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Abstract—This paper presents an algebro-geometric solution
to the problem of segmenting an unknown number of subspaces
of unknown and varying dimensions from sample data points. &
represent the subspaces with a set of homogeneous polynoisia
whose degree is the number of subspaces and whose derivasiva
a data point give normal vectors to the subspace passing thogh
the point. When the number of subspaces is known, we show that
these polynomials can be estimated linearly from data, hemc
subspace segmentation is reduced to classifying one poinemp
subspace. We select these points optimally from the data sby
minimizing certain distance function, thus dealing automaically
with moderate noise in the data. A basis for the complement
of each subspace is then recovered by applying standard PCA
to the collection of derivatives (normal vectors). Extengins of
GPCA that deal with data in a high-dimensional space and
with an unknown number of subspaces are also presented.
Our experiments on low-dimensional data show that GPCA
out-performs existing algebraic algorithms based on polyomial
factorization and provides a good initialization to iterative tech-
niques such as K-subspace and Expectation Maximization. We
also present applications of GPCA to computer vision problems
such as face clustering, temporal video segmentation, and- 3
D motion segmentation from point correspondences in multife
af ne views.

Index Terms— Principal component analysis (PCA), subspace
segmentation, Veronese map, dimensionality reduction, teporal
video segmentation, dynamic scenes and motion segmentatio

I. INTRODUCTION

RINCIPAL Component Analysis (PCA) [12] refers to the

problem of tting a linear subspace RP of unknown
dimensiond < D to N sample pointd x; ngzl in S. This

problem shows up in a variety of applications in many elds;

e.g., pattern recognition, data compression, regressitage
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Fig. 1. Data points drawn from the union of one plane and are (ihrough
the origino) in R3. The objective of subspace segmentation is to identify the
normal vectordi1, b1z andby to each one of the subspaces from the data.

In addition to these algebraic and geometric interpreatatio
PCA can also be understood in a probabilistic manner. In
Probabilistic PCA [20] (PPCA), the noise is assumed to
be drawn from an unknown distribution, and the problem
becomes one of identifying the subspace and distribution
parameters in a maximum likelihood sense. When the noise
distribution is Gaussian, the algebro-geometric and proba
bilistic interpretations coincide [2]. However, when theise
distribution is non-Gaussian the solution to PPCA is no &ng
linear, as shown in [2], where PCA is generalized to arbjtrar
distributions in the exponential family.

Another extension of PCA is nonlinear principal com-

processing, etc., and can be soIved.i_naremarkablysimme Wbnents (NLPCA) or Kernel PCA (KPCA), which is the
from the singular value decomposition (SVD) of the (meatproblem of identifying anonlinear manifold from sample

subtracted) data matrifx1;x2;::5;xn] 2 RP M2 With  points. The standard solution to NLPCA [16] is based on
noisy data, this linear algebraic solution has the geometrist embedding the data into a higher-dimensiorieature
interpretation of minimizing the sum of the squared disencspaceF and then applying standard PCA to the embedded

from the (noisy) data pointg; to their projections¢! in S.
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1In the context of stochastic signal processing, PCA is alsmnk as the
Karhunen-Loeve transform [18]; in the applied statistiterature, SVD is
also known as the Eckart and Young decomposition [4].

data. Since the dimension Bf can be large, a more practical
solution is obtained from the eigenvalue decompositiorhef t
so-calledkernel matrix, hence the name KPCA. One of the
disadvantages of KPCA is that in practice, it is dif cult to
determine which kernel function to use, because the choice
of the kernel naturally depends on the nonlinear structdire o
the manifold to be identi ed. In fact, learning kernels is an
active topic of research in machine learning. To the best of
our knowledge, our work is the rst one to prove analytically
that the Veronese map (a polynomial embedding) is the natura
embedding for data lying in a union of multiple subspaces.

In this paper, we consider the following alternative exiens
of PCA to the case of data lying in a union of subspaces, as
illustrated in Figure 1 for two subspaces R¥f.
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Problem 1 (Subspace Segmentation) B. Paper organization and contributions
Given a set of pointX = fx; 2 RPg\, drawn from
n 1 different linear subspacdss; RP gL, of dimension

In this paper, we propose an algebro-geometric approach to
. ) : ) . subspace segmentation call&e&neralized Principal Compo-
d = dim(S;), 0 < di <D, without knowing which points o AnalysigGPCA), which is based on tting, differentiat-
belong to which subspace: ing and dividing polynomials. Unlike prior work, we do not
1) Find the number of subspacesand their dimensions restrict the subspaces to be orthogonal, trivially intetisg,

f(_ji Ok s ) ) or with known and equal dimensions. Instead, we address the
2) Find a basis for each subspage(or for S ); most general case of aarbitrary number of subspacesf
3) Group theN sample points into the subspaces. unknownand possiblydifferent dimensions (e.g., Figure 1)

and witharbitrary intersectionsamong the subspaces.
In Section 1l we motivate and highlight the key ideas of our
approach by solving the simple example shown in Figure 1.
In Section 1ll we generalize this example to the case of

Subspace segmentation is a fundamental problem in mé}@;a lying in a known number of subspaces with unknown and
applications in computer vision (e.g., image/motion/vigeg- possibly different dimensions. We show that one can reptese
mentation), image processing (e.g., image representation the union of all subspaces as the zero set of a collection
compression), and systems theory (e.g., hybrid system id&h homogeneous polynomials whose degree is the number
ti cation), which is usually regarded as “chicken-and-€gf of subspaces and whose factors encode normal vectors to
the segmentation of the data was known, one could eas‘i'i&ff subspaces. The coef cients of these polynomials can be
t a single subspace to each group of points using standdf@early estimated from sample data points on the subspaces
PCA. Conversely, if the subspace bases were known, one codngl the set of normal vectors to each subspace can be obtained
easily nd the data points that best t each subspace. Sin&¥ evaluating the derivatives of these polynomials at angtpo
in practice neither the subspace bases nor the segmentétiolying on the subspace. Therefore, subspace segmentation is
the data are known, most existing methods randomly chod§&luced to the problem of classifying one point per subspace
a basis for each subspace, and then iterate between d¥fen those points are given (e.g., in semi-supervised dearn
segmentation and subspace estimation. This can be dorg udf). this means that in order to learn the mixture of subepac
e.g., K-subspace [10], an extension of K-means to the cdkis suf cientto haveone positive example per clas/hen all
of subspaces, subspace growing and subspace selectign %] data points are unlabeled (e.qg., in unsupervised kegini
or Expectation Maximization (EM) for mixtures of PCAsWe use polynomial division to recursively select points in
[19]. Unfortunately, most iterative methods are in geneeay the data set that minimize their distance to the algebraic

global optimum [21]. data. A basis for the complement of each subspace is then

The need for initialization methods has motivated the reCerr?covered by applying standard PCA to the derivatives of the

development of algebro-geometric approaches to Subspgggl/ng)nluals (”_0”“"?" vectgrs) atthose pomts_. Thel na_lt;es?b
segmentation that doot require initialization. In [13] (see a global, non-iterative subspace segmentation algoritase

also [3]) it is shown that when the subspaces are orthogon%{PI S|mplg linear and.polynom|al algebra:
of equal dimensiord, and intersect only at the origin, which " Section IV we discuss some extensions of our approach.
implies thatD nd. one can use the SVD of the data tdV¢ Show how to deal with low-dimensional subspaces of a

de ne a similarity matrix from which the segmentation of!igh-dimensional space via a linear projection onto a low-
the data can be obtained using spectral clustering tecksigfiimensional subspace that preserves the number and dimen-
Unfortunately, this method is sensitive to noise in the data SIONS Of the subspaces. We also show how to generalize the
shown in [13], [26] where various improvements are proppsedfSic GPCA algorithm to the case in which the number of
and fails when the subspaces intersect arbitrarily [142),[2 SUPSPaces is unknown via a recursive partitioning algarith
[27]. The latter case has been addressed iadthocfashion [N Section V, we present experiments on low-dimensional
by using clustering algorithms such as K-means, spectﬁﬂta shpwmg that GPCA gives about half the error of_eX|st|ng
clustering or EM [14], [27] to segment the data and PCA telgebralc algorithms based on .polyr.lomlal faqtonzatmd a
obtain a basis for each group. The only algebraic approactf@®roves the performance of iterative t(_echnlques, such as
that deal with arbitrary intersections are [17], which stscthe K-Subspace and EM, by about 50% with respect to ran-
case of two planes iR3, and [24] which studies the case ofdom |n|t|aI|z_a_t|on. We also present applications _of GPCA to
subspaces of co-dimension one, typerplanesand shows cpmputer vision _problems such as face cluste_rlng, tempo_ral
that hyperplane segmentation is equivalent to homogenedifi€0 segmentation, and 3-D motion segmentation from point
polynomial factorization. Our previous work [23] extendbig  correspondences in multiple views.

