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Abstract

In thischapterwegivea brief survey onbasicgeometrigprinciplesassociateavith madinevision.
In particular, weintroducethe basictheoryandalgorithmsfor the reconstructiorof camen pose
and scenestructute from two views or more than two views. We discussfurther reconstruction
techniquesfrom a single view, which utilize scenesymmetryand neverthelessely on the theory
of multiple views. Sinceour survey focuseson only the very basics,refeenceso more advanced
studieswill be provided after ead topic. A few compehensiveexamplesof application of the

algorithmsare givenat theendof the chapter

1 Intr oduction

Visionis oneof themostpowerful sensingnodalities.In robotics,machinevisiontechniquehave
beenextensvely usedin applicationssuchas manufcturing,visual senoing [30, 7], navigation

[26,50,51,9], androboticmapping[58]. Hereamainproblemis how to reconstrucboththepose



of the cameraandthe 3-D structureof the scene.The reconstructiorinevitably requiresa good
understandin@boutthe geometryof imageformationand 3-D reconstruction.In this chapter
we provide a surwey for the basictheoryandsomerecentadvancesn the geometricaspecof the
reconstructiorproblem. Speci cally, we introducethe theory and algorithmsfor reconstruction
from two views [33, 29, 40, 67, 31], multiple views [40, 37, 38, 23, 10, 12], anda single view
[25, 19, 1, 73,74, 70, 3, 28]. Sincethis chaptercanonly provide a brief introductionto these
topics,thereadeliis referredto the book[40] for amorecomprehensie coverage.

Withoutany knowledgeof theernvironment reconstructiof ascenaequiresnultipleimages.
This is because singleimageis merelya 2-D projectionof the 3-D world, for which the depth
informationis lost. Whenmultiple imagesareavailablefrom differentknown viewpoints,the 3-D
locationof every pointin the scenecanbe determineduniquely by triangulation(or stereopsis).
However, in mary applications(especiallythosefor robot vision), the viewpoints are unknavn
either Therefore we needto recover boththe scenestructureandthe camergposes.In computer
vision literature,this is referredto asthe “structurefrom motion” (SFM) problem. To solve this
problem thetheoryof multiple-viav geometryhasbeendeveloped(e.g.,se€g40, 37,38,67,33,23,
12,10]). In this chapterwe introducethe basictheoryof multiple-view geometryandshav how
it canbe usedto develop algorithmsfor reconstructiorpurposes.Speci cally, for the two-view
case,we introducein Section2 the epipolar constaint andthe eight-pointstructure frommotion
algorithm[33, 29, 40]. For the multiple-view case we introducein Section3 therankconditions
on multiple-viev matrix [37, 38,40, 27] anda multiple-view factorizationalgorithm[37, 40].

Sincemary robotic applicationsare performedin a man-madeernvironmentsuchasinsidea
building andaroundanurbanarea,muchof prior knowledgecanbe exploitedfor a moreef cient
and accuratereconstruction.One kind of prior knowledgethat can be utilized is the existence
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of “regularity” in the man-madeervironment. For example,thereexist mary parallellines, or-
thogonalcorners,and regular shapesuchasrectangles.In fact, much of the regularity canbe
capturedoy the notionof symmetryIt canbe shavn thatwith sufcient symmetryreconstruction
from a singleimageis feasibleandaccurateandmary algorithmshave beendeveloped(e.g.,see
[3, 70,25, 1, 73, 40, 28, 1]). Interestingly thesesymmetry-basedlgorithmsin factrely on the
theoryof multiple-view geometry[25, 70, 3]. Therefore afterthe multiple-view caseis studied,
we introducein Section4 basicgeometryandreconstructioralgorithmsassociatedavith imaging
andsymmetry

In theremainderof this section,we introducein Sectionl.1 basicnotationandconceptsasso-
ciatedwith imageformationthathelpthe developmentof the theoryandalgorithms.It is not our
intentionto give in this chapterall the detailsabouthow the algorithmssureyed canbe imple-
mentedin real vision systems.While we will discussbrie y in Sectionl.2 a pipelinefor sucha

systemwe referthereaderto [40] for all thedetails.

1.1 Cameramodeland imageformation

Thecameranodelwe adoptin thischaptelis thecommonlyusedpinholecameranodel.As shovn
in Figure 1A, the cameracomprisef a cameracenter andanimageplane. The distancefrom

to theimageplaneis thefocal length . For any 3-D point in the oppositeside of theimage
planewith respecto , itsimage is obtainedby intersectingthe line connecting and with
theimageplane. In practice,it is morecornvenientto usea mathematicallyequivalentmodel by
moving theimageplaneto the“front” sideof the cameracenterasshownn in Figure1B.

Thereareusuallythreecoordinateframesin our calculation.The rst oneis theworld frame



Figurel: A: Pinholeimagingmodel. Theimageof apoint is theintersectingpoint betweertheimage
planeandthe ray passinghroughcameracenter . The distancebetween andtheimageplaneis . B:

Frontalpinholeimagingmodel. Theimageplaneis in front of the cameracenter . An imagecoordinate

frameis attachedo theimageplane.

alsocalledrefelenceframe The descriptionof any othercoordinateframeis the motionbetween
that frame andthe referencdrame. The seconds the camer frame The origin of the camera
frameis thecameracenterandthe -axisis alongtheperpendiculaline from to theimageplane
asshawvn in Figure 1B. The last oneis the two-dimensionaimage frame For corveniencewe
chooseits origin  asthe projectionof ontheimageplaneandsetits -axisand -axisto be
parallelto the -axisand -axisof thecamerarame.As a cornvention,thefocallength is setto
beof unit 1.

