker's Cube.

thographicprojectioneliminatesany cuefor depthinformation.But this am-
biguity hardlyexists for a perspective imageof a cube.This exampleshows
thattheeffectof (assuming)symmetryunderdifferentprojectionmodelscan
be signi�cantly different.But a moredetailedcomparative study is beyond
thescopeof thispaper.
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5. Discussionsand Conclusions

Points,lines,andplanesarespecialsymmetricobjectswhich have beenex-
tensively studiedas primitive geometricfeaturesfor reconstructinga 3-D
scenefrom 2-D images.This paperbegins to look at primitivesat a higher
level (hencewith a larger scale):primitives which have certain “regular”
structure,with the regularity characterizedby certainsymmetriesthat the
structureadmits.Obviously this is a moreprincipledway to studyassump-
tionsabout3-D structurethatpeoplehave exploitedbeforein multiple-view
geometry, such as orthogonalityand parallelism(hencevanishingpoints)
etc. Our experimentationdemonstratesthat, at this level of generalization,
multiple-view geometricalgorithmsbecomeextremelywell-conditioneddue
to almostalways large baselinebetween“hidden images.” Becauseof this,
nonlinearoptimization(suchasbundleadjustment)isnotreallyneededto im-
prove theresults.Sincereconstructioncannow bedonereliably from evena
singleimage,featurecorrespondencebecomeslessof aproblemandaproper
permutationof featuresfrom the sameimageis often all that an algorithm
requires.

Probablythemostimportantobservation from this paperis that, in addi-
tion to the3-D structure,the “canonical”posebetweenthecanonicalworld
coordinateframeof a symmetricobjectand the cameracanalsobe recov-
ered.This extra pieceof information is extremely useful and allows us to
achieve many new taskswhich usedto be dif�cult to do with only points,
lines andplanes.For example,in an environmentrich with symmetricob-
jects,a viewer caneasilyidentify its locationandorientationby referencing
with thesecanonicalframes.Furthermore,suchinformationcanbe readily
utilizedto establishcorrespondenceacrossimagestakenwith alargebaseline
orchangeof view angle:As longasonecommon(local)symmetrycanberec-
ognizedandalignedproperly, therestof thestructuresin thescenecanthenbe
correctlyregisteredandreconstructed.The remainingproblemis mostly an
engineeringoneof how to ef�ciently registernumeroussymmetricpartsand
objectspresentin a sceneandto obtaina consistent3-D reconstruction.We
believethat,togetherwith conventionalgeometricconstraintsamongmultiple
images,symmetryis indeedan importantcuewhich eventuallymakes3-D
reconstructionamorewell-conditionedproblem.

In this paper, we have only shown how to performreconstructionif we
know the type of symmetryin advance.But a morechallengingproblemis
how to identify what typeof symmetrya structureadmitsfrom its (perspec-
tive) imageswhenthesymmetryis not known apriori. This leadsto:

The inverse problem that, givena (perspective)image of a symmetric
structure

>

with an unknown symmetrygrouptakenat some(unknown)van-
tage point, how to �nd a maximumsubgroup

C

of the permutationgroup
U

of
>

which can be representedas a subgroup of D


:E
� through a group
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isomorphismV

I

��W

K


VUXW

1

� and the representationis consistentwith the
symmetricmultiple-view rankcondition?

Notice that this is a constrainedgrouprepresentationproblemsubjectto
the multiple-view rank condition.Although solutionsto simple symmetric
structurescanbe foundalready(e.g.,thesymmetry-basedsegmentationex-
ampledescribedin Section4.1), this problem,at this point, remainslargely
openfor generalsymmetricstructures,in both2-D and3-D.

Appendix

A. Symmetric Structuresand AssociatedSymmetry Groups

As we have mentionedin theproblemformulationsection,thequestto un-
derstandvarioustypesof symmetryandtheir relationshipshasa history of
morethantwo thousandyears.But not until the20thcentury, with theaidof
modernalgebra,did mathematiciansformulatedit asa formal mathematical
problem,which is ever sinceknown asHilbert's

���

th problem:
Is there in n-dimensionalEuclideanspacealso only a �nite number
of essentiallydifferent kindsof groupsof motionswith a fundamental
region?

A de�nite answerto this problemwasgiven in (Bieberbach,1910).In this
appendix,wegiveashortsurvey of mathematicalfactsonthesubjectof group
actionson symmetricstructure.For applicationsin computervision,we will
primarily survey resultsrelatedto symmetricstructureand groupsin 3-D
Euclideanspace.All factsandstatementswill be given without proofs,and
interestedreadersmayreferto (Weyl, 1952;GrünbaumandShephard,1987;
Martin, 1975).