framework to subspaces of unknown and possibly different
dimensions under the additional assumption that the number
of subspaces is known. This paper uni es the results of [24]
and [23] and extends to the case in which both the numbermagine that we are given data R® drawn from a line
and dimensions of the subspaces are unknown. Si1=fx : Xy = x2=0gand a planes; = fx : x3 =0g, as

A. Previous work on subspace segmentation

II. AN INTRODUCTORY EXAMPLE
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shown in Figure 1. We can describe the two subspaces as [ll. GENERALIZED PRINCIPAL COMPONENTANALYSIS

In this section, we derive a constructive algebro-geometri
K solution to the subspace segmentation problem when the
fx 1 (xax3 = 0) * (x2x3 = 0) g number of subspaces is known The case in which the

L ; .number of subspaces is unknown will be discussed in Section
Therefore, even though each individual subspace is dmbrll?v_B_ our aIgebF;o-geometric solution is summarized in the

with polynomials of degree one (linear equations), the orixt .
: . ; . following theorem.
of two subspaces is described with two polynomials of degree . o .
_ It Theorem 1 (Generalized Principal Component Analysis):
two, namelypo1(x) = Xixz and p2(X) = X2x3. More - D :
. A union of n subspaces oR" can be represented with a
generally, any two linear subspacesRA can be represented

. o . set of homogeneous polynomials of degreen D variables.
as the set of points satisfying some polynomials of the forlTf‘hese polynomials can be estimated linearly given enough

CiX2 + CoX1Xz + CaX1X3 + C4X5 + CsXaX3 + Cex3 = 0: sample points in general position in the subspaces.. A basis
for the complement of each subspace can be obtained from

Although these polynomials are nonlinear in each data potie derivatives of these polynomials at a point in each of
[x1;x2;x3]", they are actually linear in the vector of coef -the subspaces. Such points can be recursively selected via

Si[ S fx:(x1=x2=0) _(x3=0)g

one can linearlyt thesepolynomialsto the data problem is mathematically equivalent to tting, differdating
Given the collection of polynomials that vanish on the datand dividing a set of homogeneous polynomials.

points, we would like to compute a basis for each subspace.

In our example, leP,(x) = [p21(X); p22(x)] and consider A. Notation

the derivatives oP,(x) at two points in each of the subspaces |et x be a vector inRP. A homogeneous polynomial of

y;=[0;0;1]"2S; andy, = [1;1;0]' 2 Sy: degreen in x is a polynomialp,(x) such thatp,( x) =
2x3 03 2103 2003 "pn(x) for all in R. The space of all homogeneous
_4 5 _ 4015 _ 4 . polynomials of degreen in D variables is a vector space
DP3(x)=40 x3°) DP3(y;) = 40 15;DPy(y,) = 40 0°: of dimensionM,(D) = "tP .1 . A particular basis for
X1 X2 00 11 . . . D 1 i .
this space is given by all the monomials of degreén D
Note that the columns dDP,(y,) spanS? and the columns Variables, that is<! = x7:x3*  xg° with 0 nj n
of DP,(y,) spanS (see Figure 1). Also, the dimension of0r j = 1;:::;D, andny + nz +  + np = n. Thus,

the line isd; =3 rankKDPa(y,)) = 1 and the dimension €&ch homogeneous polynomial can be written as a linear
of the plane isd, = 3 ranKDPy(y,)) = 2. Thus, if Combination ofavecto)r(of coef cients, 2 RM~(P) as
we are given one point in each subspace, we can obtain thep (x) = ¢! ,(x) =

o niyna2 Np . 1
- . S Cniingimn p X717 X3 Xp” 5 (1)
subspace baseasnd theirdimensionsrom the derivatives of

the polynomialsat these points. where ,:RP I RMn(P) js theVeronese mapf degreen [7],
The nal question is to nd one point per subspace, so thaso known as thpolynomifll embeddlin'gp n;achine learning,
we can obtain the normal vectors from the derivativeBpit dened as n:[xy;::i;xp]" 7! [1rrx' ;] with | chosen

those points. With perfect data, we may choose a rst point #% the degree-lexicographic order.

any of the points in the data set. With noisy data, we may rst Example 1 (The Veronese map of degree 2 in 3 variables):
de ne a distance from any point iR® to one of the subspaces,f X = [X1;X2;xs]" 2 R®, the Veronese map of degréeis
e.g., the algebraic distana@(x)2 = po1(X)2 + poa(x)2 =  9given by:

(x + x3)x3, and then choose a point in the data set that 2(x) = [ X2 xX2; X1xa; X2 xoxa; X2T 2 RS (2)
minimizes this distance. Say we pigk 2 S, as such point.

We can then compute the normal vectpr=[0;0;1]" t0'S; B, Representing a union of subspaces with a set of homo-
from DP (y,). As it turns out, we can pick a second point igeneous polynomials of degree

S but not inS; by polynomial division We cTan just divide represent a subspaSe RP of dimensiond;, where
the 0r|g|r_1al polynomials of degree= 2 by (b, x) to obtain 0<d; <D, by choosing a basis
polynomials of degreea 1 =1: .
Bi =[bis;::ibip gyl 2 R% (N 3)

X2: for its orthogonal complemers? . One could also choose

a basis forS; directly, especially ifd; D. Section IV-
Since these new polynomials vanish $n but not onS;, we A will show that the problem can be reduced to the case
can nd a pointy, in S; but not inS;, as a point in the dataD = maxfdig+ 1, hence the orthogonal representation is
set that minimizesl; (x)? = p11(x)? + p12(x)? = X2+ x3.  more convenient imaxf d; g is small. With this representation,

As we will show in the next section, one can also solve theach subspace can be expressed as the set of points sgtisfyin

more general problem of segmenting a uniomo$ubspaces D  d; linear equations (polynomials of degreré), that is
fSi  RPghL, of unknownand possiblydifferentdimensions n DA d; o
fdigl; by polynomial tting (Section IlI-C), differentiation g, =fx 2 RP : BiTx =0g= x 2 RP: (be =0) : (4)
(Section I1I-D) anddivision (Section IlI-E). j=1

P21(X) —
bJ x

P22(X) -

X1 and X)= —=
1 p12(x) ng

pu(X) =
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For af ne subspaces (which do not necessarily pass through, (D) 2 RM~(P) N js called theembedded data mattix
the origin), we use homogeneous coordinates so that thelviously we have the relationship
become linear subspaces.

We now demonstrate that one can represent the union of In null(vn (D)):
n subspace$S; R°glL, with a set of polynomials whose  Ajthough we know that the coef cient vectors, of van-
degree isn rather than one. To see this, notice tha2 R®  ishing polynomials must lie in the left null space ‘6, (D),

belongs to[ L, S if and only if it satises(x 2 S1) _ _ we do not know if every vector in the null space corresponds
(X 2 Sp). This is equivalent to to a polynomial that vanishes on the subspaces. Therefere, w
n n DA d A n would like to study under what conditions on the data points,
T x2S), (b}x =0), (b X =0);(5) we can solve for the uniquen, = dim(I,) independent
i=1 i=1 j=1 i=1 polynomials that vanish on the subspaces from the null space
where the right hand side is obtained by exchanging ands &#fd” n. Clearly, a necessary condition is to have [, dj

ors using De Morgan's laws, and is a particular choice of points in[{.; S, with at leastd; points in general position
one negmal vectob; () from each basi®; . Since each one within each subspacé;, i.e. thed; points must spars;.

of the i“:l (D di) equations in (5) is of the form However, because we are representing each polyngmial)
n ¥ linearly via the vector of coef ciente, we need a number
- (biT 1yX=0), (biT HX)=0 . (pn (x)=0); (6) of samples such that a basis 1er can be uniquely recovered
i=1 i=1 from null(V (D)). That is, the number of sampléé must
i.e. a homogeneous polynomial of degrein D variables, we P€ such that
can write each polynomial as a superposition of monomials . qkv (D))= M~(D) m M~ (D) 1: 10
with the coef cient vectorc, 2 RMn(P) "as in (1). Therefore, V(D) n(®) " n(B) (10)
we have the following result. Therefore, if the number of subspacesis known, we can

Theorem 2 (Representing Subspaces with Polynomidls): recoverl, from null(V (D)) givenN  M,(D) 1 points
union of n subspaces can be represented as the set of pointgeneral position. A basis df, can be computedinearly
satisfying a set of homogeneous polynomials of the form as the set ofm, left singular vectors ol ,(D) associated

with its m, zero singular values. Thus, we obtain a basis of

A
p(x)=  (b'x)= ¢! .(x)=0; (7) polynomials of degre@, sayf pn, g'1; , that vanish on the
i=1 subspaces. Notice that the polynomipls do not necessarily
whereb; 2 RP is a normal vector to théth subspace. factor as a product of linear forms. For exampté,+ X1X»