For pointsin 3-D spaceand2-D image,we usehomaeneousoominates i.e. a 3-D point
with coordinate is denotedas , andanimagepoint with
coordinate is denotedas . The motion of the cameraframe
with respecto thereferencdrameis sometimegeferredto asthe camen poseandis denotedas

with beingtherotation( ) and beingthetranslationt

1By settingthe motionin , we only considerotationsandtranslationsRe ectionsarenotincludedsinceit




Thereforefor apointwith coordinate in thereferencdrame,its imageis obtainedby

(1)

where is thedepthof the 3-D pointwith respecto thecameracenter Thisis theperspective
projectionmodelof imageformation.

The hat operator. Onenotationthatwill be extensvely usedin this chapteris the hat operator
“ " thatdenoteghe skew-symmetricmatrix associatedo avectorin . More speci cally, for a

vector ,wede ne

suchthat

In particular
Similarity . We use“ ” to denotesimilarity. For any pair of vectorsor matrices and of the

samedimension, means for some(nonzero)scalar

1.2 3-Dreconstructionpipeline

Beforewe delveinto thegeometrywe rst needto know how the algorithmsto be developedcan
be used. Reconstructiorfrom multiple imagesoften consistsof threesteps: feature extraction,
featule matding, andreconstructiorusingmultiple-vieav geometry

Featurespr imageprimitives,are the conspicuousmageentitiessuchas cornerpoints, line

sgments,or structures.The mostcommonlyusedimagefeaturesare pointsandline segments.

isin , but notin



Algorithmsfor extractingthesefeaturescanbefoundin mostimageprocessingapersandhand-
books[22, 4, 18, 40]. At the endof this chapterwe alsogive an exampleof using(symmetric)
structuresasimagefeaturedor reconstruction.

Featurematchingis to establishcorrespondencef featuresacrossdifferentviews, which is
usuallya dif cult task. Many techniqueshave beendevelopedto matchfeatures. For instance,
whenthe motion (baselinepetweeradjacentiews is small, featurematchingis oftencalledfea-
ture tracking andtypically involves nding an afne transformatiorbetweenthe imagepatches
aroundthe featurepointsto be matched 34, 54]. Matchingacrosdarge motionis a muchmore
challengingtaskandis still anactive researcharea. If alarge numberof imagepointsare avail-
ablefor matching,somestatisticaltechniquesuchasthe RANSAC type of algorithms[13] canbe
applied.Readerganreferto [23, 40] for details.

Givenimagefeaturesandtheir correspondencetecamergoseandthe 3-D structureof these

featurescanthenberecoveredusingthe methodghatwill beintroducedn therestof this chapter

1.3 Further readings

Cameracalibration. In reality, thereareatleasttwo majordifferencedetweerour cameramodel
andtherealcameraFirst, thefocallength of therealcameras not1. Secondthe origin of the
image coordinateframe is usually chosenat the top-left cornerof the imageinsteadof at the
centerof theimage. Therefore we needto mapthe real imagecoordinateto our homogeneous
representationThis processs calledcamea calibration. In practice,cameracalibrationis more
complicateddueto the pixel aspectatio andnonlinearradialdistortionof theimage.Thesimplest

calibrationschemes to consideronly the focal lengthandlocationof the imagecenter Sothe



actualimagecoordinate®f a pointaregivenby

(2)

where isthecalibrationmatrixwith beingtherealfocallengthand beingthelocation
of theimagecenterin theimageframe. Therelatedtheoryandalgorithmsfor cameracalibration
have beenstudiedextensvely in thecomputervision literature,readerscanreferto [41, 71, 60, 5,

20]. In therestof this chapterunlessotherwisestatedwe assumehe cameras alwayscalibrated,
andwe will useequation(1) asthe cameramodel.

Different image surfaces. In the pinhole cameramodel (Figure 1) we assumethat the image
planeis a planarsurface. However, thereare othertypesof imagesurfacessuchas spheresn

omni-directionalcamerasFor differentimagesurfacesthe theorythatwe aregoingto introduce
in this chapterstill holdswith only slight modi cation. Interestedeadergpleasereferto [40, 16]

for detalils.

Other typesof projections. Besideghe perspecitie projectionmodelin (1), othertypesof pro-

jectionshave alsobeenadoptedn the literaturefor variouspracticalor analyticalpurposes.For

example thereareaf ne projectionfor anuncalibrateccameraprthographicprojectionandweak
perspectiveprojectionfor far away objects. For a detailedtreatmentof theseprojectionmodels,

thereademleaseaeferto [59, 11, 23].



2 Two-viewgeometry

Letus rst studythetwo-view case.Germanmathematiciarerwin Kruppa[32] is amongthe rst
who studiedthis problem. He shoved that given ve pairsof correspondingoints,the camera
motion andstructureof the scenecanbe solvedup to nite numberof solutions[32, 24, 46]. In
practice,however, we usually canobtainmorethan ve points, which may signi cantly reduce
the compleity of the solutionandincreasethe accurag. In 1980, Longuet-Higgins,basedon
the epipolarconstraint- analgebraicconstraintgoverningtwo imagesof a point [33], developed
anefcient linearalgorithmthat requireseight pairsof correspondingpoints. The algorithmhas
sincebeenre ned severaltimesto reachthecurrentstandareight-pointlinear algorithm([29, 40].
Several variationsto this algorithmfor coplanarpoint featuresandfor continuousmotionshave
alsobeendeveloped67, 40]. In theremaindeof this sectionwe introducethe epipolarconstraint

andtheeight-pointlinearalgorithm.

2.1 Epipolar constraint and essentialmatrix

Thekey issuein solvingtwo-view SFM problemis to identify the algebraicrelationshipbetween

correspondingmagepointsandthe cameramotion. Figure 2 shows the relationshipbetweerthe

two cameracenters , ,the3-D point with coordinate , anditstwoimages and
Obviously, thethreepoints , and form aplane,whichimpliesthatthevectors and

arecoplanar Mathematicallyit is equivalentto thetriple productof and beingzero,
ie.