A.1. GROUP ACTIONS ON SYMMETRIC STRUCTURES

DEFINITION 10 (Isometry). Anisometryis a mappingfromthesetof points
>

into itself (i.e. anautomorphism)which preservesdistance.

THEOREM11. Anisometryis a distancepreservingautomorphism,andthe
setof all isometriesformsa group 


C

WYX�W

Ë

� , where Ë is theidentitymapping
(or element)in

C

.

Regardingisometryin any 0 -dimensionalEuclideanspaceZ\[ , we have the
following facts:

PROPOSITION12. Everyisometryof theEuclideanspaceZ
[ is oneof the

following threefundamentaltypes25 (Figure 17):
25 In fact,all threetypescanbeexpressedin termsof productof (atmost ]^+G_ ) re�ections.
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1. Rotationabouta point � aroundan axisby a givenangle
�

. Thepoint �

is calledthecenterof rotation.

2. Re�ection in a givenhyperplaneó .

3. Translationin a givendirectionby a givendistance.

q
A

B

A'

B'

(a) Rotation `ba%cedgfbh�i�jlk h�m n o�i

A

B

A'

B'

A

B

A'

B'

(c) Reflection

Figure17. Thethreebasictypesof isometrictransformations.

A.2. SYMMETRY IN A 1-D OR 2-D EUCLIDEAN SPACE

A.2.1. Groupsassociatedto 1-D and2-D symmetry
Onespecial1-D symmetricpatternis a bandornamentpattern,alsocalleda
friezepattern(Figure18).A realbandornamentis notstrictly 1-dimensional,
but its symmetryoftenmakesuseof oneof its dimensions.Theonly possible
typesof symmetryfor bandornamentsare re�ection, translationand their
combinations.The (bilateral) re�ective symmetryis pervasive in both art

Figure18. Bandornamentpatterns.

andnature,which is alsoconspicuousin the structureof man-madeobjects
including buildings and machines(Weyl, 1952). Any re�ection symmetry
is isomorphicto the group Ì

� . That is if we denotea re�ection by p , we
alwayshave p

�

O identity. A translationmay be representedby a vector q .
A patterninvariantunderthetranslationq is alsoinvariantunderits iterations

q

�

W

q

�

W

q

4

W

MwMwM

andundertheinverseq

Q

�

of q andits iterations,which give rise
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to an in�nite group.It is not hardto show that if a 1-D patternadmitsboth
translationandre�ection symmetry, there�ection mayonly occuratlocations
whicharemultiplesof

�

�

q .
If we take a bandornamentwherewe repeatits individual sectionagain

andagainandsling it aroundacircularcylinder, weobtainapatternwhich is
in 3-Dspacebut hasarotationalsymmetryin 2-D–weonlyhaveto payatten-
tion to thecross-sectionof thecylinder. Any �nite groupof rotationscontains
aprimitive rotationoperationp aroundsomeaxisby ananglewhichmustbe
of theform

�

O

��r

[

for some0

F

Ì

ö

, andits iterationsp

�

W

p

�

W

MwMwM

W

p&[

O iden-
tity. We know this forms a cyclic groupof order 0 , conventionallydenoted
a s

[

. It is isomorphicto the Abelian group Ì

[

andthe orderof the group
0 completelycharacterizesthe group. We may also generalizethe cyclic
symmetryto other3-D objects.Thenthe cylinder may alsobe replacedby
any surfaceor structurewith cylindrical symmetry, namelyby one that is
carriedinto itself by a rotationaroundcertainaxis.

Rotational(or cyclic) symmetrydoesnot changethe orientationof an
object. If re�ections, alsocalled improper rotations, are taken into consid-
eration,we have the dihedral group of order 0 , denotedas t

[

, and t

[

is
isomorphicto Ì

[

YÅÌ

� . One can think of this is a (cyclic) rotation group
s

[

combinedwith there�ections in 0 lines forming anglesof
�

�

�

. A re�ec-
tion changesthe orientationof the object it is appliedto. Finally, we have
Leonardo's Theorem(Martin, 1975).

THEOREM13(Leonardo's Theorem).Theonly �nite groupsof isometryin
a 2-D planeare thecyclicgroups s

[

andthedihedral groupst

[

.