The importance of Theorem 2 is that it allows us to solve tH&1dX3 XX, are factorizable but their suxg + x3 is not.
“chicken-and-egg” problem algebraically, because thgpmi AS we will see shortly, this will not be a problem for us to
mials in (7) are satis ed byll data points, regardless of whichuse them to extract the subspaces.
point belongs to which subspace. We can then use all the datieémark 1 (GPCA and Kernel PCAKernel PCA identi-
to estimate all the subspaces, without prior segmentagiod, €S @ manifold from sample data by embedding the data into
without having to iterate between data segmentation anceino@ higher-dimensional feature spa€esuch that the embedded
estimation, as we will show in Sections I1I-C, 1lI-D and B- data points lie in a linear subspacefof Unfortunately, there is

no general methodology for nding the appropriate embeddin
C. Fitting polynomials to data lying in multiple subspaces for a particular problem, because the embedding naturally

Thanks to Theorem 2, the problem of identifying a union diepends on the geometry of the manifold. The above derivatio
n subspace$Sigl, from a set of data point = fx; ng=1 shows that _the common_ly usepblynomal embedding, is
lying in the subspaces is equivalent to solving for the ndrmH!€ appropriate embedding to use in KPCA when the original
basesfB;gj, from the set ofnonlinear equations in (6). data lie in a union of subspaces, because H‘e Dembedded
Although these polynomial equations are nonlinear in ea@ita POINtst 1 (x;)g'L; lie in an subspace oR""(®) of
data pointx, they are actuallyinear in the vector of coef- Mn(D) ~mn dimension, wheren, . dlm(wlln)b N?At'ceD also
cientscy. Indeed, since each polynomigh(x) = cf n(x) that the matrixC = V;(D)V (D)7 2 RMn(P) Mn(®) s

must be satis ed by every data point, we hase ,(x;) = 0 exactly thecovariance matrixin the feature space arid =
for all j = 1;:::;N. We usel, to denote the space of Vn(D)TV (D) 2 RN N is thekernel matrixassociated with

coef cient vectorsc, of all homogeneous polynomials thatth®N embedded samples.

vanish on then subspaces. Obviously, the coef cient vectors Rémark 2 (Estimation from Noisy Datajn the presence
of the factorizable polynomials de ned in (6) span a (poksib of moderate noise, we can still estimate the coef cientsaafre

proper) subspace if: polynomial in.a Ieast_—sq.uares sense as the singular veators
V (D) associated with its smallest singular values. However,
spanfpy g In: (8) we cannot directly estimate the number of polynomials from

As every vectoc, in |, represents a polynomial that vanishefe rank ofV (D), because/ (D) may be of full rank. We
on all the data points (on the subspaces), the vector mi§€ model selection to determing, as

satisfy the system of linear equations 2 . (Va(D))
T o T m, = argmin P m;
chVa(D)=c, n(x1) ::i a(xn) =00 (9) m j=1 j(Vn(D))

(11)
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with j(V n(D)) thejth singular vector oV n(D) and a gs b1 = Dpai(y;) L]
parameter. An alternative way of selecting the correctaine p Y1 B _
model (in feature space) for noisy data can be found in [11]. biz = Dp2a(y,) | bz = Dp21(y,) = Dp22(y2)

Remark 3 (Sub-Optimality in the Stochastic Case): °
Notice that in the case of hyperplanes, the least-squares ° o ° ° I
solution for ¢, is obtained by minimizingkc™V ,(D)k? « ° 3 o . ey,
subject tokc,k = 1. However, whenn > 1 the so-found *°®, e o 0 X .' .

does not minimize the sum of least-square errors S2 o o © o °

i MiNj=1 ::n (biij)z. Instead, it minimizes a “weighted
version” of the least-square errors S,

X ; T, \2 = X ¥ T, )2 T 2

i, min (b x;)” = (b xj)* = ke' Vn(D)K%;
i j =1
(12) - .

h the weiaht : is conveniently chosen so as to eliminat Fig. 2 The denve_mves of_ the two polynomiatg x» andx1‘X3 evgalu_ated at
W ere_ = _g J - Yy ) Q pointy ; on the lineS; give two normal vectors to the line. Similarly, the
the minimization overi = 1;:::;n. Such a “softening” of derivatives at a poiny, on the planeS, give the normal vector to the plane.

the objective function permits a global algebraic solution

because the softened error does not depend on the membership

of one point to one of the hyperplanes. This least-squaressubspaces is locally at, i.e. in a neighborhoodyqf the

solution for ¢, offers a sub-optimal approximation for thesurface is merely the subspa€g, then the derivative ay;

original stochastic objective when the variance of the @oi$ies in the orthogonal compleme&’ of S;. By evaluating

is small. This solution can be used to initialize other e the derivatives ofll the polynomials inl, at the same point

optimization schemes (such as EM) to further minimize thg, we obtain a set of normal vectors that span the orthogonal

original stochastic objective. complement of5, as stated in Theorem 3. Figure 2 illustrates
the theorem for the case of a plane and a line described in

D. Obtaining a basis and the dimension of each subspace B§ction Il- . o o

polynomial differentiation Theorem 3 (Obtaining Subspace by Polynomial Differertigti

Let I, be (the space of coefcient vectors of) the set of

: . : -
; Inﬂgms sectllon, Wet Sr}OW thr?t Orl])e can obtac;nti th(;@' =1 .(Polynomials of degrea that vanish on tha subspaces. If the
or the complement of each subspace an eir dimensidlls” <o is such thatim(nuli(V » (DY) = dim( 1,) = my

fdgl, by differentiating all the polynomials obtained from -y _ _ _ S
the left null space of the embedded data matfix(D). and one poiny; 2 S; buty; Z; forj 6 i is given for each
AR . ubspaces;, then we have
For the sake of simplicity, let us rst consider the case 0?

hyperplanes, i.e. subspaces of equal dimendios D 1, 2 _ "@ T ) o.

for i = 1;::::n. In this case, there is only one vector S = span @ n(x) x=y,’ 8cn 2 nuliVn (D))

bi 2 R® normal to subspacs;. Therefore, there is only one ) ) _ (15)
polynomial representing the hyperplanes, namelg, (x) = Therefore, the dimensions of the subspaces are given by
(bix) (blx)= ¢! .(x), and its vector of coef cients, d =D rankDPa(y;) for i=1::::: n: (16)
can be computed as the unique vector in the left null space of n o

V 1 (D). Consider now the derivative qf, (x) with Pp (X)=[pn1(X); 25 Pam, (X)]2RY ™0 andDP,(x)=

Dpn(X)= %: _@Y“ (biTx)= X (bi)Y (6" x); (13) As a consequence of Theorem 3, we already have the
@& @& i=1 i=1 6i sketch of an algorithm for segmenting subspaces of arhitrar
dimensions in a semi-supervised learning scenario in which
we are giverone positive example per clabg; 2 Sigl, :
1) Compute a basis for the left null space\of (D) using,
for example, SVD.
Dpn(y;) . Zqeee o (14) 2) Evaluate the qlerivatives_of the polynomd] n(x)_ at
T dh y; for eachc, in the basis of nu{V (D)) to obtain a
set of normal vectors i1/ .
3) Compute a basi8; for S7 by applying PCA to the
normal vectors obtained in step 2. PCA automatically

ata pointy; 2 S;, i.e.y; is such thabiTy = 0. Then all terms
in (13), except thath, vanish, because ‘gi(b‘Tyj) =0 for

j 6 i, so that we can immediately obtain the normal vectors
as

b = ————;
' kDpa(yik
Therefore, in &emi-supervised learning scenaifowhich we

are given onlyone positive example per claghe hyperplane

segmentation problem can be sohathlyticallyby evaluating gives the dimension of each subspage dim( S)
) -

the de_r|vat|vesof Pn (x) at the PO”.“S with Ifnown labels. 4) Cluster the data by assigning point to subspace if
As it turns out, the same principle applies to subspaces of

arbitrary dimensions. This fact should come at no surprise. i = arg min kBTx;k: (17)
The zero set of each vanishing polynonpal is just a surface =L in
in RP, therefore the derivative of, at a pointy; 2 S, Remark 4 (Estimating the Bases from Noisy Data Points):

Dpn (Y;), gives a vector normal to the surface. Since a unidfvith a moderate level of noise in the data, we can still obain
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basis for each subspace and cluster the data as above, decByaising Lagrange multipliers 2 R™», we can convert this
we are applying PCA to derivatives of the polynomials angroblem into the unconstrained optimization problem

both the coef cients of the polynomials and their derivagv : 2 ]

depend continuously on the data. Notice also that we can r)rg;m ke XK=+ Pn(x) (19)

obtain the dimension of each subspace by looking at tP—‘?om the rst order conditions with respect te we have

singular values of the matrix of derivatives, similarly tbl]. + - 0 P
Remark 5 (Computing Derivatives of Homogeneous Polyﬁggnigf)? an?jl:(}?)l(:)(x)) TO.r,:;tF()a é c?y;ﬁ;?laggog?ait: e left by
n 1 i

Notice that givenc, the computation of the derivatives of

Pn(x) = ¢! n(x) doesnot involve taking derivatives of the ke xk2 = }XT DP, (%) : and (20)
(possibly noisy) data. For instance, one may compute the
derivatives as@gka) =c} "@(;‘) = CJEnk n 1(X), where = 2 DP,(x)"DP,(x) YDP, (%) x; (21)