®3)



This relationshipis calledepipolar constrint on the pair of imagesandthe cameramotion. We

denote andcall theessentiamatrix.

R4
Figure2: Two views of apoint . Thevectors , and arethe threevectorsall expressedn the
seconccamerdrameandarecoplanar
2.2 Eight-point linear algorithm
Givenimagecorrespondencedsr 3-D pointsin generalpositions,the cameramotion can

be solved linearly. Conceptuallyit comprisesof two steps: First recover the matrix  using
epipolarconstraintsthendecompose to obtainmotion and . However, dueto the presence
of noise,therecoreredmatrix maynotbe anessentiamatrix. An additionalstepof projecting
into the spaceof essentiamatricess necessaryrior to thedecomposition.
Firstlet useseehow to recover usingtheepipolarconstraint.Denote andlet
be a “stacked” versionof . Theepipolarconstraintin (3)

canbewritten as

(4)



where denotegheKroneder productof two vectorssuchthat

given ( ). Thereforejn theabsenc®f noise,given pairsof image
correspondences and  ( ), we canlinearly solve  up to a scaleusingthe

following equation

(5)

andchoosing asthe eigervector of associatedvith the eigervalue 0.2 canthenbe
obtainedby “unstacking”
After obtaining , we canprojectit to thespaceof essentiamatrixanddecomposé to extract

themotion,whichis summarizedn thefollowing algorithm[40]:

Algorithm 1 (Eight-point structur e from motion algorithm) Given pairs of image cor-
respondencefpoints and ( ), thisalgorithmrecoversthemotion ofthe

camea (with the r stcamer framebeingtherefeenceframe)in threesteps.

1. Compute a rst approximation of the essentialmatrix. Constructthe matrix

asin (5). Choose to be the eigervectorof associatedo its smallesteigernvalue:
computethe SVDof andchoose tobethe columnof . Unstak
to obtainthe matrix

2]t canbe shown thatfor pointsin generapositions, hasonly onezeroeigervalue.
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2. Project onto the spaceof essentialmatrices. PerformSVDon  sud that
diag

whele and . Theprojectiononto the spaceof essential

matricesis with diag

3. Recover motion from by decomposingthe essentialmatrix. Themotion and of the

camen canbeextractedfromtheessentiamatrixusing and sud that

wheee meangotationaround -axisby counteclockwise

Themathematicatlerivationandjusti cation for theabove projectionanddecompositiorstepscan
befoundin [40].

Theabove eight-pointalgorithmin generalgivesriseto four solutionsof motion . How-
ever, only oneof themguaranteeshatthe depthsof all the 3-D pointsreconstructedre positive
with respectio both cameraframes[40]. Therefore by checkingthe depthsof all the points,the
uniquephysicallypossiblesolutioncanbe obtained.Also noticethat is recoreredupto ascale.
Without any additionalsceneknowledge,this scalecannotbe determinedandis often x ed by
setting

Given the motion , the next thing is to recover the structure. For point features,that
meangdo recover its depthwith respecto thecamerdrame.For the th pointwith depth in the

th ( ) camerdrame,from thefact , We have

(6)
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So canbesolvedby nding theeigervectorof associatedbo its smallesteigervalue.

Example 2 As shownin Figure 3, two images of a calibration cubeare present. Twenty-thee
pairs of featute points are extractedusingHarris corner detector, and the correspondencare
establishednanually Thereconstructioris performedusingthe eight-pointalgorithmand depth

calculation.Thethreeanglesfor anorthogonalcornerare closeto right angles.Thecoplanarityof

Figure 3: Thetwo imagesof a calibrationcubeandtwo views of the reconstructedtructure. The three

anglesare , and

pointsin ead planeare almostpreservedOvenall, the structure is reconstructedairly accumate

Coplanar featuresand homography. Up to now, we assumehatall the 3-D pointsarein general
positions.In practice,it is not unusuakthatall the pointsresideson the same3-D plane,i.e. they
arecoplanar. Theeight-pointalgorithmwill fail dueto thefactthatthe matrix (see(5)) will

have morethanoneeigervaluesbeingzero. Fortunately besidespipolarconstraintthereexists
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anotherconstrainfor coplanampoints. Thisis thehomaraphybetweerthetwo imageswhichcan

be describedisinga matrix

- (7)
with denotingthe distancefrom the planeto the rst cameracenterand beingthe unit
normalvectorof the planeexpressedn the rst cameraramewith 2 It canbe
shavn thatthetwoimages and of thesamepointarerelatedby:

(8)

Usingthe homographyrelationshipwe canrecover the motionfrom two views with a similar
procedureo the epipolarconstraints:First  canalsobe calculatedinearly using pairs
of correspondingmagepoints. The reasonthat the minimum numberof point correspondences
is four insteadof eightis that eachpair of image points provide two independenequationson

through(8). Thenthe motion aswell asthe planenormalvector canbe obtainedby
decomposing . However, thesolutionfor thedecompositioms morecomplicated Thisalgorithm

is calledfour-pointalgorithmfor coplanarfeaturesinterestedeaderpleaseeferto [67, 40].