A.2.2. Groupsassociatedto tiling of a 2-D Euclideanspace
AlthoughLeonardo's Theoremcompletelycharacterizes�nite groupsof 2-D
symmetry, Hilbert's

���

th problem,i.e.exhaustall possiblerealizationsof the
rotationalandre�ective symmetrytogetherwith the translationalsymmetry
as2-D latticepatterns(of a fundamentalregion),or theso-calledtiling, turns
out to bea muchmoredif�cult problem.26

Thedifferencebetweena tiling patternandgeneral2-D patternsis thata
planarfundamentalregion(a“tile”) �lls theentire2-D planeby its congruent
pieceswithoutgapsor overlaps(e.g.,the � th imageof Figure1).

DEFINITION 14. A planetiling u is a countablefamilyof closedcongruent
setsu

O

…w1

��W

1

�
W

�v�v�

‡

which cover theplane Z

�

withoutgapsor overlaps.

Thecountabilityconditionexcludesfamiliesin whichatile is allowedto have
zeroarea.Fromthede�nition, weseethattheintersectionof any �nite setof

26 The problemof tiling in non-Euclidean(elliptic andhyperbolic)spacesturnsout to be
mucheasiermathematically, dueto thework of Jordan,Fricke,Klein et.al., aswassurveyed
by Hilbert whenheproposedhis _�w th problemin 1901.
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tiles of u necessarilyhaszeroarea,suchan intersectionmay be emptyor
mayconsistof a setof isolatedpointsandarcs.In thesecasesthepointswill
becalledverticesof thetiling andthearcswill becallededges. A specialcase
of tiling is thateachtile is apolygon.

Let us start our discussionfrom the group of translations,becausethis
operationis themostconspicuousin 2-D tilings. We have mentionedbefore
the translationsform a group.In general,thegroupsof re�ections androta-
tionsdonotobey thecommutative law, but thecombinationof translationsis
commutative, thatis to say, thegroupof translationsis Abelian.

If a group
C

containstranslations,
C

will not be �nite, but canstill be
discontinuous.For sucha group thereare threepossibilities(Weyl, 1952):
Either it only consistsof identity; or all the translationsin the group are
iterationsq [ of onebasictranslationq�#

O identity;or thesetranslationsform a
2-dimensionallattice …




�

q

�×¶




�

q

� : where


�wW




� F

Ì

‡

andtheindependent
vectorsq

��W

q

� form a latticebasis.
At least17 different ways of tiling were known to ancientEgyptians.

However, it remainedasa mysteryfor thousandsof yearsthat if thesewere
theonly possibilities.In 19th century, (Fedorov, 1885;Fedorov, 1891b;Fe-
dorov, 1891a;Fedorov, 1971)gave the �rst mathematicalproof that this is
indeedtruewhich solved Hilbert's

���

th problemfor the2-D and3-D cases.
27 It waspointedout that for properandimproperrotationgroups,theonly
possiblechoicesin 2-D planeallowed by tiling are s

�wW

s

�
W

s

4	W

s

_

W

syx and
t

�wW

t

�
W

t

4	W

t

_

W

t�x sincewhen 0

O

�

W

Q

, or 0"z

�

, suchan 0 -goncannot
tile the whole planewithout gaps(Weyl, 1952).These10 groupscan fur-
therberealizedas13 differenttypesof 2-D latticeswhich areunimodularly
inequivalent.Finally, by taking into accounttranslationswhich have to be
compatiblewith theselattices,thereareessentiallyin total only 17 different
waysto tile a 2-D plane.Interestedreaderscan�nd a full descriptionof all
the17 patternsin (GrünbaumandShephard,1987).

A.3. SYMMETRY IN A 3-D EUCLIDEAN SPACE

Similar analysiscanbe appliedto studygroupsassociatedto symmetryor
tiling in a3-D Euclideanspace.Onesurprisingresultin the3-D spaceis that
althoughin a2-D plane,thereis for everynumber0|{

º aregularpolygonof
0 sides,in 3-D spacethereonly exists� veregularpolyhedra,oftencalledthe
Platonicsolids(seeFigure19).Basedonthis,onecanshow thatany groupof
rotationalandre�ective symmetryaroundacenter� in 3-D canbegenerated

27 A generalsolutionto Hilbert's _�w th problemwasnot solved till 1910by (Bieberbach,
1910).
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Figure19. Five Platonicsolids.

by s

[

W

t

[

, and threeadditionalisometric(rotational)groupsassociatedto
the� vePlatonicsolids(Fedorov, 1971;Weyl, 1952;Bulatov, www).28

Among all theserotationaland re�ective groups,only 32 of them are
allowed in any 3-D lattice, and they give rise to a total of 70 different re-
alizationsof lattice.Togetherwith propertranslationalcomponents,thereare
atotalof 230differentwaysto tile a3-D Euclideanspacewith afundamental
region (a tile).
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