En 2 RMn(D) Ma 1(D) is a constant matrix that depends,, .. e have used the fact P, ()% = P () =
on the exponents of the different monomials in the Veronease becauseD ,(¥)Tx = n (x). After replacing (21) on
map o (20), the squared distance fromto its closest subspace is
E. Choosing one point per subspace by polynomial divisiogiven by

Theorem 3 demonstrates that one can obtain a basisker xk?=x"DP,(x) DP,(x)"DP,(x) *DP, (%) x: (22)

P o X
each S _d|rectly fro_m the derivatives of the polynomlalsAf,[er expanding in Taylor series abowt= x, and noticing
representing the union of subspaces. However, in order

Q Ty = T i
proceed we need to have one point per subspace, i.e. we ntégéDPn(x) X=nPq (x)" we obtain

to know the vectorsy; g, . ke xk? n2Pn(x) DPn(x)TDPs(x) 'Pa(x)T; (23)
In this section, we show how to select thesgoints in the )

unsupervised learning scenario which we do not know the Which completes the proof. _ _ "
label for any of the data points. To this end, notice that we ca '"anks to Lemma 1, we can immediately choose a point
always choose a poiyt, lying on one of the subspaces, sayn lying in (close to) one of the subspaces and not in (far
S, by checking thaPy (y,,) = 0T . Since we are given a set of T0M) the other subspaces as
data pointsX = fx;g'.; lying on the subspacgs, in principle y,= argmin__ Pn(x) DPn(x)TDPp(x) ypn(X)T; (24)
we could choose/, to be any of the data points. However, x2X :DPq (x)60
in the presence of noise and outliers, a randqm choicg, of and then compute the basg, 2 RP (® ) for Sr’i) by
may be far from the true subspaces. In Section Il we Choﬁﬁplying PCA toDP; (y )

. . . . . n n/-
a point in the data seX that minimizeskP, (x)k. However, In order to nd a pointy,, ; lying in (close to) one of the

such a choice has the following problems: remaining(n 1) subspaces but not in (far frorg),, we nd

1) The valuekP, (x)k is merely apalgebraic error, i.e. 4 new set of polynomialsp, 1)-(x)g de ning the algebraic
it does not represent thgeometricdistance fromx to o n 'Si. In the case of hyperplanes, there is only one such
its closest subspace. In principle, nding the geometrlﬁdy

. i . ) nomial, namely
distance fronx to its closest subspace is a dif cult prob- )
n : X
Iem, becaqse we do not knqwthe nqrmal bdseg, . Pn 1(X) = (bix)  (bF ;x)= pnT =c' |0 1(x):
2) Pointsx lying close to the intersection of two or more b, x
subspaces could be chosen. However, at a pointthe  therefore, we can obtaip, 1(x) by polynomial division
intersection of two or more subspaces, we often NaYgytice that dividingpy (x) by b x is alinear problemof the
Dpn(x) = 0. Thus, one should avoid choosing S“CIﬁorm CI Rn(bn) = CI whereR, (by) 2 RMn (D) Ma(D)

points, as they give very noisy estimates of the normg}is is because solving for the coefcients @f 1(x) is

vectors. _ equivalent to solving the equatior®! x)(cT ; n(x)) =
As it turns out, one can avoid both of these problems thangns n(x), whereb, andc, are already known.

to the following lemma. o . Example 2:1f n =2 andb, = [by; by; bs]", then the matrix
Lemma 1:Let x be the projection ok 2 RP onto its Ra(by) is given by

closest subspace. The Euclidean distance froto x is 2 3
q bh b b 0 0 O
kx xk=n Pp(X) DPh(X)TDPh(X) "Pn(X)T+O kx xk? ;  Ra(b)=4 0 by 0 b by 0952R® &
0O O 0
where Pn(x) = [pna(X)iiiipm, (x)] 2 RY M, In the case of subspaceks)lofvary%g (El)ismensions, in principle
DPn(x) = [Dpn1(x);:::;Dpam, (X)] 2 RP M andAY e cannot simply divide the entries of the polynomial vector
is the Moore-Penrose inverse Af Pn(x) by bl x for any columnb, of B,, because the

Proof: The projectir;)nx of & pointx onto the zero set 4 ynomialsf py (x)g may not be factorizable. Furthermore,
of the polynomialsf py g1 can be obtained as the solutiopey do not necessarily have the common fadipx. The
of the following constrained optimization problem following theorem resolves this dif culty by showing how
min ke xk? to compute the polynomials associated with the remaining

subjectto py (¥)=0 "~ =1;:::;mp: (18) subspaceg ., 'S;.
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Theorem 4 (Obtaining Points by Polynomial Division): ~ Algorithm 1 (GPCA: Generalized Principal Component
Let I, be (the space of coefcient vectors of) the set ofinalysis)

polynomials vanishing om subspaces. If the data sit setVi,=[ n(Xx1);:::; n(Xn)] 2 RMa(P) N
is such thatdim(null(V ,(D))) = dim( I,), then the set of fori=n:1do
homogeneous polynomials of degr¢e 1) that vanish solvec™ V; =0 to obtain a basi$c; g™, of null(V ),
on the algebraic set!_,*S; is spanned byfc! | n 1(x)g where the number of polynomials; is obtained as
where the vectors of coefcients, ; 2 RM» 1(P) must in (11);
satisfy set Pi(x) = [pin(X);::5pm, (X)] 2 RY M, where
T pr(x) = ¢l i(x) for > =1;:::,m;;
¢! JRn(bn)Va(D)=0"; foral b,2S?: (25) do
Proof: We rst show the necessity. That is, any poly- B ) T y T
nomial of degreen 1, ¢} ; » 1(x), that vanishes on Yi= L 3min e Pi(x) DPi(x) DPi(x) "Pi(x)";

[,'S satises the above equation. Since a pointin

the original algebraic set.; S; belongs to eithef ;'S Bi= PCA DPi(y;)

or Sy, we havec! ; n 1(x) = 0 or bfx = 0 for all Vi 1=[Ri(bi)Vi;::Ri(bio a)Vils
by 2 S?. Hencepn(x) = (¢f ; n 1(x))(bix) = 0. wherebj are columns oB;;
If we denotep,(x) as c! ,(x), then the vector of co-
. . T _ end do
efcients ¢, must be in nufV,(D)). Fromc, n(X) = end for

(ch 1 n 1(x))(blx), the relationship betweery, andc, ;
can be written ag] ;Rn(bn) = ¢!. Sincec! V(D)= 0T,
Cn 1 heeds to satisfy the following linear system of equations
¢! JRn(bn)V (D)= 0T.

We now show the suf ciency. That is, i, 1 is a solution
to (25), then for allb, 2 S?, ¢l = ¢! ;Ra(by) is in
null(V ,(D)). From the construction oRp(b,), we have
¢l n(x) = (¢ 1 n 1(X))(bix). Then for everyx 2
[ i”:llsi but not inS,, we havecl 1 n 1(x) = 0, because
there is ab, such thalblx 60. Therefore,cﬁ 1 n 1(X)is
a holmogeneous polynomial of degige 1) that vanishes on
[iLSi.

Thanks to Theorem 4, we can obtain a collection
polynomialsf p;, 1y (x)g'L; * representing -, *S; from the
intersection of the left null spaces d®,(b,)V (D) 2
RMn () N for all b, 2 S7. We can then repeat the sam
procedure to nd a basis for the remaining subspaces.
thus obtain the followingGeneralized Principal Component
Analysis(GPCA) algorithm (Algorithm 1) for segmenting
subspaces of unknown and possibly different dimensions.

Remark 6 (Avoiding Polynomial DivisionNotice that one
may avoid computing?; for i < n by using a heuristic
distance function to choose the poiffits, g, . Since a point
in[ ;S must satisfkB;" xk kB[ xk =0, we can choose
a pointy; , on[!_!'S as:

forj =1: N do
assign poinix; to subspac&; if i = argmin- kBT x| k;
end for

approximates the squared distance of a painto the sub-
spaces. From thd?-histogram of the sample s&t, we may
exclude fromX all points that have unusually larg8 values
and use only the remaining sample points to re-estimate the
polynomials before computing the normals. For instance, if
we assume that the sample points are drawn around each
subspace from independent Gaussian distributions withadl sm

riance 2, then & is approximately a 2-distribution with

(D di) degrees of freedom. We can apply standafe
test to reject samples which deviate signi cantly from this

istribution. Alternatively, one can detect and rejectlietd
uging Random Sample Consensus (RANSAC) [5]. One can
chooseM (D) data points at random, estimate a collection
of polynomials passing through those points, determiné the
degree of support among the other points, and then choose
the set of polynomials giving a large degree of support. This
method is expected to be effective whighy (D) is small. An
open problem is how to combine GPCA with methods from
robust statistics in order to improve the robustness of GPCA
to outliers.

p
_ . Pn (X)(DP (X)TDP (X))YPr(x)T +
Yi1= S8 eo kBT xk kBTxk+ '