2.3 Further Readings

Theeight-pointalgorithmintroducedn this sectionis for generakituations.In practice however,

thereareseveralcaveats:

3The homographyis not limited to two imagepointsin two cameraframes,it is for the coordinatesf the 3-D
pointonthe planeexpressedn ary two frames(with oneframebeingthereferencdrame).In particular if thesecond

frameis chosenwith its origin lying onthe plane thenwe have ahomographypetweerthe cameraandthe plane.
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Small baselinemotion and continuous motion. If is smallanddatais noisy, the recon-
structionalgorithmoftenwouldfail. Thisis the smallbaselinecase.Readersanreferto [40, 65]
for specialalgorithmdealingwith this situation.Whenthe baselindbecoman nitesimally small,
we have the caseof continuousmotion for which the algebrabecomesomevhat differentfrom
thediscretecase.For a detailedanalysisandalgorithm,pleaseeferto [39, 40].

Multiple-body motions. For the casein which thereare multiple moving objectsin the scene,
thereexists a more complicatedmultiple-bodyepipolar constiaint. The reconstructioralgorithm
canbefoundin [66, 40].

Uncalibrated camera. If the cameras uncalibratedthe essentiamatrix  in the epipolarcon-
straintshouldbe substitutedy thefundamentamatrix ~ with , Where

is thecalibrationmatrix of thecameragde nedin equation(2). Theanalysisandaf ne reconstruc-
tion for the uncalibrateccameracanbefoundin [23, 40].

Critical surface. Therearecertaindegeneratgositionsof the pointsfor which thereconstruction
algorithmwould fail. Thesecon gurationsare called critical surfacesfor the points. Detailed
analysisareavailablein [44, 4Q].

Numerical problemsand optimization. To obtainaccurateeconstructionsomenumericaissues
suchdatanormalizationneedto be addressetbeforeapplyingthe algorithm. Thesearediscussed
in [40]. Notice thatthe eight-pointalgorithmis only a sub-optimalalgorithm;variousnonlinear

“optimal” algorithmshave beendesignedwhich canbe foundin [64, 40].
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3 Multiple-view geometry

In this section,we studythe casefor reconstructiorfrom morethantwo views. Speci cally, we
presenta setof rank conditionson a multiple-viev matrix [37, 38, 27]. The epipolarconstraint
for two views is just a specialcaseimplied by the rank condition. As we will see,the multiple-
view matrix associatedo a geometricentity (point, line or plane)is exactly the 3-D information
thatis missingin a single2-D imagebut encodedn multiple ones. This approachs compactn
representationintuitive in geometry andsimplein computation.Moreover, it providesa uni ed
framework for describingmultiple views of all typesof featuresand incidencerelationsin 3-D

spacd40].

3.1 Rank condition on multiple viewsof point feature

N —

Figure4: Multiple imagesof a3-D point in  camerdrames.

First, let uslook at the caseof multiple imagesof a point. As shavn in Figure4, multiple
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images ofa3-Dpoint with cameramotions ( ) satisfy

(9)

where isthepointdepthin the th camerdrame.Multiplying  onbothsidesof (9), we have

(10)

Without loss of generality we choosethe rst cameraframe as the referenceframe suchthat

: , and . Thereforefor , (10) canbetransformednto
(11)
Stackingtheleft sideof the above equationdor all , we have
(12)
The matrix is calledthe multiple-viev matrix for point features.The above rela-

tionshipis summarizedn thefollowing theorem:

Theorem 3 (Rank condition on multiple-view matrix for point features) Themultiple-vievma-

trix  satis esthefollowing rankconditions:

rank (13)

Furthermoe, with  beingthedepthof thepointin the r stcamern frame
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Thedetailedproof of thetheoremcanbefoundin [37, 40].

Theimplication of the above theoremis multi-fold. First,therankof  canbeusedto detect
the con guration of the camerasandthe 3-D point. If rank , the camerasandthe 3-D
point arein the generalpositions;andthe locationof the point canbe determinedup to a scale)
by triangulation.If rank , thenall the cameracentersandthe point arecollinear;andthe
pointcanonly bedeterminedupto aline. Secondall thealgebraicconstraintsmplied by therank
conditioninvolve no morethanthreeviews, which meanghatfor pointfeaturesafourthimageno
longerimposesary new algebraicconstraint.Lastbut nottheleast,therankconditionon  uses
all the datasimultaneouslywhich signi cantly simpli es the calculation.Also notethatthe rank
conditiononthemultiple-view matrix impliestheepipolarconstraint.For the th ( ) view and
the rst view, the factthat and arelinearly dependents equialentto the epipolar

constraintbetweerthetwo views.

3.2 Linear reconstructionalgorithm

Now we demonstratbow to applythemultiple-view rankconditionin reconstructionSpeci cally,

we shaw thelinearreconstructioralgorithmfor point features.Given imagesof
pointsin 3-D spacewith  ( and ), the structure(depths  with
respecto the rst camerarame)andthe cameramotions canbe recoveredin two major
steps.
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Firstfor the th point,amultiple-view matrix ~ associatedvith its imagessatis es

(14)

Theabove equationmpliesthatif thesetof motions ‘sareknown for all

thedepth of the th pointwith respecto the rst camerdramecanberecoveredby computing

thekernelof . We denote —.

Similarly, for the th image( ), if ‘s areknown for all , the
estimationof and is equwalentto solvingthe stacledvectors
and usingtheequation
(15)

where is the Kronedker productbetweentwo matrices.It canbe shavn that  hasrank 11 if
pointsin generalpositionsare present.Thereforethe solutionof will beuniqueup

to a scalefor
Obviously, if no noiseis presenton the images,the recoreredmotion and structurewill be

the samewith what canbe recoreredfrom the two-view eight-pointalgorithm. However, in the
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presencef noise,it is desiredto usethe datafrom all theimages.In orderto usethe datasimul-
taneouslya reasonabl@pproachs to iteratebetweerreconstructionsf motionandstructurej.e.
initializing the structureor motions,thenalternatingoetween(14) and(15) until the structureand
motioncorveme.

Motions canthenbe estimatedup to a scaleby performingSVD on  asin (15)4
Denote and to bethe estimatedrom the eigervector of associatedo the smallest

eigervalue.Let betheSVD of . Then and aregivenby

sign det
det B

sign det and (16)

In this algorithm,theinitialization canbe doneusingthe eight-pointalgorithmfor two views.
The initial estimateon the motion of secondframe can be obtainedusing the standard

two-view eight-pointalgorithm.Initial estimate®f the pointdepthis then

17)
In the multiple-view case the leastsquareestimate®f pointdepths —, canbe
obtainedrom (14) as

(18)

By iterating betweenthe motion estimationand structureestimation,we expectthat the esti-
mateson structureand motion corverge. The corvergencecriteriamay vary for differentsitua-
tions. In practicewe choosethe reprojectedmageserror asthe corvergencecriteria. For the th

3-D point, the estimateof its 3-D locationcanbe obtainedas andthereprojectiononthe th

4Now we assumehatthe camerasreall calibratedwhich is the caseof EuclidearreconstructionThis algorithm

alsoworksfor uncalibratecase.
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imageis obtained . Its reprojectionerroris then . Sothe
algorithmkeepiteratinguntil the summatiorof reprojectionerrorsover all pointsarebelonv some

threshold .

Thealgorithmis summarizedelow:

Algorithm 4 (A factorization algorithm for multiple-view reconstruction) Given im-
ages , of points,the motions , andthe
structure of the pointswith respecto the r stcamen frame canberecovered
asfollows:
1. Setthecounter . Compute usingthe eight-pointalgorithm, thenget an initial
estimateof from(17)for each . Normalize for
2. Compute from the eigervector of correspondingts smallesteigenvalue for
3. Compute from (16) for
4. Compute using (18) for eath . Normalizeso that and
. Usethenewlyrecorered 'sandmotion 'sto computetthereprjected

image for ead pointin all views.

5. If thereprojectionerror for somethreshold , then andgo

to step2, otherwisestop.

Theabovealgorithmis adirectderivationfrom therankcondition. Therearetechniqueso improve

its numericalstability andstatisticalrobustnesgor speci c situationg40].
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Figure5: Thefourimagesusedto reconstructhe calibrationcube.

Example5 Thealgorithmproposedn previoussectionrhasbeentestedextensivelyn bothsimula-
tion [37] andexperiment$40]. Figure 5 showshefourimagesusedto reconstructhecalibration
cube Thepointsare markedin circles. Two viewsof thereconstructiomesultsare shownin Figure
6. Therecoreredanglesare more accumatethantheresultsfromFigure 3. Visually, thecoplanarity

of the pointsis preservedvell.

G~/

Figure6: Thetwo views of thereconstructedtructure.The threeanglesare , , and

Coplanar features. The treatmenfor coplanamoint featuress similar to the generalcase.As-
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sumethe equationof the planein the rst cameraframeis with and

Simply appendingthe block to the end of in (12), thenthe
rank conditionin Theoremg3 still holds. Since is the unit normal vector of the plane
and is the distancefrom the rst cameracenterto the plane,the rank conditionimplies

, Which is obviously equialentto the homographybetweerthe
th andthe rst views (see(8)). As for reconstructionwe can usethe four-point algorithmto
initialize the estimationof the homographyandthen perform similar iteration schemeto obtain

motionandstructure. Thealgorithmcanbefoundin [36, 51].

3.3 Further readings

Multilinear constraints and factorization algorithm. Therearetwo otherapproacheslealing
with multiple-view reconstructionThe rst approachs to usetheso-callednultilinear constaints

on multiple imagesof a 3-D point or line. For small numberof views, theseconstraintscanbe

describedn termsof tensorialnotationg52, 53, 23]. For example,the constraintdor can
be describedusingtrifocal tensos. For large numberof views ( ), thetensoris dif cult to

describe.The reconstructions thento calculatethe trifocal tensorsrst andfactorizethetensors
for cameramotions[2]. An apparentlisadantagds thatit is hardto chooseheright “three-view

sets”andalsodif cult to combinethe results. Anotherapproachs to apply somefactorization
schemeo iteratively estimatehestructureandmotion[57, 23, 40]. The problemfor thisapproach
is thatit is hardto initialize.

Universal multiple-view matrix and rank conditions. Thereconstructioralgorithmin this sec-

tion wasonly for point features.Algorithms have alsobeendesignedor lines featureg56, 35].
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In factthe multiple-view rankconditionapproactcanbe extendedo all differenttypesof features
suchasline, plane,mixedline andpointandevencurves. This leadsto a setof rankconditionson
auniversal multiple-viev matrix. For detailspleaseeferto [38, 40].

Dynamical scenes.In the constraintwe developedin this sectionis for staticscene.lf thescene
is dynamig i.e. thereare moving objectsin the scene,a similar type of rank condition canbe
obtained. This rank conditionis obtainedby incorporatingthe dynamicsof the objectsin 3-D
spaceinto its own descriptionandlift the 3-D moving pointsinto a higherdimensionakpacen
whichit is static. For detailspleasereferto [27, 40.

Orthographic projection. Finally, notethatthe linear algorithmandthe rank conditionarefor
the perspectie projectionmodel. If thescends far from the camerathentheimagecanbe mod-
eledusingorthographicprojection,andthe Tomasi-Kanadéactorizationmethodcan be applied
[59]. Similar factorizationalgorithmfor othertypesof projectionsanddynamicshave alsobeen

developed[48, 49, 8, 21].