IV. FURTHERANALYSIS OF THEGPCA ALGORITHM

_ ) _ _ In this section, we discuss some extensions of GPCA
where a small number> 0is chosen to avoid cases in whichihat deal with practical situations such as low-dimensgiona

both the numerator and the denominator are zero (e.g., Wiflospaces of a high-dimensional space and unknown number

perfect data). of subspaces.
Remark 7 (Robustness and Outlier Rejectiolm):practice,

there could be points iX that are far away from any of the
subspaces, i.e. outliers. By detecting and rejecting ersthive
can typically ensure a much better estimate of the subspacesVhen the dimension of the ambient spdgeis large, the
Many methods from robust statistics can be deployed to teteomplexity of GPCA becomes prohibitive, becaude (D)
and reject the outliers [5], [11]. For instance, the functio  is of the ordem® . However, in most practical situations we
are interested in modeling the data as a union of subspaces
d(x) = Pn(x) DP,(X)TDP,(x) YPn(x)" of relatively small dimensiong d; Dg. In such cases,

A. Projection and minimum representation



8 IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLGENCE, VOL. 27, NO. 12, PAGE 1945-1959, DECEMBER 2005

it seems rather redundant to u®’ to represent such a Although we have shown that the set @fmax +1)-
low-dimensional linear structure. One way of reducing th@imensional subspaced3 RP that preserve the number
dimensionality is to linearly project the data onto a lowerand dimensions of the subspaces is an open and dense set,
dimensional (sub)space. An example is shown in Figure i8remains unclear what a “good” choice fér is, especially
where two lined_; andL, in R® are projected onto a plafe.  when there is noise in the data. In practice, one may simply
In this case, segmenting the two lines in the three-dimeasio select a few random projections and choose the one thatsesul
spaceR? is equivalent to segmenting the two projected lineim the smallest tting error. Another alternative is to appl

[; andl; in the planeP. classic PCA to project onto édmax +1) -dimensional af ne
subspace. The reader may refer to [1] for alternative ways of
choosing a projection.

B. ldentifying an unknown number of subspaces of unknown
dimensions

The solution to the subspace segmentation problem pro-
posed in Section Il assumes prior knowledge of the number
of subspacea. In practice, however, the number of subspaces
n may not be known beforehand, hence we cannot estimate

) ) o ) ) ) the polynomials representing the subspaces directly.
Fig. 3. A linear projection of twal-dimensional subspacds;;L > in R3

onto a2-dimensional plané preserves the membership of each sample and For the_s_ake of 5|mpI|C|ty, let us rst consider the p_rOblem
the dimension of the lines. of determining the number of subspaces from a generic datase

o ) ) . lying in a union of n different hyperplaness;, = fx
In general, we will distinguish between two different kindg t

. A _ ' x = 0g. From Section Ill, we know that in this case
of linear “projections.” The rst kind corresponds to thesea there is aunique polynomial of degreen that vanishes in
in which the span of all the subspaces is a proper subspace,of | n LS, namelypn(x) = (bIx) (b1 x) = ¢! n(x)

. . y D . 1= ’ n n 1
the ambient space, i.e. S@fL, Si)  R”. In this case, one onq that its coef cient vector, lives in the left null space

may simply apply the classic PCA algorithm to the origingls tha embedded data matri (D) de ned in (9), hence
data to eliminate the redundant dimensions. The second ki[r&qlﬂ(v n) = Ma(D) 1. Clearly, there cannot be a polynomial

corresponds to the case in which the largest dimension of ttli'ledegreei <n that vanishes ifZ . otherwise the data would
subspaces, denoted byax , is strictly less thaD 1. When i in 3 union ofi < n hyperplanes. This implies that (D)

dmax is known, one may choose @max + 1) -dimensional st he full rank for ali < n . In addition, notice that there is

subspacé such that, by projecting onto this subspace: 516 than one polynomial of degree n that vanishes o ,
p:x2RP 71 x%= p(x)2P; namely any multiple op,, hence rang/ (D)) <M (D) 1

if i > n. Therefore, the number of hyperplanes can be

determined as the minimum degree such that the embedded

data matrix drops rank, i.e.

the dimension of each original subspaSg is preserved,
and the number of subspaces is presefvad, stated in the
following theorem.
Theorem 5 (Segmentation-Preserving Projectiorifa set n=minfi:rankV (D)) <M (D)g: (26)
of vectorsfx;j g lie in n subspaces of dimensiofisigi.; in ) o
RP, and if p is a linear projection into a subspaée of _Cons_|der now the case of data lying in subspaces of equal
dimensionD?, then the points p(x;)g lie in n® n linear dimensiond; = d, = dy = d<D 1 For exampsle,
subspaces oP of dimensionsfd®  dig", . Furthermore, Consider a set of poinX = fxig lying in two lines inR",
if D> D 9> dpna, then there is an open and dense set &Y
projections that preserve the number and dimensions of th‘e)l = fx:x;=x3=0g and S, = fx :x1= xg=0g:
subspaces, i.e°= n andd’= d; fori =1;:::;n. 27)
Thanks to Theorem 5, if we are given a data %6t t e construct the matrix of embedded data poivits (D)
drawn from a union of low-dimensional subspaces of @. . - 1 \we obtain rankV 1(3)) = 2 < 3, because all the
high-dimensional space, we can cluster the data set by IShinis jie also in the planes = 0. Therefore, we cannot
projecting X onto a generic subspace of dimensidf = jatermine the number of subspaces as in (26), because we
dma_x +1 and th_en applying GPCA to the projected SUbSIOac%ould obtainn = 1, which is not correct. In order to determine
as illustrated with the following sequence of steps: the correct number of subspaces, recall from Section Va4 th
X1 P xO (fPCA n (S) ! [pl nog- a linear projection ontoageneﬂdfl) —dimensional subspace
i=1 P =1 P preserves the number and dimensions of the subspaces.
2This requires thaP be transversal to eac®’ , i.e. spafP ;S7 g= RP  Therefore, if we project the data onB, then the projected
for everyi = 1;:::;n. Si is ni i i iti iesi i + i
e casiy sats ed. Furihermore, the et of posiionsfohich vioate the 0212 i€ in a union off hyperplanes oR""* . By applying (26)
transversality condition is only a zero-measure closed%et to the projected data, we can obtain the number of subspaces
3This requires that all p (S;) be transversal to each otherfn which is from the embedded (projected) data mawix(d + 1) as

guaranteed if we requir to be transversal tsi? \ SJ-? fori;j =1;:;n. o
All P's which violate this condition form again only a zero-measset. n=minfi:rankVi(d+1) <M;(d+1)g: (28)
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Of course, in order to apply this projection we need to knoalgebraic seZ = [ {'; §; can be decomposed into irreducible
the common dimensiod of all the subspaces. Clearly, if wesubsetsS;'s — an irreducible algebraic set is also called
project onto a subspace of dimensior-1 < d + 1, then a variety, and that the decomposition & into fS;g.;
the number and dimension of the subspaces are no longeralways unique [8]. Therefore, as long as we are able
preserved. In fact, the projected data points lie in onesates to correctly determine from the given sample points the
of dimension™ + 1, andV (" +1) is of full rank for alli underlying algebraic seZ or the associated radical ideal
(as long asM;(D) < N ). Therefore, we can determine thd (Z),* in principle, the number of subspacesand their
dimension of the subspaces as the minimum intégeuch dimensionsfd, gi.; can always be uniquely determined in
that there is a degreefor which V(" + 1) drops rank, that a purely algebraic fashion. In Figure 4, for instance, th&t r
is interpretation (2 lines and 1 plane) would be the right one

s . N . and the second one (2 planes) would be incorrect, because the
d=minf 91 1suchrankV( +1)) <Mi( +1)g: (29) two lines, which span one of the planes, are not an irredeicibl
In summary, when the subspaces are of equal dimertsionalgebraic set.
both the number of subspacesind their common dimension Having established that the problem of subspace segmenta-
d can be retrieved from (28) and (29), and the subspaten is equivalent to decomposing the algebraic ideal assoc
segmentation problem can be subsequently solved by rsted with the subspaces, we are left with deriving a compaitab
projecting the data onto @ + 1) -dimensional subspace andscheme to achieve the goal of decomposing algebraic sets int
then applying GPCA (Algorithm 1) to the projected datgarieties. To this end, notice that the set of all homogeseou

points. polynomials that vanish iZ can be graded by degree as
Remark 8:In the presence of noise, one may not be able to
estimated andn from (29) and (28), respectively, because the 1(Z)=1Tm | mu I n ; (30)

matrix Vi +1) may be of full rank for all and™. Similarly ) ) o

to Remark 2, we use model selection techniques to determifgérem  n is the degree of the polynomial of minimum
the rank ofV ; (). However, in practice this requires to searcﬁegree that ts all thg da_ta points. For each .deg.reem, yve
for up to possiblyD 1) values ford anddN=(D 1)evalues ©@n evaluate the derivatives of the polynomials jirat points

for n. One may refer to [11] for a more detailed discussiolf Subspaces; and denote the collection of derivatives as

on selecting the best multiple-subspace model from noity,da ~ - . i .o, .

using model-selection criteria such as MML, MDL, AIC, and Dij = spal x2s fr T i 8F 21i0g J =1:2;:: '(n?a.l)

BIC. : ; ; .
Unfortunately, the situation is not so simple for subspacé)'sbwous'y’ we have the following relationship:

of different dimensions. For instance, imagine that in &ddi Dij Disj Sj? :

to the two linesS; and S, we are also given data points

on a planeS; = fx : x3 + X = 0g, so that the overall Therefore, for each degrée m, we may compute a union

con guration is similar to that shown in Figure 4. In this easof i subspaces;,

we have rank/ 1(3)) =3 8 3, rankV »(3)) =5 < 6, and C R R

rankV 3(3)) = 6 < 10. Therefore, if we try to determine the Zi=Di{1[ Dix[ [ Din Z (33)

number of subspaces as the degree of the embedding for whichh . -

the embedded data matrix drops rank we would obtain2, which contgu_ns the ongmgl SUbSp‘?‘C.eS' Therefore, we can

which is incorrect again. The reason for this is clear: we CEIHrthgr part|t.|onZi to obtain the original subspaces. More

t the data either with one polynomial of degree= 2, which speci cally, in order to segmenF an .unknowr? num_ber of

corresponds to the plar® and the plané® spanned by the subspaces of unknown and possibly different dimensions, we

two lines, or with four polynomials of degree = 3, which can rst search for the minimum degreeand dimension

; - ; such thatV ;(" +1) drops rank. In our example in Figure 4,
vanish precisely on the o line%, S, and the planes. we obtaini =2 and’ = 2. By applying GPCA to the data set

projected onto aif” + 1) -dimensional space, we will partition
the data intoi subspace<; which contain the originah
X subspaces. In our example, we partition the data into two
° \o// * o5 planesP andS;. Once thei subspaces have been estimated,

°* . ° ¢ we can re-apply the same process to each subspace. In our
[ ® . ®

gj separated into lower-dimensional subspaces.

We summarize the above derivation with the recursive

Fig. 4. A set of samples that can be interpreted as comingreitom two  GPCA algorithm (Algorithm 2).
lines and one plane or from two planes.

8 m: (32)

RS

. example, the planf will be separated into two lineS; and

b [ ]
S,, while the planeS; will remain unchanged. This recursive
S,

process stops when every subspace obtained can no longer be

T | he dif cul . . | v d . 4The ideal of an algebraic st is the set of all polynomials that vanish in
0 resolve the difculty in simultaneously etermlnlngz_ An ideal |l is called radical iff 21 wheneverf * 21 for some integer

the number and dimension of the subspaces, notice that she
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Algorithm 2 Recursive GPCA Algorithm the proposed GPCA algorithm offers an optimal solution to
n=1; each of these problems. In fact, one can easily obtain better
repeat . segmentation results by using algorithms/systems secial

build a data matrixV n(D) = [ n(X1);:::; n(Xn)] 2 designed for these tasks. We merely wish to point out that
RMn(P) N via the Veronese map, of degreen; GPCA provides an effective tool to automatically detect the
if rankV n (D)) <M (D) then multiple-subspace structure present in these data setsan-a
compute the basigc, g of the left null space of iterative fashion and that it provides a good initial estientr
Vn(D); . any iterative algorithm.
obtain polynomiald py (x) = ¢l 1 (x)g;
Y =;; A. Experiments on synthetic data
forj=1:ndo The experimental setup consists of choosig= 2;3;4
select a poink; from X nY (similar to Algorithm  collections of N = 200n points in randomly chosen planes
1); in R3. Zero-mean Gaussian noise with s.t.dfrom 0% to
obtain the subspacg’ spanned by the derivativesso, along the subspace normals is added to the sample points.
spariDpn (X;)g; We run 1000 trials for each noise level. For each trial the
nd the subset of pointX ; X that belong to the error between the true (unit) normal vectétsg, and their
subspaces; ; estimated B, g, is computed as the mean angle between the
Y Y[ Xy normal vectors:
Recursive-GPCAX j); (with S§; now as the ambi- X
ent space) error= — acos biT b, (degrees) (34)
end for L
N Nmax; Figure 5 (a) plots the mean error as a function of noise for
else n = 4. Similar results were obtained far= 2; 3, though with
n n+1; smaller errors. Notice that the estimates of GPCA with the
end if choice of =0:02 (see Remark 6) have an error that is only
until N Nmax - about 50% the error of the PFA. This is because GPCA deals

automatically with noisy data by choosing the poifiysgi,
in an optimal fashion. The choice of was not important

V. EXPERIMENTAL RESULTS AND APPLICATIONS IN (results were similar for 2 [0:001 0:1]). Notice also that

In this section, we evaluate the performance of GPCA
synthetically generated data by comparing and combining.
with the following approaches:

1)

2)

3)

COMPUTERVISION both the K-subspace and EM algorithms have a nonzero error
in the noiseless case, showing that they frequently coeverg
Hocal minimum when a single randomly chosen initializatio
id used. When initialized with GPCA, both the K-subspace
and EM algorithms reduce the error to approximately 35-50%
Polynomial Factorization Algorithm (PFA)this algo- with respect to random initialization. The best perforneis
rithm is only applicable to the case of hyperplanegchieved by using GPCA to initialize the K-subspace and EM
It computes the normal vectofdbigl, to then hy- aigorithms.

perplanes by factorizing the homogeneous polynomial Figure 5 (b) plots the estimation error of GPCA as a function
pn(x) = (b x)(bjx)  (byx) into a product of linear of the number of subspaces for different levels of noise.
factors. See [24] for further details. As expected, the error increases rapidly as a function,of
K-subspacegiven an initial estimate for the subspacecause GPCA needs a minimum @fn?) data points to
bases, this algorithm alternates between clustering thgearly estimate the polynomials (see Section IV-A).

data points using the distance residual to the differentTable | shows the mean computing time and the mean
subspaces, and computing a basis for each subspagenber of iterations for a MATLAB implementation of each
using standard PCA. See [10] for further details. one of the algorithms over 1000 trials. Among the algebraic
Expectation Maximization (EM}his algorithm assumes algorithms, the fastest one is PFA which directly faciaréx)

that the data is corrupted with zero-mean Gaussian noggigen c,. The extra cost of GPCA relative to the PFA is to
in the directions orthogonal to the subspace. Given @dmpute the derivativeBp, (x) for all x 2 X and to divide
initial estimate for the subspace bases, EM alternates lige polynomials. Overall, GPCA gives about half the error of
tween clustering the data points (E-step) and computifgA in about twice as much time. Notice also that GPCA
a basis for each subspace (M-step) by maximizing theduces the number of iterations of K-subspace and EM to
log-likelihood of the corresponding probabilistic modelapproximately 1/3 and 1/2, respectively. The computinggtm
See [19] for further details. for K-subspace and EM are also reduced including the extra

We also apply GPCA to solve various problems in computéime spent on initialization with GPCA or GPCA+K-subspace.
vision such as face clustering under varying illumination,

temporal video segmentation, two-view segmentation efdin B- Face clustering under varying illumination

motions and multi-view segmentation of rigid-body motions Given a collection of unlabeled imagés; 2 RP ng:1 of
However, it isnot our intention to convince the reader thah different faces taken under varying illumination, we would
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so that each projected subspace goes through the origin. We
consider a subset of the Yale Face Database B consisting of
N = 64n frontal views ofn = 3 faces (subjects 5, 8 and
10) under64 varying lighting conditions. For computational

ef ciency, we down-sampled each image B = 30 40
pixels. Then we projected the data onto the Bf = 3
principal components, as shown in Figure 6. We applied GPCA
to the data in homogeneous coordinates and tted threerlinea
subspaces of dimensions 3, 2, and 2. GPCA obtained a perfect
segmentation as shown in Figure 6.