4 Utilizing prior knowledgeof the scene- symmetry

In this sectionwe studyhow to incorporatescene&knowledgeinto thereconstructiomprocessin our
daily life, especiallyin aman-madesnvironment,thereexist all typesof “regularity.” For objects,
regular shapessuchasrectangle,square,diamond,and circle always attractour attention. For
spatialrelationshipbetweerobjects,orthogonality parallelism andsimilarity arethe conspicuous
ones. Interestingly all the above regularitiescanbe describedusingthe notion of symmetry For
instancearectangulawindow hasonerotationalsymmetryandtwo re ective symmetrythesame

windows on the samewall have translationakymmetry;the cornerof a cubedisplaysrotational
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symmetry

4.1 Symmetric multiple-view rank condition

Therearemary studiesusinginstance®f symmetryin the scenefor reconstructiorpurpose$25,
19,1, 6,73,74, 70, 3, 28]. Recently a setof algorithmsusingsymmetryfor reconstructiorfrom
asingleimagehave beendeveloped[25]. Themainideais to usethe so-calledequivalenimages
encodedn asingleimageof a symmetricobject. Figure7 illustratesthis notionfor the caseof a
re ective symmetry We attachan objectcoordinate frameto the symmetricobjectandsetit as
thereferencdrame.3-D points and  arerelatedby somesymmetrictransformation (in the
objectframe)with . Intheimageobtainedrom viewpoint ,thentheimageof can
beinterpretedastheimageof  viewedfrom thevirtual viewpoint  thatis the correspondence
of underthe samesymmetrytransformation . The image of is an called an equivalent
image of  viewedfrom . Therefore,given a singleimageof a symmetricobject, we have
multiple equivalentimagesof this object. Thenumberof all equivalentimagess thenumberof all
symmetryof the object.

In modernmathematicssymmetryof an objectare characterizedy a symmetrygroup with
eachelementin the grouprepresenting transformatiorunderwhich the objectis invariant[68,
25]. For example,arectanglgpossessetsvo re ective symmetryandonerotationalsymmetry We

canusethe grouptheoreticnotationto de ne 3-D symmetricobjectasin [25].

De nition 6 Let beasetof 3-D points. It is calleda symmetricstructuref there existsan non-
trivial subgoup of the Euclideangroup actingon sud thatfor any , denesan

isomorphisnfrom toitself. is calledthesymmetrygroupof
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Figure7: and arecorrespondingointsunderre ective symmetrytransformation (expressedn the
objectframe)suchthat . isthenormalvectorof the mirror plane. The motion betweerthe
camerdrameandtheobjectframeis . Hencetheimageof in realcameracanbeviewedastheimage
of  viewedby avirtual camerawith pose  with respecto the objectframeor with respecto

therealcamerdrame.

Underthisde nition, thepossiblesymmetryonan3-D objectarere ective symmetrytranslational

symmetry rotationalsymmetry andarny combinationof them. For ary point ontheobject,
its symmetriccorrespondencior is . Theimagesof and aredenotedas
and

Let the symmetrytransformationin the objectframe be ( and

). As illustratedin Figure 7, if the transformationfrom the object (reference)frameto
therealcamerdrameis , thetransformatiorfrom thereferencdrameto the virtual
cameraframeis . Furthermorethe transformatiorfrom the real cameraframeto the virtual

camerdrameis

(19)

For the symmetricobject , assumdts symmetrygroup has elements ,
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. Thenthe transformatiorbetweenthe th virtual cameraandthe real camerais
( ) ascanbecalculatedrom (19). Givenary point with image

andits equialentimages 's,we cande ne thesymmetrianultiple-viev matrix

(20)

Accordingto Theoren, it satis esthe symmetrianultiple-viev rankcondition

rank (21)

4.2 Reconstructionfrom symmetry

Using the symmetricmultiple-view rank condition and a setof symmetriccorrespondences

(points), we cansolve for andthe structureof the pointsin  in the objectframe

usingan algorithmsimilar to Algorithm 4. However, a further stepis still necessaryo recover
for the camergposewith respecto the objectframe. This canbe doneby solving

thefollowing Lyapunw typeof equations:

or and (22)

Since and areknown, canbesolved.Thedetailedtreatmentanbefoundin [25, 40].
As canbe seenin the exampleat the end of this section,symmetry-basedeconstructions
very accurateandrequiresminimumamountof data. A majorreasons thatthe baselinebetween

thereal cameraandthe virtual oneis oftenlarge dueto the symmetrytransformation.Therefore
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degeneratecaseswill occurif the cameracenteris invariantunderthe symmetrytransformation.
For example,if thecamerdiesonthemirror planefor are ective symmetrythestructurecanonly
berecoreredup to someambiguitieg25].

Thereconstructiorfor somespecialcasesanbe simpli ed without explicitly usingthe sym-
metricmultiple-view rankcondition(e.g.,see[3]). For there ective symmetrythe structurewith
respecto the cameraramecanbe calculatedusingonly two pairsof symmetricpoints. Assume
theimageof two pairsof re ective pointsare , and , . Thentheimageline connecting
and is obtainedby . Similarly, connecting and satis es . It canbe

shavn thatthe unit normalvector (seeFigure7) of there ection planesatis es

(23)

from which ~ canbe solved. Assumethe depthof and are and , thenthey canbe

calculatedusingthefollow relationship

(24)

where isthedistancdrom the cameracenterto there ection plane.

Planar symmetry. Planarsymmetricobjectsarewidely presenin man-madesrnvironment. Reg-
ular shapessuchassquareandrectangleare often goodlandmarksfor mappingandrecognition
tasks.For aplanarsymmetricobject,its symmetryform asubgroup of insteadbf . Let

beonesymmetryof aplanarsymmetricobject.Recallthatthereexistsahomography

betweerthe objectframeandcamerarame. Also betweerthe originalimageandthe equialent
imagegeneratedy , thereexistsanotherhomography . It canbe shavn that

Thereforeall the homographiegieneratedrom the equivalentimagesform a homaraphygroup
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, Which is conjugateto  [3]. This factcanbe usedin testingif animageis theimage
of an objectwith desiredsymmetry Giventhe image,by calculatingthe homographiegrom all
equialentimagedasednthehypothesiswe cancheckthegrouprelationshipof thehomography
groupanddecideif the desiredsymmetryexists[3]. In casethe objectis arectanglethe calcu-
lation canbe further simpli ed usingthe notion of vanishingpoint asillustratedin the following

example.