— PFA

|| —e— K-sub

—— GPCA

—— EM

[| = GPCA+K-sub
—=— GPCA+EM
GPCA+K-sub+EM|

=
(=)

N
IS

i
N

=
o
T

Error in the normals [degrees]

1 2 3 4 5
Noise level [%]

(a) Error versus noise far = 4 0.15-, -
10 : '

0.1+

- n=1
9 = n=2 : )
84—+ n=4 | 4“ f.n':
7 T 7
]
2 -0.05-,
S
y | 0.1+
]
: | -0,15-! ”
é 0.5
3 | 0* o T 77‘\)0‘()5) ‘)«~0
27 05 0.5 0.1 0.
b
(a) Image data projected onto the three principal compasnent

0 1 2 3 4 5
Noise standard deviation [%)]

(b) Error versus noise fan = 1;::;; 4 Face sl
Fig. 5. Error versus noise for data lying on two-dimensicnaspaces dR3.
(a) A comparison of PFA, GPCA (= 0:02), K-subspace and EM randomly
initialized, K-subspace and EM initialized with GPCA, and1Enitialized

with K-subspace initialized with GPCA fan = 4 subspaces. (b) GPCA for Face 5
n=1;:::; 4 subspaces.
TABLE |
MEAN COMPUTING TIME AND MEAN NUMBER OF ITERATIONS FOR Face 101
VARIOUS SUBSPACE SEGMENTATION ALGORITHMS
0 50 100 150 200
Algorithms[cTV,, = 0T [PFA [GPCA K-sub ' .
b) Clust It: by GPCA

Time (sec.| 0.0854 0.1025[0.1818 0.4637 (b) Clustering results given by
# lterations none none |none 19.7 Fig. 6. Clustering a subset of the Yale Face Database B timmgisf 64
Algorithms| GPCA +K-sub [EM GPCA+EM |[GPCA+K-sub+EM frontal views under varying lighting conditions for sulig@, 5 and 8.
Time (sec.] 0.2525 1.0408|0.6636 0.7528
# lterationg 7.1 308 |17.1 15.0

like to cluster the images corresponding to the face of tmaesac' Segmentation of news in video sequences

person. For a Lambertian object, it has been shown that theConsider a news video sequence in which the camera is
set of all images taken under all lighting conditions forms @witching among a small number of scenes. For instance, the
cone in the image space, which can be well approximated hgst could be interviewing a guest and the camera may be
a low-dimensional subspace [10]. Therefore, we can clustgitching between the host, the guest and both of them, as
the collection of images by estimating a basis for each one gifown in Figure 7(a). Given the framés; 2 RDg -1, We
those subspaces, because images of different faces will liewould like to cluster them according to the different scenes
different subspaces. Since in practice the number of piRels\We assume that all the frames corresponding to the same scene
is large compared with the dimension of the subspaces, we five in a low-dimensional subspace & and that different
apply PCA to project the images orR®° with D® D (see scenes correspond to different subspaces. As in the caaeeof f
Section IV-A). More speci cally, we compute the SVD of theclustering, we may segment the video sequence into differen
data[ll l2 In]p y = U VT and consider a matriX 2 scenes by applying GPCA to the image data projected onto
RD’ N consisting of the rstDocqumns ofVT. We obtain the rst few principal components. Figure 7(b) shows the
a new set of data points RC° from each one of the columnssegmentatmn results for two video sequences. In both cases
of X. We use homogeneous coordinafeg 2 RP 1 g -, a perfect segmentation is obtained.
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= (x2 x1) 2 R® as a data point, then we have that
e/~ = 0. Therefore, the segmentation of a set of images

| f(xh:x5)gl, of a collection ofN points in 3D undergoing

1 ' n distinct linear motionsey;:::;e, 2 R%, can be interpreted
as a subspace segmentation problem with2 andD = 3,
where the epipole§e;glL; are the normal to the planes and

the epipolar lined ™! gj’\‘:1 are the data points. One can use

equation (26) and Algorithm 1 to determine the number of

motionsn and the epipoles;, respectively.

- Figure 8(a) shows the rst frame of 820 240 video

sequence containing a truck and a car undergoing two 3-D

translational motions. We applied GPCA with = 3, and

= 0:02to the epipolar lines obtained from a totalf= 92

(a) 30 frames of a news video sequence clustered into 3 groups features, 44 in the truck and 48 in the car. The algorithm

host, guest and both of them obtained a perfect segmentation of the features, as shown in

Figure 8(b), and estimated the epipoles with an errob:8f

r for the truck andl:7 for the car.
L ) : ’;fq o We also tested the performance of GPCA on synthetic
L R point correspondences corrupted with zero-mean Gaussian
noise with s.t.d. between 0 and 1 pixels for an image size
of 500 500 pixels. For comparison purposes, we also
implemented the PFA and the EM algorithm for segmenting
hyperplanes irR3. Figures 8(c) and (d) show the performance
of all the algorithms as a function of the level of noise for
n = 2 moving objects. The performance measures are the
3 mean error between the estimated and the true epipoles (in
degrees), and the mean percentage of correctly segmented
0 10 20 30 40 50 60 feature points using 1000 trials for each level of noise.idéot
. ] . that GPCA gives an error of less th&r8 and a classi cation
(b) 60 frames clustered into 3 groups: rear of a car with aibgrn . .
wheel, a burnt car with people and a burning car performance of oveP6% Thus GPCA gives approximately
1/3 the error of PFA, and improves the classi cation perfor-
Fig. 7. Clustering frames of a news video sequence into grafifscenes ,ance by about 2%. Notice also that EM with the normal
using GPCA vectors initialized at random (EM) yields a nonzero error
in the noise free case, because it frequently converges to
D. Segmentation of linearly moving objects a local minimum. In fact, our algorithm outperforms EM.

In this section, we apply GPCA to the problem of segmenfowever, if we use GPCA to initialize EM (GPCA+EM),
ing the 3-D motion of multiple objects undergoing a purel§h® performance of both algorithms improves, showing that
translational motion. We refer the reader to [25] for theeca®Ur algorithm can be effectively used to initialize itevati
of arbitrary rotation and translation via the segmentatibm approaches to motion segmentation. Furthermore, the numbe
mixture of fundamental matrices. of iterations of GPCA+EM is approximately 50% with respect

We assume that the scene can be modeled as a mixturdQofEM randomly initialized, hence there is also a gain in
purely translational motion model§T, g, , whereT; 2 R3 computing time. F|gu_res 8(e) and (f) show the performance
represents the translation of objactelative to the camera Of GPCA as a function of the number of moving objects
between the two consecutive frames. Given the images for different levels of noise. As expected, the performance
andx, of a point in objecti in the rst and second frame, deteriorates as the number of moving objects increasasgtho
respectively, the rayg i, x, and T, are coplanar. Therefore the translation error is still belov8 and the percentage of
X1, X2 andT; must satisfy the well-known epipolar constrainfOrrect classi cation is over8%
for linear motions

(¢} 5 10 15 20 25 30

1

. E. 3-D motion segmentation from multiple af ne views
x2(Ti x1)=0: (35) Let fxr, 2 R?gPT; 7’} be a collection ofF images of

In the case of an uncalibrated camera, the epipolar constral 3-D points f X 2 ’R3g]-’\‘:l taken by a moving afne
reads<] (e; x1) =0, wheree; 2 R? is known as th@pipole camera. Under the af ne camera model, which generalizes or-
and is linearly related to the translation vector2 R3. Since thographic, weak perspective, and paraperspective piajec

the epipolar constraint can be conveniently rewritten as  the images satisfy the equation
el (x2 Xx1)=0; (36) Xtp = At X p; (37)

wheree; 2 R® represents the epipole associated with thehereA; 2 R? “ is the af ne camera matrix for framé,
ith motion,i = 1;:::;n, if we dene the epipolar line which depends on the position and orientation of the camera
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[13] to segment the subspaces. The CK algorithm is based
car on thresholding the entries of the so-callgthpe interaction
matrix

Q=VV'; (39)

tk which is built from the SVD of the measurement matik =
U VT and has the property that

1 44 92

(a) First frame (b) Feature segmentation Qi =0 if i andj correspond to different motions(40)

10 However, in most practical sequences the motion subspaces

have a nontrivial intersection, e.g., motions with common

translation and different rotation, or motion subspaces th

o : are not fully dimensional, e.g., purely translating mofioAs

reported in [27], [14], [22], most existing algorithms show

o4l o PRR poor performance in the presence of degenerate motions,
o ShcaE because they cannot deal with intersecting motion subspace

02~ o4 06 08 1 % o2 ool 08 1 In this section, we demonstrate that GPCA gives a closed

form solution to the multiframe motion segmentation praoible
both in the case of degenerate and nondegenerate motions.

—— PFA
—&— GPCA
- EM

—4— GPCA+E %8

w

-

Translation error [degrees]
N IN
Correct classification [%]

(c) Translation error fon = 2 (d) Correct classi cation fom =2

wa - L A _10 — This is because GPCA does not impose any restriction on ei-
A i ; 9 ther the intersection or the dimensionality of the subspalce
s g o essence, the motion segmentation problem is a subspace seg-
§4 § . mentation problem withd;;:::;dy  dmax = 4. Therefore,
z, [ ==r= we can apply GPCA to the image measurements projected
£ 8 o) o~ n=2 | onto a subspace d®?F of dimensionD = dmax +1 =5.

5 o —+——% _[A-n Thatis, ifW = U VT is the SVD of the data matrix, then

0.2 04 0.6 0.8 1 0 0.2 04 0.6 0.8 1 . . .

Noise level foixels! Noise level Ioixels] we can solve the motion segmentation problem by applying
(e) Translation error fon=1:::; 4 (f) Correct classication forn = GPCA to the rst 5 columns oW T.
1,54

We tested GPCA on two outdoor sequences taken by a
Fig. 8. Segmenting 3-D translational motions by segmenilages inR3,  MOVING Came_ra_traCk'ng a car moving in front of a pqumg
(a)-(b) segmenting a real sequence with 2 moving objecjg(djccomparing lot and a building (sequences A and B), and one indoor
GPCA with PFA and EM as a function of noise in the image featute)-(f) ; ; ;
performance of GPCA as a function of the number of motions. S_equence taken by a moving camera tr_aCklng a person moving
his head (sequence C), as shown in Figure 9. The data
for these sequences are taken from [14] and consists of
point correspondences in multiple views, which are avail-
able at http://www.suri.it.okayama-u.ac.jp/data.htfbr all
sequences the number of motions is correctly estimated from

as well as the internal calibration parameters. Therefbreg
stack all the image measurements int@R N matrix W,

we obtain
(11) asn = 2 for all values of 2[2;20]10 ‘. Also, GPCA
W = MSTB gives a percentage of correct classi cation of 100.0% for al
X11  X1N Aq three sequences as shown in Table Il. The table also shows
& L -2 8L x L X . (38) 'esults reported in [14] from existingwltiframe algorithms
: ' A. 4N for motion segmentation. The comparison is somewhat ynfair
XF1L XFN ¢ n For 4 because our algorithm is purely algebraic, while the others

It follows from equations (37) and (38) that raiK) 4, use iterative re nement to deal with noise. Nevertheleks, t
hence the 2-D trajectories of the image points across nlmltl;?my algorithm having a comparable performance to ours is
frames, that is the columns &%, live in a subspace oR?F Kanatani's multi-stage optimization algorithm, which iaged

of dimension 2, 3 or 4 spanned by the columns of iietion  ©" solving a series of EM-like iterative optimization prefuls,
matrix M 2 R2F 4. at the expense of a signi cant increase in computation.
Consider now the case in which the set of poin)l(spggzl
corresponds tm moving objects undergoing different mo- V1. CONCLUSIONS AND OPENISSUES
tions. In this case, each moving object spans a diffecent We have proposed an algebro-geometric approach to sub-
dimensional subspace B, whered = 2; 3 or 4. Therefore, space segmentation callé&keneralized Principal Component
solving the motion segmentation problem is equivalent td- n Analysis (GPCA). Our approach is based on estimating a
ing a basis for each one of such subspaces without knowiogjlection of polynomials from data and then evaluatingrthe
which points belong to which subspace. When the imagkerivatives at a data point in order to obtain a basis for the
points are such that the motion subspaces are four dimaisiubspace passing through that point. Our experiments showe
and independent (this implies th&t 2n and N 4n), that GPCA gives about half of the error with respect to exggti
one can apply the Costeira and Kanade (CK) algorithm [3}lgebraic algorithms based on polynomial factorizatiamg a
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[2] M. Collins, S. Dasgupta, and R. Schapire. A generaliratf principal
component analysis to the exponential family. Advances on Neural
Information Processing Systemslume 14, 2001.

[3] J. Costeira and T. Kanade. A multibody factorization hoet for
independently moving objects. International Journal of Computer
Vision, 29(3):159-179, 1998.

[4] C. Eckart and G. Young. The approximation of one matrixamother
of lower rank. Psychometrika1:211-218, 1936.

[5] M. A. Fischler and R. C. Bolles. RANSAC random sample ansis:
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Fig. 9. Segmenting the point correspondences of sequencékefi) [8] R. Hartshorne.Algebraic Geometry Springer, 1977.

B (center) and C (right) in [14] for each pair of consecutivanies by [9] M. Hirsch. Differential Topology Springer, 1976.

segmenting subspacesR¥. First row: rst frame of the sequence with point [10] J. Ho, M.-H. Yang, J. Lim, K.-C. Lee, and D. Kriegman. €lering

correspondences superimposed. Second row: last frame afetiuence with apperances of objects under varying illumination condgio In IEEE

point correspondences superimposed. Conference on Computer Vision and Pattern Recognitioslume 1,
pages 11-18, 2003.

TABLE II [11] K. Huang, Y. Ma, and R. Vidal. Minimum effective dimensi for

mixtures of subspaces: A robust GPCA algorithm and its apfiins.

CLASSIFICATION RATES GIVEN BY VARIOUS SUBSPACE SEGMENTATI® In IEEE Conference on Computer Vision and Pattern Recognition

ALGORITHMS FOR SEQUENCE®, B, CIN [14]. volume 2, pages 631-638, 2004.
[12] I. Jolliffe. Principal Component AnalysisSpringer-Verlag, New York,
Sequence A B C 1986. ‘ _ _ _
Number of points 136 63 73 [13] K. Kanatani. Motion segmentation by subspace semaraind modgl
Number of frames 30 17 100 se:ectlonz. InIEE5I586Inézrlna;|88il Conference on Computer Vision
- volume 2, pages —591, .
I(é(f)]isr;elljrra;-Kanade gggﬁf Z;(l)izjo Zggzﬁ] [14] K. Kanatani and Y. Sugaya. Multi-stage optimizationr foulti-
d i ekl =7 o7 body motion segmentation. lAustralia-Japan Advanced Workshop on
Kanatan!: subspace separation _ 59.3% 99.5% 98.9% Computer Visionpages 335-349, 2003.
Kanatan!: af ne subspacg separatign 81.8% | 99.7% 67.5% [15] A. Leonardis, H. Bischof, and J. Maver. Multiple eigpases.Pattern
Kanatani: multi-stage optimization | 100.0% | 100.0% | 100.0% Recognition 35(11):2613-2627, 2002.
GPCA 100.0% | 100.0% | 100.0% [16] B. Scholkopf, A. Smola, and K.-R. Muller. Nonlinear cponent
analysis as a kernel eigenvalue problédeural Computation10:1299—
1319, 1998.
L . . . . [17] M. Shizawa and K. Mase. A unied computational theory fmotion
signi cantly improves the performance of iterative tectumes transparency and motion boundaries based on eigeneneafysian In

such as K-subspace and EM. We also demonstrated the per- IEEE Conference on Computer Vision and Pattern Recognitizges

; ; ; 289-295, 1991.
formance of GPCA on the estimation of face C|UStermg aqu] H. Stark and J.W. Woods.Probability and Random Processes with

video/motion segmentation. Applications to Signal Processingrentice Hall, 3rd edition, 2001.
At present, GPCA works well when the number and thi@9] M. Tipping and C. Bishop. Mixtures of probabilistic pdipal compo-

: : nent analyzersNeural Computation11(2):443-482, 1999.
dimensions of the subspaces are small, but the performa ? M. Tipping and C. Bishop. Probabilistic principal coonent analysis.

deteriorates as the number of subspaces increases. ThiS IS journal of the Royal Statistical Socie®§1(3):611-622, 1999.
because all the algorithms start by estimating a collectibn [21] P. Torr, R. Szeliski, and P. Anandan. An integrated Ba approach to

. . . . ; . layer extraction from image sequenc#sSEE Trans. on Pattern Analysis
polynomials in a linear fashion, thus neglecting the ncdin and Machine Intelligence23(3):297-303, 2001.

constraints among the coef cients of those polynomial® th22] R. vidal and R. Hartley. Motion segmentation with migsidata by
so-called Brill's equations [6]. Another open issue has to PowerFactorization and Generalized PCA. IEEE Conference on

do with the estimation of the number of subspacesand ggcr)\lputer Vision and Pattern Recognitiomlume Il, pages 310-316,

their dimensions dig.; by harnessing additional algebraiqz2a) R. vidal, Y. Ma, and J. Piazzi. A new GPCA algorithm foustering
properties of the vanishing ideals of subspace arrangement subspaces by tting, differentiating and dividing polynts. InIEEE

: : : Conference on Computer Vision and Pattern Recognitiaslume |,
(e.g., the Hilbert function of the ideals). Throughout tteger pages 510517, 2004.

we hinted connections of GPCA with Kernel Methods, e.g., the4] R. Vidal, Y. Ma, and S. Sastry. Generalized principalmgmnent
Veronese map gives an embedding that satis es the modeling analysis (GPCA). IMEEE Conference on Computer Vision and Pattern

: ; Recognition volume |, pages 621-628, 2003.
assumptions of KPCA (see Remark 1). Further connections tﬁ%_] R. \ﬁdgal, Y. Ma, S. Soa?tog,J and S. Sastry. Two-view mhdtly structure

tween GPCA and KPCA are worthwhile investigating. Finally, ~ from motion. International Journal of Computer Visio2005.
the current GPCA algorithm does not assume the existencd2§f Y. Wu, Z. Zhang, T.S. Huang, and J.Y. Lin. Multibody gming via

: : : : orthogonal subspace decomposition.|IHEE Conference on Computer
outliers in the given sample data, though one can potentiall .. == "0 0 Recognitiovolume 2, pages 252-257, 2001

incorporate statistical methods such as in uence theoy ap7] L. Zelnik-Manor and M. Irani. Degeneracies, dependesiand their
random sampling consensus to improve its robustness. We wil implications in multi-body and multi-sequence factoriaat In IEEE

: - : Conference on Computer Vision and Pattern Recogniticsiume 2,
investigate these problems in future research. pages 287-293, 2003.
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