Example 7 (Symmetry-basedreconstructionfor a rectangularobject) For a rectanglein 3-D
space the two pairs of parallel edgesgeneite two vanishingpoints and  in theimage. As
a 3-D vector can also be interpretedas the vector from the camer centerto the
vanishingpoint,andhencemustbe parallel to the pair of parallel edges. Theefore, we musthave

. Soby chedking theanglebetweerthetwo vanishingpoints,we candecideif aregioncan
betheimage of a rectangle Figure 8 demonstatesthereconstructiorbasedon the assumptiorof
arectangle Thetwo sidesof the cubeare two rectanglegin fact squaes). Theanglesbetweerthe
vanishingpointsare and , respectivelyThereconstructions performedusingonly one

image andsix points. Theanglebetweerthetwo planesis

4.3 Further readings

Symmetry and vision. Symmetryis a strongvision cuein humanvision perceptiorandhasbeen
extensvely discussedn psychologyandcognitionresearct43, 47, 45]. It hasbeennoticedthat
symmetryis usefulfor facerecognition[62, 63, 61].

Symmetry in statistical context. Besidesgeometricsymmetrythat hasbeendiscussedn this

section,symmetryin the senseof statisticshave also beenstudiedand utilized. Actually, the
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Figure 8: Reconstructiorfrom a single view of the cubewith six cornerpoints marked (in blue). An
arbitraryview, a sideview anda bird view of thereconstructeéndrenderedectanglesredisplayed.The

coordinatdframeshavs therecoreredcamergpose.

computationabdwantagesof symmetrywere rst exploredin the statisticalcontext, suchasthe

studyof isotropictexture[17, 69, 42]. It wasthework of [14, 15, 42] thatprovideda wide range
of ef cient algorithmsfor recovering the orientationof a texturedplanebasedon the assumption
of isotropy or weakisotropy.

Symmetry of surfacesand curves. While we only utilized symmetricpointsin this chapteythe

symmetryof surfaceshasalsobeenexploited. [55, 72] usedthe surfacesymmetryfor humanface

reconstruction[25, 19] studiedreconstructiorof symmetriccurves.
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5 Comprehensve examplesand experiments

Finally, we discussseveral applicationsof usingthe techniquesntroducedin this chapter These
applicationsall involve reconstructiorfrom a singleor multiple imagesfor the purposeof robotic
navigationandmapping.While not all of themarefully automaticthey demonstratéhe potential

of thetechniquesliscussedh this chapterandsomefuturedirectionsfor improvement.

5.1 Automatic landing of unmannedaerial vehicles

Figure9: Top: A pictureof the UAV in landingprocessBottomLeft: An imageof thelandingpadviewed
from an on-boardcamera. Bottom Right: Extractedcornerfeaturesfrom the imageof the landing pad.

(Photocourtesyof O. Shanleria)

Figure 9 displaysthe experimentsetupfor applyingthe multiple-view rank condition based
algorithmin automaticlanding of UAV in University of California at Berkeley [51]. In this ex-

periment,the UAV is a model helicopter(Figure 9 Top) with an on-boardvideo camerafacing
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downwardssearchindgor thelandingpad(Figure9 Bottomleft) onthe ground.Whenthelanding
padis found,cornerpointsareextractedfrom eachimagein thevideosequencéFigure9 Bottom
right). Theposeandthe motionof thecamergandthe UAV) areestimatedisingthefeaturepoints
in the images. Previously the four-point two-view reconstructioralgorithm for planarfeatures
wastested. However, its resultswere noisy (Figure 10 Left). Later an nonlineartwo-view algo-
rithm wasdeveloped,but it wastime consuming.Finally, by adoptingthe rank conditionbased
multiple-view algorithm,thelandingproblemwassolved.

Themultiple-view reconstructiorareperformedor every fourimagesat 10Hz. Thealgorithm
is amodi cation of the Algorithm 4 introducedin this chapterwhich is speci cally designedor
coplanarfeatures. Figure 10 shaws the comparisorof this algorithmwith otheralgorithmsand
sensors.The multiple-view algorithmis moreaccuratehanboth two-view algorithms(Figure 10
Left) andis closeto theresultsobtainedirom differential GPSandINS sensorgFigure10 Right).

Theoverall errorfor this algorithmis lessthen5cmin distanceand  for rotation[51].

Comparison of Motion Estimation Algorithms
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5.2 Automatic symmetry cell detection,matching and reconstruction

In Section4, we discussedymmetry-basedeconstructiortechniqguegrom a singleimage. Here
we presenta comprehensie examplethat performssymmetry-basedeconstructiorirom multiple
views [3, 28]. In this example theimageprimitivesareno longerpointor line. Insteadwe usethe
symmetrycellsasfeatures.The exampleincludesthreesteps:

Feature extraction. By symmetrycell we meanaregionin theimagethatis animageof adesired
symmetricobjectin 3-D. In this example,the symmetricobjectwe chooseis rectangle. So the
symmetrycellsareimagesof rectanglesDetectingsymmetrycells(rectanglesincludestwo steps.
First, we perform color-basedsegmentationon the image. Then,for all the detectedfour-sided
regions,we testif its two vanishingpointsare perpendiculato eachotheranddecideif it canbe
animageof arectanglein 3-D space. Figure 11 demonstrateshis for the picture of anindoor
scene.In this picture, after color sggmentation all four-sidedregionswith reasonableizesare
detectecandmarkedwith purpleboundariesTheneachfour-sidedpolygonis passedhroughthe
vanishingpoint test. For thosepolygonspassingthe test,we denotethemassymmetrycellsand
recover the objectframeswith the symmetry-basedlgorithm. Eachindividual symmetrycell is
recoveredwith a differentscale. Pleasenote that this testis a hypothesigestingstep,it cannot
verify if the objectin 3-D is actuallya desiredsymmetricobject,insteadit cancon rm thatits
imagesatis estheconditionof thetest.

Feature matching. For eachcell we cancalculatéts 3-D shape.Thenfor two cellsin two images,
by comparingtheir 3-D shapeandcolors,we candecideif they are matchingcandidateslin the
caseof existenceof mary similar symmetrycells, we needto usea matchinggraph[28]. That

is, setthe nodesof the graphto be all pairsof possiblematchedcells acrosshe two images.For
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Figurell: Left: originalimage.Middle: imagesegmentationrandpolygon tting. Right: symmetrycells

detectedandextracted—- anobjectframe(in RGB color) is attachedo eachsymmetrycell.

eachpair of matchedpair, we cancalculatea cameramotionbetweerthe two views. Thencorrect
matchingshouldgeneratehe same(up to scale)cameramotion. We drav an edgebetweentwo
nodesf thesetwo pairsof matchedellsgeneratesimilar cameramotions.Thereforethe problem
of nding the correctlymatchedcells becomeghe problemof nding the (maximum)cliquesin
thematchinggraph.Figure12 shavs the matchingresultsfor two cellsin threeimages.Thecells
that have no matchin otherimagesare discarded.The scalefor eachpair of matchedcells are

uni ed.

Figure12: Two symmetrycellsarematchedn threeimages.Fromtheraw imagessymmetrycell extrac-

tion, to cell matchingthe processieedsno manualintenention.

Reconstruction. Giventhesetof correctlymatchedcells,only onemorestepis neededor recon-

struction.Notethatthe cameranotionfrom differentpairsof matchedcells have differentscales.
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To unify the scale,we pick onepair of matchedcells asthe referenceo calculatethe translation
andusethis translationto scalethe restmatchedpairs. The new scalescanfurther be passedo

re-sizethe cells. Figure 13 shaws the reconstructe®-D cellsandthe cameragposedor the three
views. The physicaldimensionof the cells are calculatedwith goodaccurag. The aspectatios
for thewhite boardandthetabletop arecalculatedas and respectiely, with the ground

truth being and

Figurel3: Camergosesandcell structurerecovered.Fromleft to right: top, side,andfrontal views of the

cellsandcamergposes.

In thisexample,all thefeaturesarematchecdcorrectlywithoutany manualintervention.Please
note that establishingieaturematchingamongthe threeviews would otherwisebe very dif cult
usingotherapproachedueto thelarge baselinébetweerthe rst andsecondmagesandthepure
rotationalmotionbetweerthe secondandthird images.For applicationssuchasroboticmapping,
the symmetriccells cansene as“landmarks. The poseand motion of the robot canbe easily

derivedusinga similar scheme.
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5.3 Semi-automaticbuilding mapping and reconstruction

If alarge numberof similar objectsare presentjt is usuallyhardfor the detectionandmatching
scheman the above exampleto work properly For instance for the symmetryof window com-
plexesonthesideof a building shavn in Figure14, mary ambiguousnatchesnayoccur In such
casesyve needto take manualinterventionto obtainarealistic3-D reconstructior{e.g.,see[28]).

Thetechniquesliscussedofar however helpto minimizetheamountof manualintervention.For

Figurel4: Five imagesusedfor reconstructiorof a building. For the rst fourimage,we markafew cells

manually Thelastimageis only usedfor extractingroof information.

imagesin Figure 14, the useronly needsto point out cells and provide the cell correspondence
information. The systemwill thenautomaticallygeneratea consistensetof cameraposesfrom
the matchedcells, asdisplayedin Figure15 top. For eachcell, a camergposeis recoveredusing
the symmetry-basedlgorithm. Similar to the previous example,motion betweencamerasanbe
recoveredusingthe correspondingell. Whenthe camergposesarerecovered,the 3-D structure
of the building canbe recoveredas showvn in Figure 15 bottom. The 3-D modelis renderedas

piecavise planarparts. The anglesbetweerthe normalvectorsof ary two orthogonahwalls differ
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Figure 15: Top: The recorered cameraposesand viewpoints aswell asthe cells. The four coordinate
framesarethe recoreredcameraposesfrom the four imagesin Figure14. The roof wassubstitutecby a
“virtual” onebasedon cornersextractedfrom the fth imagewith symmetry-basedlgorithm.Blue arrons
arethe cameraoptical axes. Bottom: 3-D modelof the building reconstructedrom the original setof four

images.

from by anaverageof errorwithout any nonlinearoptimization. The whole procesgfrom

takingtheimagesto 3-D renderingtakeslessthan20 minutes.

5.4 Summary

The abore examplesdemonstratehe potential of the theory and algorithmsintroducedin this
chapter Besidegheseexampleswe canexpectthatthesetechniquewill bevery usefulin mary
otherapplicationssuchas surwillance,manipulation,navigation, and vision-basedontrol. Fi-

nally, we like to pointoutthatwe aremerelyatthe beginningstageof understandinghe geometry
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anddynamicsassociatedvith visual perception.Much of the topological,geometricmetric,and

dynamicalrelationsbetweer3-D spaceand2-D imagesis still largely unknovn, which, to some

extent, explainswhy the capabilityof existing machinevision systemsarestill farinferior to that

of humanvision.
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